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In Chapters j, nnd.^ oc'P-u-t I wc; :tudied polynoinial, . cii-cyilar/ 
exponentially logarithsrac, and pgver 'fanct^ons. Aa^'ve sav in Chapters 2 and 
• i^-, many properties of the gr--ph j f.r.^tic^. c^r:^te obtained from i^he know- 
ledge oi* the derivative *9: the tur.rtio'^.^ rincc t^^.e value of ih^ derivative " 
can be interpreted V.e :lor^-j jr ti^a ti^njc'r.* line at a ppir^t. For poly- 
nomial, and cii-culai' ^/:h-:.;Tio vr wer*^ ''il^, zj l ..xd 'derl^^tIve^ , v.Mch w^-e 
then used to dete"t.^ - -11^ ^ "ct, d eorc?sV;Lty, velocit^'i snd 

acc^erati . ' . 

ThcSe xt c , . . ^ . ' , . ; j:. 

compos iti-.. rov;^..^ " _ . '\ . ■ • ^ :c" o: r< ^. f leu . 

We study :'u^'^ti^"x ~f ^ - '--^-'^ - ' ^ - ' -r.itl:).. of p/^.vicusl^ 

studied fur/Ctionc ir.:l j _ a?T6lc:^ t: c^u-:*^! t: L-or- 5 -.d tec..:!iq.^r^s o^' differ- 
ential c^Icula: vr/^c : ^ \ :o*-r*- >dl-. '11 tr.u '^ptt tati^oloti^'-^l of 
runctioris. * 

±n Chapter of ?'..'t II ' ^/i:: t^. ^ stac^ of under th« t^i^aph oi' a- 

funcuidn, Tr.v ^^^'^ J^r.o-tt, * ~- ^'"j-l'r. . err i: an/Ql^ced to that 
of the ^lopc o: a t-ia^cr.t l^r.-r tO; ' ji'"rh. a d^scovcj of the relationship 
betveen th^se fvJo iTor.cept? > ^ne of t:,e r;re t i.rs5ktTroaghs m mathematics, 
'first notfd r c'0\ ''l. - f'-l^ ' ^) . . j-; v' r -''1. to -^h").; th:bt th- ''run ^ 
boui^ded by the i^rap:. of f, . rti?:;! lir.^r- ?t a a A c ;3 

given cy r(f.) - . w 7- ' L ' r<''tl >''. i . ^ deri'-'tivc i,, t\ ^ TI_i'-> 

result 1^ . '^iri.pl-* ^^-O'it.lj -r. ^ .'rp-f'^" . ti^u of profound /cl 'tion .hip' known 
as^the Fund-'r-^.ntol ^ruv . ] . 

Chftpter \ i' ■•L'^i-. c ' l\ ion - * tr.od " 'o^. d . :.f rent tir.^j 5lge- 

braic/co^fl i^f > t .o^. . . V / v..' r .'^ , Intrri ".t lor: Lor,c^t)tr ' 

(that i-., fhe i^J- cjr.-,--. -pt-. ) '...-e-'^-. d -u::3 .-d, , :^ ince the^. pro- 

'vide a furUi'^r >-e.T.-c:'l ;i : ^ ^ o . >~ i .t i'"jn for deeoribin^ tr^' bch^^ ^lOi of Tunc-; 
-tions, ' ) * , . ' 

Integral LOU r-or." r; '^.1 ' . ^-'-^plorfd lui'ther Chapter 7, 

whicr. (?aat'jiu ' - ■ . . j u^* :• 1 1 ' - • "I'/'ttivL. ^ irit^-pre- 

tatiorj, of'-thtf \^'^Si^l\\v \.Zt'\ x^". . • .r. > i^;. of ^ /'"'r^j Vriluc, volume.: oi 
solids revolution, nun . r icji '^--thjc; , uud t aix,cu>sion of remainder eati- 
inates for Taylor ^jpproxi-^Htl on. 
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The appendices are intended to fill Ipgical gaps ' in- "Dhe^ Intuitive- 
' dlevelopment df the text and to extend the material of the text, concluding 
,^with Appendix 9 in vhich logarithmic and exponential'' functions are viewed as 
soifutioijs of simple differential equations- It is shown how the .expression 
of^ the logarithm as an integral can be used to obtain the prdperti'es^f - 
logarithmic and exponential functions . / ; ^ ^ ^ 
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, • , ' Chapter 6 , ' . 

' DERIVATIVES OF WoNENTIAI^ AND REUTED FUNCTIONS 

Th^ derivative of- a polynonvial f-unction is again 'a polyoomial function. 

' Furthermore/ the derivative of a circ\;^lar function is again a ^irculaf func- 

" tion. Thris kind of repetitive property appears in a very strong form for 

exponential functions, for the slope of t^he tangent .line at a point on the , 

graph o^ an exponential function is proportional to the ordinate of the^ .point 

V The constant of proportionality is the slope-of the tangent, line at the^point- 

where the graph crosces^the y-axis. -The. number e is defined as the base 

for which Jthe constant of proportionality is 1, from which it fo^ows th^t 

the derivative of ^x -> ' is the same funcl^ion x e^/ These results ,a^'<^^ 

established in the first two sections of thil^ chapter as consequences of th,^'' 
. . • X ' • . ^ 

laws Qf e:}q)onents and the assumption that x -> 2 has a derivative^ at x = '0 

'logarithm function^ were defined in Chapf^ 5 as ^inverses of exponential 

'functions* This inverse relation envies us to differentiate a logarithm 

function by a folding process (Section 6-5) • • ^^ing thQ fact that a power 

function can be expressed in terms of exponential and logarithm functions we 

♦ \ 

ere tjieti able to find a formul^ for the derivative of 'a powei*" function (See- 
* • • - 

tiop 6-6) The concept of pjolynomial appr.oximation, first discussed for 

circular furctions in Chapter k, is then extended to exponent ia^l, logarithm, 

^ and root functior^ (Section 6.-7). 

6-1 , The Tangent Line to the Graph' of x a^ at '^ (0,a^ ^ - ^ , 

- ' Now we wish to find the slope or the tangent- line to the graph. of ^ 
^ at some arbitrary point on this'^curve, OuTsgrocedure for polynomials 

and 'for the circular functions was to first find ,the dtouation or slope of the^ 
tangent line at /the point where the' curve ci^osses the Vertical axis and then 
ti-fiinslate to obtain the corre*sponding results elsewhere. This procedure wil> . 
also be- followed here. In our previous discussiolis we foun^ the 'tangent as 
the'linfe o^ best fit; we then showed that the slope of the tangent at a point 
. is obtainable as the limit of slopes of lines connec^Jing the point under *con- 
^cid^ration to nearby points. ^We. shall follow this latter limft process here« 



To be concrete we first ccyisicler 1?he problem of finding the slope of th^ 

.tangent to .the graph. of x 2 at^the poin^^here x = 0. If. |h) is .small 

• ^ 0 h * 

the Une'^ connecting A(0,2 ) to B(h,2 ) wili approximate the slope of the 



^ tangent line at' A(0,2^. (Sfe Figure 6-la) 




If ^ B i^ close to*' A, the slope of AB apprdpimates 



the slope of the tangent at (b,l) 

Th^ line AB has slope 



We vant to find the number this ratio approximates when |h|. i^. small. 
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TePble 6-1 



Values of ^ / fot. ^11 h '(correct to 3 -places) 
n ' > 



h 


2^ . 




2-1 
h 


.10 


I.OTITT 


.0717-7 


.718 • 


. v05' 


1.03526 \ 


. 03526 ' 


.7,05 


-.01 


1.0009550 


.UUOyp^O 


.C /D 


, .005 


1.003^+717 


\ .003if7l7 


.6qU 


' .001 


1^000693^ 


, ^.000693^^ 


-60^/ 


-.05 


.9659^ ' 


-.03^+06 


.631 


-.01 


.9930925 


^-.0069075" 


* .691 • 


-.005 


.9965^02 


''-.003^+598 


.6<r 


-.001 


.9993071 


-.0006929 


. .603 



Tabl^ 6-1 indicates some- of the values of (l) for 'small h. It yappe-ars from 



the table that 

V 



(2) 



if [hi is small, then 
^h- ' 



where, t^o three places, k is O.693. 

While ytiis approximation -to k is correct, need more than a taLle of 
values, no matter how complete, t® be certain. Urrf ortunately, have no 
simple algebraic dev.ice for de1:ermining the limit of this ra-tio as \. 

^approaches zero. We' are assuming that the graph of x 2 has a tangent 

' ^ h 

\ ' 2 - 1 

* at^ (0,1) and that the slope of ^his ^angen'^is approximated by — ^ — . 

• 'We shall assume that (2) is *ti*ue and Qoncentrate^Tn the consequences of this 
assumpt'ion, . * * ' ^ ' 

If (2) is true we have that the slope of the tangent line to J:he g!raph 

' of "x -^2^ at (0,2^) 'is k.^ At (0,2^) = (0,.l) the equation of the 

' J tangent Is i - ' ' ** 

'I ^ 

(3) , •/ * . ' . -y = 1 + kx. . ,, 



For |x| * close to zero we* ha^»e 



. (U) 



2^ s 1 + kx. 



Now consider the function 



X a 



^ where a > 0, a ^ 1. 



* a 

In Chapter 5 we'saw that ve can express ^ as a pow^r of 2. If a = 2. we 
^ can. write • ' " * 

. (5)- ■ ■ .'. •'' = ^" - ■ 

- If we 'assume that |x| is so small that |ax | is small, ^then we can 
r^lace x by ax'- m [h) and. use (5) to obtain . ^ ^ , f 

■ (6) ' ' _ ' ~ 1 + 

In other words, the line with equation ^ . ' ^ ' ' * 

y = 1 + '(ka)x ' • ■ 

is the taQgeiit to the graph of x ->a^^ at 'the point •'(0,1). The coef f ici-ent 
of X iJis the slope of this line, 30 the slope of , the taugen-t^-'to x ^^a^ at 
' X - 0 is Ka. 

- F(3r example, since k = T~ , the tangent line to the gVaph^of x k 

at X = 0 has the equation , ^ , ^ . ' ' 

y 1 + 2kx,. ' ' ^ . ' 

Also/ Since ~ = ^'^^^ y the tangent to the graph of x at ic = 0, 

has the equation ' * • ' 

y = 1 - - X . 

The respective slopes of tjiesfe lines are '^k and " 2 ' 

In our discussion of the circular functions 'we sSw that we could select 

ou/ scale (using ja4ians, 'rather than degree measure) so that the slope of the 

tangent to y =^5in x at; x = 0 turned out to be 1. Similarly here we sh^ll 

obtain considerable sirmplif Lcation in our formulas if we choose - a in (6) "so 

s 1 ' - ' 1 /k 

that ka = 1. With ka = 1 we have a = - . Thus ,if a = 2 ^ then our , 

result (6) gives' ^ ^ . * 



' - L+'X, ' if- |x|^ is ^mall'; S 
" " * that is, the slope of the tangent to x a at x ^ 0 is l* 



The' number^ 2^'^^' is so important that a special letter is assigned to it, 
namely^ e. We can approximate e by * ' 



2"^/^, ,where ^ .693- , 



This gives the^ approximation 



X 



(7) ' e -'1 + X if i?c| Is small. 

> . ' ' * X 

If .|hf| is small then the ' slope of ^he tangent to the graph of x e at 

<0,l). is- \ ; , ^ > . ' • ' 



The.use of e ""in this sense ji^y be traced to the Swiss mathematician 

'l^onard Euler (ITO? '"^1783). " Most of Euler^s mathematical life yds spent in 

St. Petersburg, .Russia. His work is st^ill beinfe collected and at present 

numbers more than 80 volumes. Jhe number e ^ ranks in importance with the 

number jt - and is, curiously ^enough, closely related to it.. 

* •' <■ * 

'Me use 0.693 to approximate k we obtain 



/ 

SO' that 



£ » --4;— a i-MZ 
k 0.693 - , 



' ' * ' • ^ ' ~ 2(1.320)(1.028)(1.002) 

Closer approximations to k will obviously improve this apppo:^imatiorf. In 
recent years, high speed com^puters have been used to obtain the decima^l ^xpan-. 
sion o^. e correct to 25OO places. For the record, we note th^t the first 
15 places are given by . * 

'(9) . 2.71828. 1^2Qh 59045'....^ 

For our purposes eithei: 2.72 or 2. 7l8 ' will' be good' enough. 

The number e has been shown to be irrational, just as is y2. In fact, 
-a *much stronger result has Ijeen established, narnely it has been^ shown that e 
is not the root of a polynomial equation wit^i rational coefficients. ' The same 
is true for :t. (The number is such a root; e.g., it is a root of 

x^- 2 = 0.0, . . ^' ' 

There IS an important method for appi'oxlmating e, given as follows 

* ^ ' In ^ ^ * 

(10) ^ e « (1 + for n large. 

lilt ■• . o ' ' 



• , Exercises 6-1 

Given the function • - 

f : X -^,a^ for a = 8, VS", — . « 

(a) P^nd the slopes of the tangent at (0,l) to the graph of the func- 
tion for*each value of a ' ^ , 

Ci) in terms of k, where .k ^ — r , for small |h|;. 

(ii) as an ^prt)ximate value, using k ~ 0?S93^. 

(b) Find the equations of the tangents, for which the slopes' yere 

^ obtained in part (a) . , 

(c) On one set/ of axes for each value of a given ab6ve, sketch the^ 
graph of ' ' . 

* (i) * the function; . ' ' ' . > 

'(ii) the tangent obtained in part (b)., * ' ' , 

Given (1.8)5' . - ' ' 

(a) - Using the table for vaj^ues of 2^, \ ' 

^ (i) express (1.8)^ as a power of 2; ^ . 
(ii) approximate 'the value ;Df (1.8)? from'^2a(i). 

w ^ X ~x 

(b) Using the table for e and e. ' ^'^ 

(i) express'' (I'S)^ as a power of e; . ' /'^ ^ 

(li) approximate the value, of (1.8)-^ from 2bQi)^. 

FollotJ-thp instAictions of Number" 2 for (0-49) • ^ ^ ^ 

• •* 8 

Follow the instructions of ^urabf r' 2 for (l.02) . 

a h 
Obtain bounds for >(l.Ol)"^*^, iJg'ing the table for Values of 2 as , 

ollows : . 4 ^ ^ 

100 

(a) Write ^i^.Ol) as an inequali^ty 

' ^ (2°^)^°°<-(i.'oi)r'<(2S'°° ■/ / ' 

looa lOOttp • . . 

(b) , Evaluate'* 2 ' and 2 , thereby obtaining upper apd lower 

hounds' for (-l.Ol) 

IP X "X 

Obtain bounds for "(0.5)" , u^ing the table for e and e ,,,and , 
following a procedure similar to that- of Number 5«^^. ^ 



' 413 > ' - 

• 16/ , 
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1 



J}'^ (b) Consult the-^kelch to write 
the slope ' of iihe L 



•I 



(h) Writ% an expres^^ion for e,Wf - . and h ^ 0 




(c) Use your expression, frotn part (b)' and binomial expansion to g^ve an 
approximation for e to one decimal place if hjp .01. 



(d) Improve upon the result of part (b) tc( show that e may be defjlned 

the limit of (l + — )^ as ve*l^t, n grow, large without bound, 
*n' ^'-a. *, 

k - • . "J 

.8. Whiph iG larger loOQ-^^-^ or 1001"^^? 

Show that at A X = 0 the slope of 
the tangent ;to the graph' of the 
• function ... ^ , ' ' ^ 

is cloae to 3 when ^h| -is clp&e 
to zevo'f by ^ompletin^ the follow-'* 
irig )iables . 





A(OA) 



■c 






• 






.6 
















h 

i 


3hr 




.e^ - li 
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11.^ Show thsi^t at^ X 0 the slope 
of the tangent to the graph of 
- the function • ^ 

f : X -> e 

is clo^e to -2 when |h| is 
' close to ,zero, by complecting 
the following tabled. •* 
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12. 



In one of the pipblems of Number 1 we I'ound the slppe of the 

equation of the tangent at the point (0,l) to the graph of the func- 

tion 

f : X ->8''. 

In terms of an inequality, approximate this slope to four significant 

figures after filling in the following tables. ' 

/ * . 

(in tjie first table, approaches zero through positive values from 

the right, and, in the second table, h approaches zero -through nega- 
tive values from the left.) 
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6-2*, The- Tangent it an Arbitrary^ Point • 

In the previous section we obtained the result 



: (1) 



s 1^+ (to)x/ for jxj ^ small, ^ 



' 2^ - 1 ■ ' \ 

where a = 2^ and 'is the"lin;5.t of. — — ^ as h > appr oaches 0. 

• ^ • • <? • , ^ . 

^ With a e ve have the* simpler result* ^ ' , ^ * 

« • ' . * . ? * ' 

, - e"^ 5: 1, X. ' 

We shall now i:how that^tho tangent< line to the graph of 



at P(a^e' ) V? ^ 



(2) 



' f : X e 



9 a /- \ 
y = + e (x - a; 



that the slope of .th'e graph at P is e , ^ the same as the ordinate 
(bee Figure 6-2^3.) ^ '\ v ^ ' 




y = 1 + X 



^ Figure 6-2a 
' \ , Graph of \ = with tangents and 

I 
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6-2 



} 

^^^3^'^vovG'^^c^¥"v^^\xlt w©' put"" 



^ X = a *t- (x - a) in e^. 



Then 



(3) 
J . 



x' a+(x-.a) 
e = e ^ • ' 



♦ a x-a 
e • e 



If X is clf)se to a, x^-^a- is close to 0 and hence, 



^""'^ = 1 + (x - a), 



Substituting-;this result in (3), gives 



A. 



• X ^ a* a/ N 

,^ e =e +e(x-a), 



The tangent to the graph of x -> e^ at (a,e^) has thf equation 



' y = e + e (x - a) . 



(5) 



At the point (a,e ) the slope of tfie tangent^ tO' the 



^raph of X -» e^^ is ^e^. ^ 



As in our previous discussion, the resultiftg 'slope'^ function is called 
the derivative. That Is, the dei^ivatiye of x e^ the function whose 
value at x^Us the slope of the tangent line at (x/e^). W*e resta.te (5) 
using^d^rlyatlve terminology. ' . ^ - 



(6) 



ft X ~ 

If f : X e , then the derivative fJ is^iven-by » 



.f^ ^ 



In particular, f : x -> e^ is a solution Ut>- the differential equation^ 



" j ;&xaniRle 6-3a Find the: equation of the .tangent to the graph of f : x -> e^ 
at the poi«t (3,e^) . 

For f : X -> e^ we^ have the derivative 



f * : X -> e^l 



so that f^(3') ^V.. The--tangent to the grapft of at (3,e^) witb^ slope 



e^ -has the equation 



y = e^ + e^(x - 3) • 



ERIC 



21 



' ' ' • Exercises 6^2 ^ '■ ' ' , ^ ^ • * 

■ \ • • ' ' ^' ■ 

V&e the* data in' We Ifeble of e^ .and ^e ^. to find \he slope of the >- 
tangent to, the gr^ph of f : x e at the following poin^s.• • . ^ ' 

<a) ^C-l,^"^) ^ • ^ (d) .(0,1) ^' 7 ^ ^ 

(b) t0.5,e^•T^ . ^ . (e) ,^(i;5,e^''5) ^ ^ ^ 

(c) <0.7,ey*''^) ^ ^ , ' ' . 

.yse the graph of f : x e^ below to estimate the slop^ of the tangent 




Write an equation of the -^ngent to the graph of f §t'»each poiixt . 
(x,e^) ♦given in Number 3- ' ' 

(a) Thrpugh the point (3;^) ,draw a line vith &lope m = | . 

(b) ' Draw a line which is symmetric to t^- ^ith respect to the ' 

y-axis ... t ^ , 

(c) , ^.^at point on corresponds to the point (3,^) on L^? 

(d) What 'is the slope of * L* ? 

'(e) Consider the general case: line drawn through point (r,s) 

with ^:lopp - m-, nnd^line symmetric to .with respeclj^ to 

the y-axis. 'V/hat point on corresponds to point (^,s) on 

^ '* L^? vfJiat 1.s*the slope of L^? » . 

(a) . Plot the pdints (x,e"^) for which x = .-2.0, -1.8, 0.2,' OX, 

1.6: ' *. ^ ' ^ 

(b) Through^each of €hese points draw the graph of a line having slope 
. m = e . i» 

(9) Show that these lines suggest ttve shape of the graph of f : x ~* e . 

(a)' For e3c]:^ point plotted in Numb«r 5(a) locate the corresponding point 
which is symmetric with r^spect.^to ^he^y.-axisl then through these 
^ poj.n-i,s draw lines symmetric to those of Number ^(b) with respect to 
tho y-axis . , - ^ 

(t) Show' that each point loca1:ed in Numbe'r 6(a) lies on the graph of 

g : X e'^;. . 

^ - ^ , 

(c) Compare the slopes of the liYies drawn in Number 6(a) with those of 

^ Number 5(b) . ' • - * 

(a) On one.s^ of coordinate axes drav l!he graphs of f~: x "and 

-X * . • 

g : X e , . . - . , , ^ 

(b) ' Compare the slopes of the graphs drawn in (a) at x = 0, +1, -1. 

(c) Comp^^re the slope c^the graph of g at x = h - with g(h) . 



6-^ 



6-3. Applications of Exponential Functions , 

' Exponential fa;||CtlOns arise .In practice In the stu dy^f gro^fth or decay. t 
We discuss compound Interest In this section end give d^^pk:)ther^ applications 
in the exer^j^ses. ^ * , 



Compound interest .* Suppose theit P dollars.- is* Invested at an annual 

r 

100 ' 



rate of Interest of r per c^t or rr— , and ^t the end of each year inter- 



est is compounded, or added to. the principal. ^After^ t years the total amount * 
on hand is given by ' / * , . 

However, the inter-est may be compounded semiannually^ qua-rterly, or n times 

a year. If Interest ia added to the principal" n times pe^o^ear, j^he rate of 

interest is r—r* ' per' period . a^nd t^te nunteer. of 'period^ iri t years is nt. 
lOOn • » 

Hence, the amount A^^v after nt. periods (that is, after t years) is 

The more often you compound interest?, the more complicated the' calcul^ion be- 
comes. On the other hand, if ve lelf n in (l) get larger indefinitely, we 
approach the theoretical situation in ?>hlch InteVest Is compounded contlnu- ^ 
ously; we shall se^ that the result .obtained will enable^ us to find eas'lly a . 
very satisfactory approximation for the amount of money on tiand at the end of 
a reasonable period of tlme^ 

i 



/ 



To study this idea, let, -^^^ = h sd that n = .^.Then. (l) bec^^' 




IT 



. (&) 



p[(i . h)i/h^Y'°°. 



For large n, the value of h approaches zero and the right. side of' (2) 
approxifeates - , " 

- • A =Pe^^/^°°-, 

the theoretical amount that wpuld be obtained if Interes't were compciunded con-' 
tlnuously»at r per cent. ThUs 

. _ rt/ioo • • 
A = Pe ' . 
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E:cample 6-3a. If $100 is invested at k percent for 10 years/ com- 
pare the amount after 10^ ye^rs when interest is comrtounded continuously with 
the amount after 10 years i^ interest is compounded only annually. 

. We have P = 100, r = h, and t = 10 (years). If interest is compounded 
continuously, (3) gives ■ , " ' ' 



A = 100e°-\ 



which is atiproximately li+9. 



To compute interest compounded annually we substitute the above values of 
P, r, 'and t ii^ (l) . This gives ^ " ~ 

^ • ^ -\o^ 100(1. OH)^?. 

Ve* may \ise a table of -common logarithms to estimate A^^; thus 

, " ^ " A.^ « 100(1.1+8) = lk8. ' * 
'The results, . $1^9 and ^ikQ, differ by a^ surprisingly small amount. • . 



- . .. . . . : ' 6-5 • 

■ . ■ - Nj * " 

^ ** • Exercises 6-3 ' 

!• When his /son Jack' was' born/ -Mr. Tof fey ^invested' ' |l 000 for Jack's college 
education. Interest is compounded continuously at a rat;e^of 3 per cent. 
How much money wilTMr. Toffe^y h^ve for Jack^s education on Jack's 

— ' eighteenth birthday? . / / . 

* • *-..**■ * 

2. Usipg 2 » e^'^^^^, find how many years it takes to double a. sum of money 



invested at - 3 per cent compounded continuously. 

3, Ja'ck Toffey (of No. 1) earns a scholarshiD and elects to wait and -to 

withdraw his fathei:^':. investment when it has doubled. liow old will Jack 
be when he withdr^'^ the $2000? ' * 

^4. Determine hc-v rriany ye^i- iz ^ill tB*k^^ to double a sum of money inves^d 
at ' , . - . ^ . 

(a) 6 pdr^ cent -compounded continuougly; - . • ' 

(b) n per cent compounded continuously. 



• *' 1 n ' * * 

\ 5;^ The quantity {l + can be interpreted as the Value at the end of^ 

one year of a deposit of one dollar left to acquire interest at an 

annual interest rate of ^00*^ compounded n times a year. If the iHt » 
_i ' ^ • 

terest is compounde^d continuously, that is,.if*the interest ii3 caLculated 
. . " . ^^^^ 

^s ifhe limit in whl^h the number n of interest periods' approaches 

infinity, the \^alue of the prihcipal ^t the end of ope ^ar wilj. be ,e * 

-"dollars, $2.72. 

' • " * « -w 

(a) A California savings and loan a:jSOciation Qffers an interest rate of 

H.*85*^ compounded continuously. ^What is the equivalent annual 
\' interest rate ^r money left on d^osit one year? 

(b) How long does it take for an amount of money at the same interest - 
rate (4.85^ pompounded contlnu^Aisly) to double it'self? 

6*^ At h kilometers abov^ s^a level, the pressure in millimeters of mercury 

is given by the formula , . ^ 

t 

\^ ■ ^ . °, 

where is the pressure at sea level. If = *^60, at what heijght - 



is the pressure I80 millimeters of mercury? 
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A law frequently applied to the healing of wounds is expressed by the 

formula ' , - 

\ • - • 

^ -nr f ' " . 

where is the original area of the' wound, Q. is the area that 

remains unhealed after n days, and r is the so-called rate of 
healing. If r = 0.12, find the time required for a wound to be 
half -healed. 

If light of intensity 1^ falls perpendicularly on' a block of glass, 
its intensity I at a depth of ^ feet is 

- ^ -kx 

I = Iq^. . 

If one.third^ of the light is ^absorbed' by 5 feet of glass, what is the 
intensity 10 feet below the surface? At what depth is the intensity " 

i I ? * 

2-ro 



h2\ 



The Derivative of £ Logarithmic Function 
♦ The graph of the logarithmic functj.on j - - 

•x log^ X , a > 0^ a f i ^ \ 

can be obtained by foiding the graph of • * 

' f 

, X 
' X -> 9 

over the line y = x. Just as in the previous section we can v^e this folding 
'prpcess to find the derivative of x ->10g^*x. We discucs fir.,t th^- importiin: 
case when a = e . ' ' ^ ' • * 

Suppose (c,d) is a point on tht.^ graph of> 

» 

' , f : X ^ log X 



so that log^ c = d. Hence, 



(1) 



= e 



so, that (d,c) lies on th^ graph of 



X -> e 



The tangent Line L-^ to graph of g at tlae point (a,c) has slope g*.(d), 



where g* is the derivative of g.» Since 

g* : X e 



we have g*(d) =" e , the slope of the tangent L, to the graph of. g at'^ 
(d,c). *|he process.' ©f folding over the line given by^ y = x carries in- 
to the t^ent ^line L to the graph of the logaritUmic function f at the 
point 'Cc\a). (See Figure 6'1+a.) * 
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6-k S 

« 



■ ( 



To express this in terms of c, we use (l) to replace e by c; obtaining 



In general we can say 



V 



(a); . , 

r 

We can rewrite^J[2) as 



if f : X Ipg^ X 
e 



then f» 



1- 

X 

. ^ X 



D(log^ x) = - 



The 



tangent line to the'graph of f at the point (c,d)* has slope' 



ft(cy = i and passes through (c,d) = (c , log^ c) . Hence the equation of 
the tangent *line ^ ^ 

y = iog^ c + i(x - c). 

^ If X ^is close to c the tangent line serves to approximate the curve and* 
've have , • ^ 



log x « .log c + i(x - c).. 



The derivative of the general logarithm function log c^'n be obtained 
^ a 

by a^process similar to that which we used to»derive (3) It is also a simple 
consequence of a relation -derived earlier, namely ^ 



log^ X 



, if a >,0, a fl. 



In fact 



T^ '■^ 1 1 

P log X = T • — 

r ^a log a X 
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• Example 'Find the equation of tHe tangent line to the graph, of 

X log^ X. at^Jff^ point where x' = e. ^ . ' 

Knowing tliat log e = 1, we see that (e,l) lies on the graph, of 

■ \ ■ ^ 1 " 1 • 

X log^ X. Since D log^ x = — , the slope at (e,l) is - ^. Hence the 
tangent a^^^(e,l) has the*. equation ^ 

^ ' * y = 1 + -(x - e). . , 

The *funation x I'og^ ^ is referred- to in most 'advanced works ' ♦the ^ 
logarithmic function and d(?notea cimply log without subscript. Common 
logarithms (logarithms with^base lo) are still useful for hand computation 
,but With 'the aavent^i machine computation, the> have ios*t much of their once 
great importance.'^ The logarithms used in analSysi-s -are almost invariably--^ 
logariihms with base e and- are .referred to a^, "natural" logarithms. \ 



In most elementary texts logiT^ean^ ^ '^^^ ^ ^ means f^^B^ x> 

in most professional literature lo^g x means los^ ^5 iri this text we *shejll 

try to avoid ambiguity by specifying the base of a logarithm uotess the con- 
text makes the base perfectly clear. , 

/John Napier (155O-I617) is justly regarded as the inventor of the 

logm'ithmic function.' Although the basic idea was definitely "in the air" of 

his times, he was the first to publish a table of a logarithmic function 

(l6li|) and his ideasT about logarithms ^were more iksightful and efficienj^ for 

the construction of tables than those of his contemporaries. Napierl.an 

logarithms, usually thought to loe logarithms to the base e, are in fact 

ft 

given by 



7 X 
Napierian log x = 10 log r ( — « ) . 

. 10^ 



Henry Briggs (156I-I63I) *was largely responslbJ.e for the introduction of ' 

logaVjlthms -vith base 10 for the purposes of computation. . - , 

• ' » C 

A table of natural logarllAims (logarithms to the base e) is contained'^ ' 

ii^^the accompanying Booklet of Tables (Table 6). We can use this table to 

compute logarithms not contained in it^ if we apply the properties of logarithm 

functio.fls. ■ . • ^ 

Jt*-"'" . ■ 

' 'J* 



''J • Bxampie 6-h\ ^Find'/^g^ Since = (1.2)-^ 

. \ . ' log l.kk = log = 2 log^ 1.2 , 

z ^Co.l823) " ' ' 

, ; • ^ St O.36U6. 

V 

We can also perform computations using these properties a-nd "^e, Table. 

Example C6mpute approximateljr 

log^ ^ = log^ 3^/^ = I log^ 3 

V • ' - •5i^93. 

Since, log^ 1.7 z O.5506 and log^ l.'B ~ O.5878. >^ J.s between 1.7 
1''.8. Interpolating, >^-'1.73v 



// 





s . . Exercises 6~k ^' ^ 

A 5 

Using thxi table of hatural logarithms find the approximate numerical 
value for each of tiie following: 

(a) log (1.96) * ^ [Hint: I.96 = (l^M^l ^ 

(b) log^(2.03> [Hint: 2.03 = (2. 9) (.7)1 

(c) log (0.52) in two ways: ' ^ . / 



e 



a) ' log^ (0.52) = idg^ (|^) * ^ • : 

/ (ii) (O.52O =log^ (%|)^' - 

(d) log^ (0.052) • • * 

^°Se- ^9,000,000 ^ ' . . • ■ 

Using the tables for natural logarithms find the approximate numerical 
-value for each of-'the following: ^ r ' , 

{a) ^ ' •\ (c) ^(9a)^/^ • : 

(c) 3/71 ^ , ' (d) (100)^/^ ^ ' 

For some x close to c, we have by (5) log^ x approximate d-^by 

log c -I- -(x - c). Using, oniy this formula and the table v^lue, 
e c , ^ 

log^ ^ ~ -6931, find .the following logarithms: 

(a) ' log (2.01) ' (c) ^log (2-03)' 

(b) ^log^ (1.96) • . '(d) .LDg/(l.9iO ' 

Using the results of Number 3,.find an approximate value for each of 
the following: ' i - 

(a) (2.01)5/3 ■ ■ (c) (2.03)°-^. ' • ^ 

(b) ^yrg^ • ^(d) (i..9ii)^-^ 

(a) What is the x-intercept of the following? 



X 



(i) x4l^^^33<r^ (iv) x->log^2 



(ii) X log^ 2x {vf X -> log^ I 



"e 



(iii) X -> log X (vi) X -> log | 

av e , . " ^ 



h30 



. , - , .) • , I 

(b) Given: x log^ kx, "Tttcotistant) > 1'. 

The x^interceptrmus^be- in what interval? 
(ii) As k gets very large, -vhat dpes the. x- intercut approach? 

(c) Given: x log ,'-^k( constant) > - - *' 

(i) The x-intercept must be in what interval? 

(ii) As k gets very large, what does the x-intercept approach? 

(a) For a g"^7en abscissa, 'what is the vertical distance between each 
of the following? _ - - ^z,.^ ^ ^ . 

(i) • ;x -> log 2x and x log x 

e ^ e » 

X (ii) X log 3x and x ■4-log^'r2'x 

(iii) X -> log^ hx and x -^-log^ 3x " ^ 

(iv) X log (k + l)x, and x log kk (k > X) 

> Q " •^e 



(b) In Number 6(a) (iv) above., as k gets very large, 'What effect does 

this have on the vertical distance? 

If * 

(a) For a given abscissa, what is the vertical -distance «b^tween each 
of t'he following? 



(i) 


X 




X 


and 






X 

3 


(ii) 


X 




X 

2 


and 


X 


log^ 


3 


(iii) 


X 


log^ 


X 

3 


and 


X 


->log^ 


X 


(iv) 


X 


->log^ 


X 

k 


and 


X 


-»*log^ 


k 




(b) In Number 7(a) (iv) above, as k gets very large, what effect does 

this have on the vertical distance?^* , ^ ^ 

* - * 

(a) iPind the derivative of the following functions by using {k) and the 
property, log ab =- lo§ a + log b. [Hint: Begember that the 
derivative. of a constant is zero.] - > 

(i) X ->log^ 2^ (iv) X -»log^/|- , 4 

(ii) x->log ' Mv) x-»log kx, k>0 ^ * 

(iii) - x^--> log^ 3x \ (vi) X log^ I , k > 0 

(b) Find the slope of each. of the curves represented in part (a) of 
Number 8 at the point where" x'-'e.^ ' ' ' * / 



c ■ 



Si. 



' (c) Find the coordinate,s of the ^jOint on each curve above where x = 

(d) Find t\\e equation of the tangent line to each'of the cur As at' x 

.(e) (i) What are. the -y-intercepts of each tangent'? 

(ii) Show that^he y-intercet)ts of the tangents to x log kx 
/ X \ " * ' e ' 

and /x +d%log - (k > 1)* are symmetric with i^espect to .the 

V - ^ 

(f) Sketch /arefully^ the following on one graph using the same^ set Qf 
axes, for the reg^n: •a< x < 3,^, -3 < y < 2: 

T' : X -> log^ X, and its tangent at x = e;, 

^f : X "> log^ 2x*, and its tangent at x and 

* " ' X • 

f : X "> log^ ^ , and its tangent at x = 9. 

Indicate, (where possible,) ^ 

X- and y-intercepts of logarithm C4rves 

^ x-* and y-interpepts of tangent lines 
C 

parallelism of tangents . 
vertical distance between tangents 
' vertical distance between logarithm cuires. 

i/ithm^ log 
(a) Find the derivative of the following 



Using the law of logai/ithm^ log = b log a . 



* 2 

(i) V X -> I6g X • * (iii) x log Vx 



"e ""e 
(ii) X -> iog^ x^ (iv) X -> log^ 

(b) Shp>/th^t 



1 


D logg = 


n 

X 




(11) 


D log : 

"e 


_ 

nx 




(111) 


-D log (cx + 


d)" 


nc. 
cx + d 


(Iv) 


D lo^ %x 
e 


+ d 


c 

n(cx^ 



7 

^10, Using the results of Number 9 above find^tVie deri-^ttve of the following 
functions. [Hint: When. formulae ^ not seem to'^apply, remem'c^er the laws 
of logarithms: log ab = log a + log b, log g = log a - log b, 

log 3 b log a, log ^ = -log a.] ^ 



^ (a) X -> log^(5x + 1)^ V . (e) X -> log^ [log^ 9^] 
, (l^ X ->log^(l4X^>^ (f) x^log^(sin|) 

' /c) X ->log^*x(l - 2x) (g)/-x ->log^ - 

(d) ' X -> log^ x^(3x - 1) " (h) X log / \^ , - 

11 • Find the equation of the only tangent to the grach of it, ^ log x that 
passes ^through the origin. Compare your equation vjith'the resaiu of 
JExample 6-Ua. ^ 

4A 



6-5 * Jay lor Approximations to the Function - x , . 

X f X * 

The derivative of x e is x e . Thus the se'cond and higher deriva- 
tlves of X e ^,are also x e * Iti other words, ifi: T{x)'= e , then 



'e^^ = f»(x) =: f"(x) = f^^^x) =' r.; 



Just as- we. did for the sine funetion we -now seek to f ^d polynomials with the 
same derivatives as x --^e^. More specifically, we wish to find a polynomial 
p such that ' ' . . 



(2) '« 



(a^ the degree of p does not exceed n 

(by; p(o) =.1- = e° 

(c) the values of* the first n dei:ivatives ^£ p and 
X ^ are the same for x = 0.^ 



For example, consider the case for which n = 3« We pwt 
2 3 

p(x) = a + bx + cx + dx . We have- ^ 

# p» (x) = b + 2cx + 3dx^, . 
p"i;x) = 2c + 6dx^ 
P'"(x) = 6d; 

p(0) = a, • p'(0) = b, p"(0) = 2b, p'"(0) = 6d. 



so tftat* 



Suppose f : X e , so that 

» • i - ' 

• f(0) = 1, f'(0) ^ 1, f"(0) = 1, f"»(0) = 1. 

Hence, if p satisfies (2) ,then 

1 = a, 1 = b, 1 = 2c, V = 6d; 
so that p is necessarily given by ' „ ' 



p(x) = 1 + X + 



:3 



2-" T ' 



*In genefhl, we have 
(3)' - 



2 3 n 
p(x) = 1 + X + ^+ ^+ ... + ^ 



as the unique, polynomial which satisfies (2)* These polynomials §re called 

^ . X - 
the Taylor approximations to e . ^ ...^-^ , . 



Brook Taylor - English 1685-173I. 



We ask the same ques-tion that we did for the sine function, -How good 

are the Taylor approximations? Figure 6-5a indica^tes the graph of. x -> e^ 

V ^. 2 3 _ 

' ^ X 

»and the third degree Taylor approximations x->l + x + ^+ 2t" - ^^^"^ 

with the sine function, as the degree increases the Taylor Approximations ^ 
X. e^ become better in the sense that subsequent approximations give 
CP better approximations near, zero and^ive good' approximations further away 
from zero. 




•l + x+x*+x' 



♦ 



Figure 6-5a * ' ■ ' 

The'graph of x ^ and its Third. Degree Polynomial Approximation. 
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Ift Chapter 9 ve shall use area principles to establish 4:he result: 



. - 2 ^ n 

m _ ^.^e'^ = 1 4. X t |r + ... + ^+ 

.^ere the ^remainder term satisfies the inequality 

^- — M n +1 ' 

(5) . ^^ferrrr o<x<m. 

■^ThlfsT^T?^^ exan^le, if 0 < x X 1, then 



2 3 

= 1 ^ X ^ |7 ^ R3, ^ ^ 



e x^' 

wh^re ' R < ^r-r- ; 

^ — 4. 

^ ^ X , . .x^ x^ 'n . 

.and , e = 1 + x + — + -f R^, 

^ e ic^ ' ^ 

where . Rj^ < -^^jr- . 

, FdTmi^as.(U) and (5) are useful in constructing experiential tables. We 
observe that it is necessary to find e^ only for 0 < x < 1. 'Larger, powers 

can t*e calculated from knowledge of these. For example, if we know e , 

.7 2.13 * 

then we ca« find e oy using the relation 



'?.13 2 0.13 
e e . e . 



* ^-13 
Negative powers can be obtained by taking reciprocals. Thus e 



Suppose we wish to construct tables of e for .0_£ x^< 1, Correct to two 
decimal places. We first choose n large enough so that the error term 

cannot affect the first S:wq places. We observe that op [0,1], e"^ < 3, so 
tha'-C formula (5) gives 



n +1 

n - fn + 1)1 ^ (n +' 1) I 



R < ? ^ ... <^ 



We can therefore estimate correctly jbo two decimal places if we choose n so 

3 J 
.large that 7 — / v , < O.OO5. 

I n + 1 j . ^ i 

3 5 

^ Rewriting we get . I^TT^TT ^ IMO ^ l)Uv. Since 6l = 720, 

we can choose n = 5 Qnd then kyow that using the formula 



39 



2 3-^5- 

X X X*^ X x*^ 

'will give answers^correct to two decimal places 'for 0*1 x < 1. 



0 1 w * , 

Example 6-^a . Find e * correct to Xhree deciijial places. 

• * 11* 
, We first estimate (5) with M = 0.1. We know that e* < e < 3, so we 

need only choose n so large that on [ 0,1] - J* 

0.1 n+1 - ' A ^. N 

R < V-rrrr < ^o'^'' ^^ < .0005. 

n ~j«(n + 1)1 . (n + 1)1 ^ . 1 



We have 



3 -k 

^10' = 0:125 X 10 <'.0005. 



Thus we know that, correct to three deci"mal places, 

We, can also 'use (h) and (5) to obtain limits as x approaches zero of 

* ' X ' 

various expressions involving e . The next example illustrates this method. 



Example 6-5b . Find the limit of 
(1 - e^)(l - cos x) 



as- X apprc^aches zero. 



We shall do this first in a rough way. 



Since e^ - 1 + x\ and co^ x ^ 1 , 



'2 

(1 - e'')(l - cos x) « .x(^) 



Hence, 



(1 ■» e'')(l - cos x) '^ _1 



and the -required limit is - ^. 



More precisely we can take account^of the errors made^in using the 

X 



approximations to e'^ and cos x if^we use the rema^der^ -and in 



h31 
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Then - * . .' ^ t 



Cl^- e^)(l- - cos x) = (-X '- R^K^ - Rg) 



.\ , R„ R, R,R„ 



: " ^2 2x ^3 J 



• .■ 2- " 

Since 0 -f'R^ < for _ x on [0;ll and 

0<«2<TU., ... 
then 4V'|^ ana ^ approach 0 and 11. (l - e^) (l - cos x) J". 1 , 

The result (1*) can also be used to shdv that if x is large enough, 
e^ > «no matter hov large the exponent k may be (k a positive integer). 

Fi;om [t)yfov any i x > 0/ ---^7/ x 

n ^ * 



Let n/- k + 1* Then 




nl 



k+1 

X ^ X 
e > — T" 
nl 

X 

« k-^ nl • 

X 



This means that vhen x- > nl 



X 

^ > 1 

X 



that, is, * • ^ 1 --^ ^ 



X . k ' 1 



e > pc 
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' Exercises 6-5 



1. Write the first four terras of a polyaomial approximation for each of the 
foUoving. . - , . 

(a) e^ (^) cos X 

'(b) -e^ ^ . (e) -cos X 

(x) '1 - e?^ (f) 1 - cos X 

' P . 

For Numbers 2 through 5 consider th^ graphj^f each function. Write the poly- 
nomial function, which serves as the best 

(a) linear / ' * ^ ' 

« - ' ,(b) quadratic " '-^^ 

(c) cubic " * * 

approximation to' the graph of the function near the y^axis^ 
-2. f : X -*y = a^ + a^x + a^x + a^x + aj^x 

^ 3. g : X -♦V = sin X ^ ^ 

U. F : X .-♦y = cos x ^ . , ^ , 

,5. G : "x r» y = . 
' 6. Do you suBpose that there are polynomial functions that can sei've to / _ 
approi^fimatp the graph of ^ - , 

f r X -» y = logg X ^ ! " 

* at the y-axis? Explain; . . 

^' 7. * Compulse correct to five decli^l' places^ ' Obtain the value of 

each term to six ^places, continuing until you reach terms which have only 
zeros in the first six places, 'add, and round off to five places. How 
, • many terms did ypIVeed to uSe2 Nfffcfe that even though the remaining 

• terms are indiViduaUy less than 0.000001, they might accumulate to 
**^ive a very l4rge sum; ia-this particular case, they do not. 

8. -.pbtain.^n.ap^SS'im^tion to e by computing successively 

e°-2'=(e°-¥, *,e°-\ e°•^ e = (e^2)(e0-8) . ' . ' 

Use the "estimate e^"""- a*'l-jl05 of Example 6-5a. 



■ s 



■ » • 
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9^ « Suppose 

■. ^: . - Pn^'^^ = ^ * * It 



/ 



. ' (a) afi^.ihat p;; (x) = p^(x) - ^ . 

(b) Show that p' (x) < p (x) if x > 0. 

%V*« (c) Deduce from (b) that p (x) < e'^ if x >,0. 

(Hint: Observe that at x = 0 both functions start 'the salme. 
Then determine what affect tHe slopes have upon the graphs vhen 
X > 0.) ^ \ 

10. Supposev 'c > 1 and 

. % • 

2 3' 2 ' 3 

g(x) = i + x+ |^+^, p^(x) = 1 + X + Ij-,-^ fr - 

(a) If X > 0 show that" g(^) >^)^(x). 

(b) Show that if 0 < x < 3 C ^ ^ ) , then g^(fx) > g(x) for x > 0. 
. , (c) (i) If X = a. then c < 2 < ^^^—^ . what is the kmallest * 

' c ' '< 

* integer which satisfies this conclusion? 

' (ii) ^If f : X ^ e^ show that g(2) > f (2) . - ' ^ 

. (d) 'By an argument involving the conij)dVison of the slopes of f and g 
show that g(x) > f(x) for 0 < x < . 

11. Let • ^ 

f s x^ ' x" 

2 .n-1 n 

gjx) = 1 + X + — + . . . + jfrrjT + ^ , vhere c> 1. ' 

Show that 

p (x) < e'^ < g fx) for 0-< X < - ^) . 

XI 11 C 

(Hint: See Nos . 9, 10, above.) 

12. Using the^furictions and q^(x) as well as the results' of 
Numbei* 11, deduce that 

0 < e^'- p^(x) < -^-^^^^ if 0 < X <'"(<^; ^) , c > 1. ' ^ 

13i What degree must the Taylor approximation be to give e^ ,for |x| <.2 . 
Correct to two decimal places? three decimal places? (Use the estimate 



<9.) 
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^ ♦ . ■ . 6-5 

14. What degree mus,t the Taylor approximation be to give ^e^ • for 
»• 1^1 5 0.5> correct to four decimal places? (Use the^stimate e^'^ < 2.) 

15. " Find e^*^^"^ correct to five decimal places* Do the same for e"^'^"^. 

(a) Ret>lace x by cx to obtain approximations to ^e of degret^ 
<5. 

2 

(U) Find- a polynomial approximation to e of degree < 8.. ^ 

• «> , 

ipV^ 17- Find the limit of each of the following expressions as x approaches 0. 
(1 - e )sin X 



(a) 

(b) 
(c) 



x3 



X 

e - cos X 
X • 

2 

COS X - e 



. 3 

sin X 



X 

18. Find • lim ^ " 

, X - 1 
X -> 1 
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The 



Power FoiHnula 



The result for the derivative of . x e enables us to find the dejri/a- 
tives of the so-called power functions** 

f : X X , 

where ^r is any real numter, rational or irrational. ^ We know from Chapter 2 
that if r = n, a positive integer, then * J 

f * : X nx 

It is remarliable that is given th'^ corresponding' formula for any reai^ 

number r, so that 

, f: X ^)-x- \ . 
We shall prove this important result: 







If 


f : X -> X 


U) 




then 


f ' X rx 











We start with the remark that for any positive number z 

log^ z ^ ' 
e = z. 



If, .in* particular, z = x 



log X 

e r 
e = X • 



Since 



log X = r* log X 

e e * 



(2) 



r log X 
r °e 
X = e ^ . 



For^^x nea^ some number, say we have the test linear approximation, 

log X - log b + ^(x - b) . ' * 

, ». e e tj 

Multiplying by r, we get • ^ ' 



r log x^ - r log b + ^fx - b) . 

•^e e 



h\2 

45 



From (2)^ ve have 
m 



' \ . log b +^(x - b) 
r b' 
X ^s! e 



^ ^ S5 ^(x-b) 
Thua, X • « • e > , • 

according to the law of exponents. Since e ' = e = b , ve caji 

r r b * 

'write ,x b e 



Now for ^(x - b) near '0 

D 



5" • . \ 



J(x-b) ■ ^ 
^ b) 



ancL therefoi»e x is approximately 



b^[l^^(x -b)] =b^^4^(x .'b) 



= b"" + - b). ' ^ 

r i_r-l/ 



Thiis, y = b + rb " (x - b) is the equation of the tangent line to the graph 
of ^ = x^ at (b,b^)\ The slvope of the tangent is rb^""^. This i$ the 
value of the derivative at b. ^ . ^ ^ 



We*have^)^therfefore, established (l) for the case ' x > 0; that is, we 
^ave shown xhat ^ 

(l) if f :'x-*x^, then f » : x*-^ rx^""^ . - * 

This is the case which is most important in practice ^. ' The formula (l) is 
also correct when 'x = 0 if r > 1. ' 

For X < 0, f is Undefined unless r is rational with r = - , m ^nd 

^ non-negattve integers, n ^odd. In this ca$e, (l) holds but we shall not 

— V I 

^prove this statement here . ' ^ 

Example .6-ga . Find the derivative t>f f : defined for 0. 

We can ,write 

f (x) = \ = x'^' 



and u*s6 (l) to obtain the derivative 

» 



valid for any x ^ 0. • 

1 • ■ • ^ * 

Note that the derivative of x — is alvays negative; that is, any , 
tangent to its graph has negative slope. ^ Intu^tiv^y it is clear from this 
that X ~> ^ is a decreasing functiofi for all . x ^ 0. ^ 



I'he derivative in this case can also be obtained by using simple algebra^r 

The line* connecting (x , ~) ^to (x + h , ^ ^ ^ ) has s^ope 

• V 

* » ' <' 

1 _ 1 ^ 
^ X 4- h X / If 1 ^ i] ^ • 
X + h X / h X t h " x ^ 

• • . » . , Ir X - (x h) 1 , ^ \ 

= 1? (x 4. h)x ^ >. 

li Xx + h)x^ , 



-1 



This difference quotient approaches — ^ Qs h approaches 0. 

x^ ^ K 



Example 6^6b. Find the equation of the tangent to the^graph of 
f : X X at the point vhere x = U.' V 

Formula (l) gives * ^ " 



If X = '4, then 



and 



f.(x) =1x2"'. 1x1/2, 



f{h). = h}f^ = ^ 8 



f ■(!*,) = |(li,)V2 = I A = 3. 



C\ r^ti'^ =r'*'>' • =2 
The equation of the tangent to the graph, of f at S^,^^ is 

y = 8 .+ 3(x - 



Example 6-6c* Find the derivative of x -> x . 

V 

Formula (l) gives the derivative ' < , ' 



Since >^^-^> 0, this Is valid for x > 0. 

^Example 6-6d . Find the derivative of x -> Since we 
'have from (l) . 

valid vhen x > 0. ^ - \^ 

r . ' ^ 

This result may also be obtained from the definition 'of the derivative 

_ r- . . /X + h - -^C . 

^ , D,^ = ^lim^ ^ 

' t "/x + h + 
if we transfonn the difference quotient by multiplying by -— izi • 

' /x + h + >6c 

T^en ^ = ^^r^ " ^ 1 ^ % The limit is 



^ h(yx + h + >^x + h + >^ r 

1 



i/x 2>^ 



r 



We can generalize the Power Formula tp enable us to ^ , 

'J 

(a) ^ultiply by any* constant 

(b) dhange x to x - a, where a is a constant, , 
^ We shall show that ' „ 

0 r~l 

(3) ' ^ Dkx = krx , 



and y 



vT-l 



^ Dk^(x-a^)^4lcWx^a) 

Hereafter, we sThall r^er to (h) as the Power Formula, Previc^^, we 
have us^d this term" for the^special case, k = 1 and a = 0. 

To establish (3)> we let f(x) =kg(>:)- Then " " 

' f(x + h) - f(x) _ kfi(x -f h) - kgt^c) 
\. . h " h ^ 

/- ^ v g(x + h) - g(x) ' 
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(5) 



Allowing 'h to approach 0, we have the result 
- ^ Df(x) = kDg(x). 



If'in particular- g(x) = x^, we have .established 
(3) . Dkx^ = krx^"-^. 



To establish (h) , we let 



and 



h : X ^ k(x - a)^ 
f : x,->kx^* 



The graph of h is the result of translating the graph of f by the 

amount a. (See Figure 6-6a) ' 

> = f(x) y = h(x) 




'The result of ti^anslating the'graph of f* 



* At the point P(x,h(x)) the tangent* T has the slope h'(x). At the 

point Q(x - a , f (.x - a)), the tangent has the slope f'(x - a)'. jSince 

-L it ^ 

T, and T are parallel, the two slopes are equal. Therefore, 



(6) 

Slncfe 

Hence/ finally, 
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h'^(x) = f*7x - a). 



r-1. 



. f'(x) - kpc" 
f « (x - a) = kr(x - a) 



r-1 




h* (xf' = kr(x - a) 

49. ^ 



r-l 



I- 
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tha^ is, 



' Example 6*6e > Find the 
Since , \ 



Dk(x' - a)^ = kr(x /■ a)^^"^, 

■A. 

derivatives of \ , (x - l)^, (x - l)'^. 



then 



\ Dx-^ = (-l)xp, 
= (-2) 



(-3) 



V 



D(x - (-l)(x - 1) 

D(x,-.l)'^ = 1-2] {x - 1) 



D(x - - i\ 



,-2 



(x - 1) 



X ^ 0 



X ^1 



4 



0 
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Exercises 6-6 



1. Find the derirvatives of the following functions. 



(a) 


X -»-2x^''^" 


(f) 


k 

X -r 


(b) 


6 , 

x-»- , . 




X J/X 

/ 2 2x 


(c) 




(h). 


X -»20(^/''^^ 


(d> 


1 

X -» 


(i) 


x->2i^ [ 


(e) 


(i) 


k 1 

3 X 



2. For what values of x are the above functions (No* l) defined? ^ 

3. For what values of " x *are the derivatives of the above funct^Lons (No. l) 
defined?. 

k. Find the slope of the curves -(described by the futictions of No. l) at 
X = 1, and at X = 2., 

•5. Which of the functions in Number 1 are defined at x = 0? 

c ' 

6- Which of the derivatives found in Number 1 are defined at x = 0? 



7- ,Find the derivative of the following functions: 

' (a) X Vx + 1 ^ • ' ^ 

(b) x '-> ^VxTT ^ > . 

-(•c) X ■ ^ 



(x + 2)3 • 

(d) X -» • ' 

(e) -> 72x + 3 = ^ >4 + I ' ' / 

vx - 1 , • ^ 

(f) X -> 

\g) X -> b, c, d positive constants 

Vex + d * • ' " , 

8. ~^^r what values of x are the above (No. ?) functiohs defined? 

9. For what values of x are the derivatives of the above functions (No. 7). 
defined? \ ' 
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10. Given: f : x ->2>^1 - x 

Ca), Find f: Then find fn(-8), f (-3), f;(2) . / 
Cb) f is defined for what interval of x. . 

(c) f* is defined for what iniberval of x. 

(d) For what interval of x is f increasing? decreasing? 

(e) Find the equation of the tangent to thfe curve at x = 0. ^ 

'J ^ 

(f) ' Sketch the curve, and the tangent at x = 0. 

. 3/2 ^ 

11. Given: f : x ~> vx , <^ 

"* 

(a) Find f». 

(b) When is f decreasing? increasing? 

-^^^^ '^^^^ equatiorTof the tangent at x' = 1..' ^ < 

(d) A tangent to the curve is parallel to * x + y, = 2 . ' Find the equa- 
tion of this tangent line. ^ ^ 

(e) Is there a tangent line at x = 0? If so, what is its equation^ 

(f) Sketch the^ graph of the curv^ and the tangent line at x = 1. 

12 . Given :f:x->x-^. 0 / 

^I'a) For what values of x is f increasing? decreasing? 

(b) What happ'en^ to the curve when |x| get? larger? ' . 

(c) Find the equation of the tangent(s) parallel to. the line ~5x - y = 0. 

(d) If the curve is tangent to - V = mx + ^ (my b, constants) at some 
point on the'^^MTve, find the values which^ m can assume. 

(e) Sketch the grfiph. • . 

13. (a) Find the first three derivatives p«, p" , p*" of the polynomial 
, function \ 

^ ^ ^^23^567899 10. 

p : X ^i+x + 2r bT^'TTT 5T^. tT BT 9f 9? 101 ' . 

*(b) Evaluate p(o), v'(0), p"(o), and p«"(oX 

« (c) Guess the derivative of ^ 

'23 n 

* X X -'X - ' ' 

f : x^i + M^%3r+ ••• -^1^+ •••• ; . 



" - > 

6-7. Approximations to Logarithmic and Root Functions 

As ve try- to xXet polyn^lal functions to approximate logarithmic and 
power fjymctlons a nev'^sltuatldn arises: the funclTlons we try to approximate 
or their derivatives may not be defined* at x = 0.. Our usual procedure of 
first considering the graph of a function at the y-axls may be Inappropriate. 
We can avoid this problem by considering approximations to such a function at 
other p oint s^ or we can find' the appropriate Taylor approximations to a trans- 
lated function. 

Approximations to log^ (l + x) " ' - 
^ 



^ ^^At X = 0 the function x log x is noV^defined, so we shall ponsider 
-/ ' e^ ^ 

the translated function ' ' , - 

f ; X -^log (1 + x)^' 

' ^ . e 

Thi§*process gives the subsequent derivatives: 

. f^*^^ : X ^ -2 X 3(1 + x)"*^ = — r- 

. ■d + x)'*. 

• f^^.^ : X -> £ X 3 "x t(l + x)"^ = — — =• , 

(1 + x)5 , 



' y f(^) : -x'-» (-l)^-l(k - 1).(1 . x)-^ = (-^^''^'^^ - , . 

(1 + x)^ ■ 

where It is an integer greater tj?ran or equal to 1. We let x = 0 in each 



of the§e to obtain the values t 

9 

f(0) = 0, ' f'(0) = 1, f"(0) = -1, 
f"«(0) = 2!, f^'^^(O) = -3'., f^^^O) = W, 

X 

and in general ^ \ ' 

■(1) f^^^(O) = ('-l>'"^k - k>l. , 

Suppose n is a fixed positive integer 'and that 

^ ' 2 n 

p^(x) ^= a^ + a^x + + . . . + a^x . ^ 

As in Section 6-6 the values Pjj(0)> ^n^^^' ^® given by 
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and in general » 



(2) 



If p is to be the Taylor approximation to f : x ~> log (l + x) we 
n • ' * g 

must have 

p^(o) =f(o), p;;(o) =f'(o), p';(o) = f"(o), ... 

scvthat 



a. = 0, a. = 1, a. 



^3 = 3. 



In general we equate (l) with (2) to obtain for k > 1 



so that 



.(3) 



cl = (-l)-"^.(k - 1)'. 



(-1) 



k-1 



if « k > 1. 



Therefore, 




(•») 



We can use (l|)*to give the Taylor polynomials for 



X -> Ijog^.d + x) 

to any prescribed accuracy." In Section 9-5 ve shall show that fo3^" x > 0 the 
error R satisfies the inequality . • ^ 



'(5) 



■J 



n +1 
n +1 



• If n is large and 0 < x < 1 ^TTT small. T^hv^, we can 



fexpect the error estimate to be 3mall in t¥e interval 0 < x < 1 if we use . 
high degree polynomial approximation. For x > 1, powers of x becbme very 
.large so that the error -estimate gives a large error,.. (Of course, ,we cannot 

then conclude that R ^is large, only that the estimate of R^ is large. . 

, n ^ ^ ' ^ n 

It is, however, true that R is verynarg^when x is larger than 1 and 
n is large-; v • 



•♦51 : 
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•..log^2. 



Exatrfple 6-7a . Use Taylor approximations of fifth degree to estimate 



.'With n = 5, the Taylor approximation^for x 1 A (l + x) is 
' ' * ' • 2 3 ^ ' 5 

, and for x',> 0 -the error R' satisfies' ' 



We let X = 1 to obtain ^ 



^ log^ 2 ^-tT. 1^ 1 .1+^1- 0.783 

1^ 1 : " ' - ■ • • ^ 

with error at most -g- = -g^. This is not very good. To guarantee accuracy 
to within 0.005 could use (5) "to^show that we must choosy n to be at 
least 199. • ' / 



Example 6-Tb . Use Taylor approximations of third degree to estimate 



log_l.l 



e 

For X = 0.1 and n = 3 



' ,og^ 1.1. 0.1 -i^.i^.. 09533 

(0 1)^ ' " 

with error at most — ^ .000025, so that the estimate is correct to 

4 places. ' ' • ' . ^ 

, - , i ' ' ^ . 

Approximations to..^_^^^^^_ 

At X = 0 the derivative of the* f mjction x is not defined, so 

we consider the t/ranslated function f : x '-^ A + x. The power forijiula (l) 
giVes the successive derivativjes 



f'^ : x*-»|(l + x)"^/2 
f" : X -.'(|)(- |)(1 + x)-3/2 . 
f'" -: X -.|(- |)(- |)(1 + x)-5/2 



2' 



6-7 



I 

a^gest.a pattern ve revrite^these in the form 

• .... r : X -»|(| r !)(! + x)2 

' 1.3 
f" : X -»|(| r - 2)(1 + x)2 



2^2 

sq. thati'in general, for k > 1, 



fC*): x->ki-l)(^.2)(i-3)(l^x)2 



f^'^^ : X ^kl- 1) ... [i - (k - DK'l + x)2 " 



2'2 ' ':2 

These give the values' 

f(0) = 1 

' ."• f'(o)=| 



, f"(o) = |{| - 1) • ' % 

- f'"(0) = |{| -.-1)(| - 2) • 
■ y ■ f^'*^0)=|(|-l)(|-2)(|.-3) « ■ ■ . 
^ and, in general^ for \ > 1, 

(6) - , f^^\o) =|{|-i) ... (i-k + i). . 1 ^ 

t 

Suppose 

■ 2' • 

p(x) = + a,:x + a^x + . . . + a x'^ 

-Ol 1 2 n _ 

so that, as we found in (2): 

p'^^ho) = k! a^, k = 0, 1, 2, ... 
Equating p(0)',= f(o), p'(0) = f'(0), . p^°^ (of = f (o) gives. 



V. 



/ liiii 1 

^ ~ 2! 



5 -/■ 

|(| - - 1 
'3 3J -13 



|{|:l)(|-g)(|-3) ' 

*^ I ®it " in °° 12' 

' ^ id • ' ' "+53 



\ and;^ in ger|eral, for * 'k = -1,} 2, n 

'■ 1 . . - 1) . . . (| - k t 1) 
I \ - 



These give the coei'f icients of the Taylor approximations to x -> VT + x 

For example, if ^11^^+ we have.^ 

1 1 P 1 • ^ *5 ^ ^ ' 

' ; p(x) = l4x -gx'^ +^x^ -^x +R-^ 

\ ' - ' ' 

as the polynomial^^ which agrees with VI + x at x = 0 and whose first four 
derivatives agree , with the first four derivatives of x -> i/l + x at x = 0. 

As before,, for each positive integer n, we let p(x) be the corres- 
. ponding Taylor approximation to ^x -^Jl + x.. The remainder ^ is then 
: given by 

, " R"='yrT7 - p(x). . ^. ' 

Estimates for R are usually somewhat complicated. We content pu^rselvgs ^ 
'With sta'ting one result: ' ■* - ' 

(8) - ' |Rj < x'^'S if .0 5 X < 1, _ • 

' ■ --' ' ' ■ 

vhere ^ . 

^^"^1 ' (n/ jL)I \ , ^ . " ' ' 

» • ■ • ... . ^ - . . 

' " Example 6£7c. Use the Taylor approximation with' n = jt, to estimate 

/I . . / - 

2 • • • • ' . : . 



We have;- 



. where 
1 



^ . ; ■. *' . iRj < la^lx^^ 0 <x <1. 



^5 



3k ^ " 25S : 



Setting ■x"= x gives 



U J It 



1 ! 
withi error; 



Thus, correct to two decimal places 




/| 8l_1.22. 



J* 



6r7 



7 

f 




r . 



i * ' 
Exercises 6-7 

1. Using C5) show that 

jlog^ 2 - P^d) ! <OJd05 ^ 
if n > 199. How large must n be in order that 

|l6g^- p^(l)| < 5 X 10 ^ . ^ 

2. Kstiifete log 1.2 correct to two decimal' places. 

^ ' ' ' ^ 

3. *How large must n be in orc|er to use the Taylor approxima^iqn tO Tind 

* log^ 0.9 correct to one decimal place/ (Hint: log^ 0.9 = -^^Se 

k. (a) Use the taylor approxinia.tion .with |i = 5 to estimate log* 3- 

(b) What doed (5) gi^^e as the maximum ^'rror in this case? . 

* (c) Compare y^gur result with the value/ of log^ 3 in the tables. " 

(d) Now use n = 6, 7, 8> 9* . ' ^ ^ " ^ 

(e) What do you- think happens to log^ 3 -^„(2) ^as n . becomes large? 

Find 

log (1 + x) 



(a) .li>^^— - , 1 ■ 

X 0 - 

(sin x)(log ^(l'+ x)) '* . 

M .(1 - cos x) . • 

6. Fi-nd the Taylor approximation of degtee 5 tO'x -> A + ?c.. Us,e (8) "to 
estimate for 0 < x < 1. , " '^^ 

-7. -Usg^the Tayl9i;^approximation to '-^ Vl + x ,with n = U. to, estimate ■ , 

• ■ ^. What is the maximum error? Repeat .^r ,n = 5 • (See No. .6.)-'^- ^' 

e. Us? the' Taylor approximation to x -»yi ?*■ x with- n=3 to estimate > 

''•/TTf. What is the maximum error? Repeat for n = 1*. ^ . 

9. Use the Ta-ylor approximation to x A + x with n = U to estimate 



■/% . Compare your result with the estimate 

T ^ 



♦ ,-2 



A = i| f« 0.707., . 



" * • ' , . 59- "^5^ 
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j " ■ ^ 

10, Find 



6-7 



x'-^O (sin'xr * * / V 

%■ < ' * ' • 

11.^ Fina the Taylor approximation of de^^e three to each of th% following: 

(a) X ^Vl + X * • ' 

. (b) x.^d + x)5/^ * 
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Chapter 7 

ARKA AND TIE INTEGRAL ^ 

This chapter begins a discussion of the concept of a^ea of a region 
bourided the graph of a function. At -first glance, the idea of area app'ears 
to be entirely unrelated to our discussions of derivatives in Chapters 2,, 
and 6. Upon closer inspection, however, we shall discover that th^se two Ideas 
must be related. Suppose ^(x) represents the area of the aha ded region shown 
in the following figure. < 



y - 


















0 


X 





As we move along the horizontal axis^ the ajea 'a(x) of the shaded region 
changes. A measure .of the rate of change ija A{x) is A»(x), the value of 
the de rljgt ive of the area function at x. The change in area is also related 
to the h?lghV of the graph of f St X, that is^ to the value ^f(x). Con- 
sider/ for example, the case when f(x) is large. 



y 












0 


X 



X + h 



this region has 
area 'A-(x + h) - A(x) 
y = f(x) 



V 



If we move a small amount^, sayl h 



units, to the right, the area 
increases fairly quickly,* so that the additional area A{x + h) ■ - A(x) 
fairly large. If, however, > f(x^'#ls close'to the x-axis 

1 



is 
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this region has 
afea A(x + h) - A(x) 



y = f(x) 



-•then the additional area A{/ + h) - A(x) will be fairly small. 

These considerations lead us to. suspect that there must be some relation- 
ship ^between the rate of chai^ge of the area function x ^A(x) and the values 
of f, that is A«(x) must be related to f (x) . In this chapter we ahall 
show that for the functions of interest to 'us in this text, the (derivative 
• A» of the' area function is f; that is. A' (x) = f (x) . 

t Of course, it is not immediately obvious^ what the area bounded by a graph 

should be, particularly if f is not a constant or* linear function. Therefore, 

in the* first section, afte^r considering constant and linear cases, we deal with ♦ 

♦ 

ar\ apprcJScimatioif procedure for obtaining th? area of a region bounded by the 
graph of- a nonlinear/f unction (Section 7-l) . A proof of the relation 
' A»(>f) = f(x) is given in Section 7-2, and extended in Se.ctlon 7-3 to estab- 
lish the so-called Fundamental Theorem of Calculus,' with th^ geometric inter- 
.--.{^i^tation 'that the^^rea bounded by the graph of f,' the x-axis and vertical . ^ 
lines at a ,and b is given by the difference F(b) - F(a) where F is any ^ 
antiderivative of f (that is, f ) . Further flotation and properties are 

" ^an&oduced in Section 7-^+', and the results are extended 'to signed area in 
. Section 7-5 • 

The finaa^ section discusses thF-use*" of^'antideri^tivfe formulas in calcu- 
lating area«. Further, ant idifferentiation methods are discussed in Chapter 9 
and Appendix k» * • , 
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A^g^ "^nder a Graph - , 

We first attack the. general problem of finding" the area [of a region 
located in the first quadrant, beunded by^the graph of a riajEmegative function 
f, .the X-axis, the y-axis and a second vertical line., e^^ in PiguKe 7 -la. We 
shall not specify the value of the coordjLnete x at which the second vertical 
lihe cuts^ the X-axis, This will allow us'to find general formulas rather than 
particular numb'ei\^. We shall denote the desired area by A(x), 




/ y = fix) 



' . ' Figure 7 -la 

"Area under a graph 

Frequently the first step a mathematician takes i'h attacking a new prob- 
lem is to investigate a few special cases of tlie problem. He often finds this 
initial investigation very helpful in setting his mind working towards a gen- 
eral solution. In. this spirit we begin with*the simplest of polynomial func- 
tions and examine the area under the graph of the constant function , 

f : X "> c, 

where^ c is a fixed positive number. This case is very easy to handle, -In 

fact, ^since we know that the area of a rectangle is ^qual the product of 
its 'base, an*^ its height, we see that the desired areaS^s . ' ^ 

A(x) 



cx. 



(^ee Figure 7-lb,) 




y = f(x) =^ c 
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Figure 7-lb 



The area of the shaded /region is cx,, 
k6l ' 

. 63. ' . - 



Note that the "area /function" 

/ A t X cx ^ 

is a linear function \^nose derivative A* is 



f : X ^ c 



The next case ve examine is that of a linear function 

, f : X mx + b". 

The area we wish to find is that of the shaded region in Figure 7-lc 




y = f(x) = mx + b 



Figure 7-lc 

^ " ' Area under f : x ^ mx + 1) 

, This -case is also e^ to kandle since the shaded iregion is a, trapezo|.d 
II that the area o/ a trapezoid is | the sum of the par,allel base^ 
times'the height. In Figure 7-lc the trapezoid is .lying on its side, its , 
'"iDfeses'* have lengths f(0) and f{x) and its "hel^ght" \b x. Therefore, 
tHe desired area is ^ * ^ ^ . 



We^ reca 



(m ' 0 4- b) + (mx + b) 
2 ^ 

mx + 2b 



mx 



+ bx. . 



^We .observe t,h9t the derivative of the «"area function' 



is the linear function 



f : X mx + b* 

« « f 

V ■ _ ^ 

After the constant functions and the linear 'functions/ tKe next s.imple§t 
polynomial functions are the quadratic functions. Even though these functions 
seem to be but a step removed from the, linear functions, we shall see that 
they introduce an entirely new order of complexity. The reason for this 'is 
that ti^ graphs "of quadratic functions are curves, and we have no formulas 
ioT palculating areas of regions bounded^ by curves (except, of course, when 
the curves are circle^. H^nce, it will be wise to move more slovly , and 
first sti^^'a very special case--say the function f : x x . (See Figure 
7-ldO ^ ^ . ' ' 





Figure T-ld 

2 

• - Area under f : x x 

* * 

If it were possible to cut^ the region up into a finite numfcer o/*rectangu- 

lar or triangular parts we 'could add the areas of the parts to obtain the total 

area. Of course, we cannot do -^his. The best we can do with such a method is 

» 

to approximate ,the area. ^ We .can coTjer the regloft with rectangles and obtain as 
the surnn^ their aijeas a value that is somewhat ^larger than the one we seek. 
On the other hand, we can pack rectangles into the region without overlapping,-- 
and obtain iii the sum of their areas a value that is somewhat too small. In ' 
thig way^we may at least hope to arrive at an approximate value that we might 
be al^e to use in constructing our area function. ' ' 

Our proc€idure is to subdivide the line segment from 0 to x into a 
large number of equal parts, then to use thej^ubinteVvals as bases of rec- 
tangles interior. and exterior to the region. To illustrate this procedure 
we examine i case "where the number of subdivisions is small* . 



< 
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" ^uppo^ we divide th^ne segment from 0 to x i^nto* 5 equal sub- 
intervals. Each of these subintervals will be the base. of an interior reo^- 
tangle,-1;he largest rectangle that can be drawn under the curve with this 
subinterval as base (Figure 7-le) . Each of these subintervals will also be- 
the base of an extei-ior rectangle, "the smallest rectangle that can be drawn 
above the* curve with 1>W.s rectangle as base (Figure 7-lf) • _ 




.X 2x ' 3x lix X 
5 5 5 5 




X 2x 3x 'j+x* X 
5 5 5 5- 



.Figure 7-le * Figure'7-lf 

Aresl approximated by , . , Area approximated by ^ ^ ' 

- interior rectangles. exterior rectangles. 

> • 

We see from these -figures that our desired area A(x) satisfies the two 
inequalities , ^ - 

(1) " A(x) > the sum of the areas of the interior rectangles, . ; 

(2) A(x5 < the^sum of the ar^as of the exterior rectarifeles. 

Let calculate the sums- of the areas of the interior aftd exterior rectangles . 
If 'we split" the segment from 0 to x into 5 equal^ parts, the length of 



each part will be |' "aW the endpoints of the parte will be- 
(3) 



X ',2x - 3x ^+x 5x 



From Figure 7-lg we see that the height jof an interior rectangle is f(a), ^ 
where a is the left endpoint of its base; the^height of an exterior rectangle 
Is f(b), where b is the right endpoint o^its base. 
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/ 



y = f(x) 




Figur^7-lg ^ 
Heights of interior and exterior rectangles. 



* Using Jthe- subdivisions (3) we know th|t the "heigTits of the (five ) inter- 
ior rectahgl^ are " 



f(0), f(|), f(f), f(f), f(f); 
the heights of the corresponding exterior ^lectangles are - * 

f(|)', f(.f). .f(f), f(^), ; ■ 

Multiplying each of these ^eights by the common base l^^ngth we obtain 

the a^a of the corresponding rec^tangles. The sum -of the area of the -interior 
rectangles is * , ' * . 

|[f(o) . f(|) . f(f) - f(f) t f(y)]- - 

The sum of the- areas of the exterior rectangles* is / ' 

|[f(|) . f(|) t f(f) t'f(^) - f(f)i. ' 

2 ' ' ' ' 

Since f : X X we have . , 



The^leftmost "rectangular region" has zerci^area. 



■ 7-1 .- • * ] ' 



f (0) = 0, -f (|)- = g , f(|)='^, f(|) 



J 

/ 



The sum of the areas of the interior rectangles) 

" 5 L25 ^ 25 25 J 



The sum of the aregs of the exterior rectangles 

. ' 5 L25 25 25'. 25 25J 
11x3 ■ ' 

Our desired area A(x) lies between these two quantities; that is, 

.25 25 • 

1!his i/ certainly not a. very accurate estimate of our desired area, ^ If,, 
however^ w6 use a larger number of subdivisions we may hope to improve our. 
estimate. 

To obtain a general estimation formula, we let n denote the number of,, 
subdivisions of the segment from 0 to ,x. The length of each part will be 
^ and the endpoints will be * - . « • • . 

; 

. 0, 2(^), 3(^), (n - 1)(-), n(^), 

' n ' . n ' n ' ' ^n ' n ' i 

^*^^-T-r-sT The- heights^ of the inte3:ior • rectangles will be - ..^^ 

' * ■ f(0) , f(f), /(f), f(iB^). 

The-heighta of the exterior rectangles will be • 

^ ■ .... : 

The sume of the area^ of ^the*interior a«d exteric^ redtaqj^es wilL.be, 
*. ^ resjfectively ' ■ " ^^'^ , ^ 



r(5) 



' 7-1 



' .: » . • 'Since f : X -> X , we have-^ 



X ^/2x\ kx 



and, itv general 



>(o) = 0, ♦f(^) = ^ , f (^) 



The interior sum (1*) can then be rewritten as 

r .n . n n , ^ J ri#- 

To 6implify-this use the formula for the fii^b\X" ' sieves 



' • -.l'+ 1» + ... ; (n - 1)^ = kn .- 

We can thus rewrite the interiorvaiflm *{k) as 




/ 



3 ' 2n ^„2 



A simiia;: process applied to the exterior sum (5}^ives the sum of the 
areas of the exterior 'rectangles- ' 

. ■. • 3 2n g„2 ; _ 



Our desired area « A(x) lies between these two quantities; that is, 

(6f ^ ' . 



r 



3 3 3 '333 
--2lI^^<>W <-T^2l^^Z2 -? 



-6n" 




See JippendlK 3. 
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„^ * ,Tttis must be true for each positive integer If x ;is fixed and n is 
^ Very large compared to x eaph of the terms 

«^ * - 3 3 J 

_ ' ■ - TT" < ST" snd r, 

1 , -.V. ■2n>2n ^2 

t ' • 

must be very clo^e to zero. This process suggests that the only value tl^t 
the area A(x) can have is 

We sunlmarize: if f : x ^x and A(x) is the area of the region- 
abounded by the x-axis*, the y-axis, the graph of f and the vertical line x 
r units to the right of the origin, then ' ' . 



A : X ^— . . . ^ 

Note that the derivative of the area function is 

3x 2 
f : X = X ; 

^that is. A' = f • 

This samd relationship^i^,* = f was true in the case of constant and 
linear functions. We might conjecture tl:iat it is always Irue. In Section • 
7-2 we shall show that it is indeed true Xor a wide class of functions f , , 
a . class which includes moat of the functions of interest to us ip this bogJU 




'A 
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1. We showed in thi.. oHctlon that the region .bounded ^^the coordinate ^axes,i^ 
^ = x^, and a vertical line at jjflas an area^which i^ between the sum 
"of the interior and the- exter LoT'^ectangles . This inequality (6) was 



(a) It follows that / 



Express this rel:iti^n :hip- when 

(i) n 5 . * ' 

^ (iQ n = 100 

(b) From (6) we know that 



Usi.ng directly 4;he resu-ltrs of part (a), i.e.", with minimum computa- 
tion, express this relationship when ' ^ 

(i) n = 5 ' . - \ , 

(ii) n = -100 — * 



(c) I^^^E ^ ' X ^ X ^for the area function associated with *the 



^ .3 

function, f : x ^. x^, find the area in*the first quadrant of the 

( * 2 ' 

region bounded by the coordinate axes^ ^y = x , -and^the vertical^ 

line at 
« 

('i) ^ X - I . 

/(ii) X = 3-/3 ■ ' . , 



arid A(x) *' is^the^ 
area of the region 
depicted' in thev 
sketch to the right, 
show*that the ai*ea 
function is 

A : X -^^Y , 

using the method of ^ 
this section for y' 
•finding the area 

2 

function of x ^ x . 

[Hint; The sum of the 
cubes of .the 'first 
n - 1 integers is 




Equal ,suh-intei^a|Is of 



(a) First, show that the sum of the areas of the interior rectangles is 

• k 



(b) Second,. find the sum of the areas of the exIJerior rectangles,, 
showing that 

• V - - ~ » 

X 

T 



^1 k 

and asn-*oo,A:x->]j^Xi 

(c) Next, using the Inequality of part (b) above, and letting x = 1, 
find an expression for A(l), when . * 

(i) n = 5 ^ > r ' . / 

(ii) n = lOO/ ^ . . • ' • ^< 

(d) From the expressions found for Ail); in part (c) above,,' find, with 
\ minimum computation, an expression for A(2), when n =^ 100/ 



1 k 

X for the area function associated with the 



(e) Using A : x 

i*un?tion, f : x ^,x^, find the >*;^a in the first quadrant of the 
region bounded by the coordinate axes, y = x-', and the vertical 
line Qt * 

(i) - X = OA , ^ ' 

(ii) 5^ ■ 



Find the area of the region in the 
first quadrant bounded by x = 0, 
y = 1, and y = x^* ' 

[Hinti y =,1 and y = x*^ inter-' 
sect at The shaded area 

equals the -area under y 1 



minus the area under y = x 



(between x 



0 and X * l) , ] 




Find the area of the fegion in the 
first quadra n-6*"bounded by y = x 
and y = X • • , 

' [Hint: Find the intersection 
points; find the area under each 
curve between intersection points; 
find th'e difference between these 
areas*] 




y = X 



/ c r 1 3i * 

Sket'ch y = x-" and .y yx [ - ^ < x < ^ 
In a similar manner to that of Number 3 and Number "find the area 



between the two cui^ves. 



"Fitrd* the: '$'j?ea in quadr?|nt qne^ 
bounded by the^ quarter circle* 

^ (witR oerij^r at origip and 
radius 2)^ the line 
X - 2y ^ = 0, and tho 
vertical line tangeirt to the * 
circle. 

[Hint: Find intersection 
poAats; find area of quarter 
circle by^ geometry; subtract 
areas . ] 




Find area of region bounded by 
y = 0, y = 9^ - x', and 
y = 6 

[Hint: Use symmetry.] ^ 
« 




(a) For the function f : x x , we developed .in this sectioj^^^5<fii 
inequality for the area function: 



show that if we average these sums of fiireas of Interior and 
exterior for' n - 5^ we.^have A(x) ^ x*^/ • 

(b) Now estimate "A(x) for the same function by connecting ^ (O^f(o) ) 
• .tQ^ (|,f(|)), (|,f{|j)^ to (^^,f(^j), -and. summing the- 

- resulting, trapezoids . ' ^ 



■ ' -■■ 1^ ■ 

(c) As a third estimate, sum 5 rectangles with equal widths along the 
the X-axis, and heights erected at the midpoint of each interval; 
i.e., the ^ width of ,each rectangle would be ~, and tfie heights 

.would.Se ^r§, .... ... 

(d) . Which of these three estimates above is the closest to the exact 



area of 




''a V 



7-2« The Area Theorem ' 

In Section 7-1 we found some formulas for^he area of the region in the 
first quadrant hounded by the graph of a function f, the x-axis, the y-axis 
and a second Vertical line, x units to the right tf the origin, such as that 
-shown in. Figure 7-2a. 




^, Figure 7-2a 

r 

H Are^ Under a Graph 

Calling t?he indicated area A(x) we obtained a function «x -^A(x), which 
we called the "ar'^Tunction." Tlie results obtained in Section .7-1 can'be 
tabulated as follows: . ^ ^ 



Function 
f 


Area function 
A 


Derivative of area 
A» 


function 












X 


c 


X -> cx p 


' c 












X 


mx + b 


/' ^ 


X mx' + b 






2 


x3 


2 




X 


X » - 




x X 








■ "TT 




i 



*It is impossible to miss the similarity between the first and third 
columns ofN^is table. Sinc^hese two, colons are iden^^ical except for 
heading we are pitect^ally compelled to suspect that there must be some rela- 
tionship between f and the derivat^ive A* of ^ its area function A. We con- 
jecture: \ . ' ' ' • • 



(1) 



If A is th^ area function associated with a function f , 
then A' = f . 



7-2 



We shall pi*ove this result with the following assumptions on f - , 
^"w^^/^^/^ ^freasing f^tion; that is, 
(2) ^ * ' f(c) < f(d) if 0 < c < d. 

(b) The graph of, f has no "gaps" for x > 0. 1? 

■ Gondttion (b) meaii^ t^iat if x > 0, lim f(x + h) = f (x) . When condition 
(<' h -> 0 ' ' ^ ' 

(b) is sat^^fied 'V?e say that f is continuous for x > 0. 

snow 



To prove (l) we must snow that % 



A(x + h) - A(x) ^ 

h 



f{x); 



^lim 
h -^^^^ 

that is, that /he slope of the line through P(x,A(x)) and Q(x + h,A(x + h)) 
.cf^oaches f{x) . ^s h approaches 0. Since the indicated limit is j^st 
A»(x), which' is the slope of the tangent ifne at ^ P(x,A(x) ) / ^we shall then 
know that' A\(x) =^XW' (See Figure r-2b.) 



y = A'(x) 




slope of the tangent 
at P is the limit of the 
slope of PQ as 'h 
approaches 0. 



K h . . . ^ 

Figure 7-'2b 
Gr^ph of the Alj^ Function 

Let us^first suppose that h > 0, 'SO that th^ graph of f is something 
like that shown in Figure 7-2c. The two quantities A(x)- and A(x + h) are 
the areas of the regions bounded .by the y-axis, the x-axis, the graph of f ^ 



and the vertical lines which are respectively x 'and 



X + h units to the 



^75 



right of the origin. Hence, the difference 

> * A(x + h) - A(x) 

represents the are^ of the shaded region shown in Figure 7-2c. 




X X '+ h 

Figure^^2<i' 

A(x + h) - A(x) = Area of- the shaded region 

Since we have assumed ttiat f is. increasing, the sli&ded region* of Figure 
7-2c includes the smaller rectangle TUWV and is included in the larg^ rec- 
tangle RSWV. These rectangles have base length h and the respective heights 
f(x) alid t{X + h) . Thus 



that is; 



^hf(x) < area of shade<3 region < hf (x + h)', 
hf (x) < A(x + h) - A(x) < hf (x + h) . . 



\ 



This inequality used the assumption that h > 0. If we divide'^by h\we obtain 
ik) f (x) < ' - ^^"^ < f (x . h) . ■ / 



From (3) if h.- approaches^ 0 then f(x + h) a^roaches fix). Hence, 
h is positive* efnd h approaches 0 

■ ^ • Afft + h) - A(x) approaches f(x). ~ , > 



Comparable argumeht$ will give, the same result if h < '0, so that, indeed 
A.(x) « lim A(x ^ hf: A(x) 



h -♦O 



« f(x)^ that is^. A* « f, if the asstunptions 



^ (2) *hold- We can, of course, replace the assumption that" f is increasing by 
' the assumption that f' is decreasing. This will, invert the inequality signs 
• in- but will not change the conclusion. ^ 
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' ^ rh'lJhe above proof we used the fact that ' ^ 

A(x + h) - A(x) 

. is the' area of the shaded region shown in Figure 7-2c. This will also be true 
if the lower limit is taken to be any number a < x. In other words we can 
let A(x) represent the area of .the shadei^ region shown in Figure 7-2d. The 
difference 

s ' A(x + h) - A(x^) 

will fee the area of the darkly shaded region shown in. Figure 7-:2e. 




Assuming that f is increasing for x > a we could ^repeat the foregoing 
arguments to conclude that 

■ ' f(^) <A(2L_LJlLi_AW , j^)^ if h>0- - 



and 



f(x) > ^^^ '^^^^ >f(x>^-h), if h<0. 



If we assume that the graph of f is continuous, then f (x + h) approaches 
f(x) and . . 



lin, A(x ^h) .^Aix) 
h -^0 



as h. approaches 0. Hence, A' = f • 



7-2 



This fact that the derivative of the area function is f will referred 
to as . the Area' Theorem. * 



AREA THEOREM * Suppose S is nonnegative a;id increasing on ^the 
interval a < x < b and that the graph of f has no "gaps." 
each X in this interval, if 

- . ^ A(x) 

is the area bounded^by the y-axis, the graph of f and ordinates 
at a and x' (a <^ < b) then 

^\ . 'aKx) = f(x). ' 



The same result will hold if f Is assumed to be decreasing , on the 
int'erval. In the appendices it will be shown that the the'orem remains true 
under more general conditions . 

The Area Theorem doesn't yet tell us how to find the area function 
X -^A(x). Ifonly tells us that the derivativ^ A»* must be^f. Consider, 
for example; the problem of finding the area function A if f : x ->x^. 

We know that the derivative of , ' 

h 

X -> X 

i ' ' 

is the function x -> kx^ , so if we divide by h then the derivative of 

1 h 3 
X r- X is X -> x^. 

We call X x^ an antiderivative of x x^. Thus a good candidate for 
'a is • 

-A : X X . , 

Note, however, that the derivative o^ 



1 ^ 

X -> ^ X +10 



is also X, ->x"^.' In fact, if C is any constant then the derivative of 

X X + C is X ^cc*:, , ^ * 
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• *This is also sometimes known as the Fundamental Theorem; of Calculus, a 
subsequent theorem which can be established analytically without area argwpe^its. 

.• / - 



so that any function of th\'type .x->r-x -^c is a candidate^fq^r ^'A. 'For- 
tunately, there are.no other possibilities for A. This, is a consequence of 
the following theorenf. . • • * \ " ^ 



.THE CONSTANT DIFFERENCE TIIEORM' = F'^(x), a*<x £b, 

then there is, a constant C such that 



^G(x) = F(x) + C, a <x <b. 



We shall give an intuitiye atrgument'. A more complete proof Vill be fou«d 
-ir^Chapter 8» . ^ 

" Proof : If G'(x)=F'(x^, the graph' of F and grapj,! of , I'.ave 
the same slope at each x on the interval [a,bl. ThU can happen onl:( if 
either the graphs are the same , 'G'x) = F(Jc)) or if one graph can.be obtained 
by raising or lowering the other a certain 'amount .ir.(x) = rU) + C ' for.sope 



constant C)'. (See Figure 7-2f.) 







t 

f 
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, a / 




b ' 





When X = a, 



Therefore , \he constant is 



Figure T-2f • 



Of a) = F(a) ■+ e. - 



C = G(a) - P(a) 
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^ Kxantple- 7"2a . Find^ A(x) ' -^^ : ^yp. t ' / ' 

We tacsfw-'that if^ F : x , then ^ F»- = f The^Ar^a The'orem tells us 

A'' = f. From "the Copstant Difference Tfiei)rem, since A' = F*, tljere - 



must ^be a constant C ' such that ^ 

f • fMx) ^ F(x) + C. 

To determine^ C, we need to know A(x) anS /F(x) for one value of x, 
say ^'0. Since »F(0) = A(d) => 0 * s^/ ' 



f 



and C t> 0. TherefSre, 



0 = 0 + C 



A(x) = Jx\ 



3n fh* gre 



Example 7-2h . Find the area' between fh^ graph of f : x x^ + 2x, the 
x-a3#is and the lines x = 1 and x ^2, ^ 



, A'(i:) = x^ + 2x. 



x^ 2 ' 'd \ 

Pf F(x) = — + X , F»(x) = X + 2x^. By the Constant Difference Theorem 

' , . ' A(x) = x^ 2x + C ' , 

for. some constant C. Since A(l) *ts 0 * * ' 

0 = l + 2 + C 

' and C = -3 and - , ' ^ . 

A(x) = X +^x - 3. ♦ 

Then A=*A(2) = )|,+ 1| - 3 = 5 is the required area. 

We need a jiotation. for the area A of:^ the region bounded by the'x-axis, 
the ^raph of f^and the two vertical lines given by x = a and x « b. 
(See Figure 7-2g.) " \ . 

* m 

% ■ • 

^\ A 



/ 




-Figure 7-2g 
Area under a graph. 



The usual symbol for this is 



f(x)dx 



suggested by the procedure (described in the previous section) of approximating 

sums for finding areas. The symbol ''J" (a modified letter ^) indicates 

. summation. The f(x) is meant to suggest the ordinate of an outer or inner^ 

rectangle and the "dx""* (axj indivisible symbol) the- difference in the x',s ' at 

the end 8^ of the base of 'a rectangle. 

fb' ' , ^ ' ' 

* '* The symbol 1 f(x)dx may be read, "The integral of f from a 'to b." 
J a , ' ' ^ 



We 



shall sometimes ^ite this \n£egral more briefly as 1 f . 



^f '* * . Scerclses 7-2 

•1. In Section 7-1 we obtained the estimates 

» for each positive integer n, where, 



' : ^ A(x) = \ f; f :^,x -4x^. 

* JO • 

. Average 'these to' obtain the general estimate 

3 3 

A(x) » \ 4- il- , 
^ 6n^ 



.... 



Use this estimate for A(x) in order to calculate approximations of the 
follbwing quantities when* n = 10. 

(a) •A(2) •" • . - ■ . . ' 

(b) A(a,i) . . ; * 



A(2.l) - A($) . 
0.1 • 

A(x + h).-- A(x) 



for general positive x, .h.- ^ 



(e) Let "h approach, 0 in (d) and' use this to esljiLtaat^ A«(x), 



2. Suppose 'fix' -»-x + a. 

^ .(a) Urn f(x)dx 
h -^0 J 1 



Find 



1+h 



lim 

h 0 



f(x)-dx 



(c)"'Did you need to calculate 
and (b)? Explain^ 



1+h 



f(x)dx in 6rdeLr fto an 



ffwerj (a) 



/; 
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(a) What is a(2)? ' - 
, ^ (b) What is 

(c) Did you need to find an antiderivative for f in order "^o answer 
(a) oV*(t>)? ' ' ^ ^ * 

U. Find two'*distinct functions g such that g» is tHe fun.ction x 3x 
Ho\are your functions related to each other? 

5. Find the area bounded by the coordinate, axes , the line x 2, and the 
graph of 'the function f, where ^ \ 

(a) -f : X X , 

(b) f ; X -»2x + 1 • 



2 



•(c)' f : X -^i+x-^ + X ^ ^ 

\ ■ - . . • 

2 " 

6. (a) Sketch the graph of: f : x x + 1. 

(b) Mark the region bounded W this gr^, the coordinate axes., and the ^ 

- ^ine x*= 1." Find the area of tlyLs region. 
(c> Mark the regi^on bounded by your-graph, the coordinate axes, and the^ 

lin^ X = 2. Find the a/ea of this region/- 
(d) 'Mark the region bounded by your graph, the x-axis, and the lines ^ 
X = 1 and -X - 2. -How is this region related to'ti^ i:egions you 
-marked in (b) and (<;)? Find its area. 

^ (a) -Sketch the graph and find the area bounded by the graph of ^ 
f . _»i6 - X?, the x-ffXis, -and lines x = 2 -*'and x ^ 3- 

"I ■ -•«,-., : 

(b) S^tch the graph and t\ni the area bounded by the graph of 

xUltx^ - the X-axis, an^ the' lines x = 1 and x = 2. j 
S. ^Foi/f : x' (x -"l)^ show how the .interval 0 < x < 3 can be, subdivided 
s/tjiat on each subinterval f is always Increasing or al'ways decreasing 
^ke^'a sketch. j 
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'^"3* The Fundamental Theorem of Calculus , 

The following theorem summarizes the method for fijjding area functions 

explained* in the previous section. This ^theorem is generally referi;ed to as 
the Fund.aj[)aentalJl:iij^egi^ jQfe>^ Cs^^ for cal- 

culating areas by using, antiderivatives . 



THE FUNDAMENTAL TKEOREM OF CALCULUS . If f is nonnegative, 

'increasing and its graph has no gaps on the interval a < x *< b, 

.and if F is any function whose derivative is f on this 
'interval, jLj^. * 

f = F(;x) - F(a), a < :x < b. 



Proof. The area function 



1 



A(x) 



A(x) 

9 



uls a function v/hose* derivative is f ^(^trom the Area Theorem). Furthermore, 
A (a) = 0. Since the functions F and A have the same derivative, f, th 
Constant Difference Theorem implies that tBere is a constant C ^such that 

F(x) + C, a < X < b. 

C = A(a) - F(a). 

A(a) =0 o- 

C = -F(a) 

A(x) ='F(x) - F(a>. 

r X ' 



Then 
Since 

and 



That is 



f = F(i) - F(a) 



/ 



Remark. This' theorem will still f:e true if f '^is a^sura'^ed to W 'decreas- ^ 
ing on the interval, for the Area Tl\eorem will remaih true and the above proof 
can be ^repeated verbatim. The theorem. .is easily extended to* the caeje when the 
interval can be subdivided into smaller intervals, on each of whicJh f /TrTcrea- 
ses or decreases . For example, supfose^that , F ^ f and that f iricreases 
for a < X < C and decreases for '< x < b. (See Figure 7-3a;) Now . 
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It relat^s^^ifferentiation ancT integi|ati9n. 
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apply the Fundamental J^k^orem to e^h term a?id obtain 



f ^ F(c) - K(a), 1 f = F(b) - F{-c) , 



4 

When we add the two integrals the term j(c) drops out, 



• We have 



b - 



f = F(c) - F(a) + F(b) - F(c) 



F(b) - F(a), 




Figure 7-3^ ' 

Area of Shaded xReglon = Area of A + Area of B 
/ \ . 

^When we deal with specific functions We shall use the longer , notation for 
integrals. Thus, instead of writing^.,/;. ' ' . ^ 

A =^ f «where f ; x -> e , a 



we 



shall write f i'mply 



Iv. 



/ ^ In this examp;Le'J since De 



tells us that 



e dx. 



= 46^, •F(x) =r andlthe Fundamental Thecrem 



.A=« - e =re-l. 
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Since ve can describe f equally veil by 



we co^ild replace (l) by 
(2) 



f : t e 



A - e dt. / ^ 



Because De^ ^ e^, F^t) i and "by the -F^indamental Theorem 

1 0 't ' ^ 

A = e- e- e- l 
# ' •> , 

exactly as before. Because the result does not depend on the 'letter used^ 
the ^?tt^r X in is called a damny variable . 



' Example Zs2^* ^^"^ 

t -4 5t". Hence the derivative of 
Fundamental Treoref> ^x. <■ . 



Tne derivative of t t is 



1 . 

t — t xs 



t t . By the 

/ 



Afx) - ?(x) - F(2) 4 ^ x" - 



Example ^-3b. 



/2 ' , . 

cos X dx"* 



The sine function F' : x -> sin x is .a function whose derivative is f. 
The interval can «e subdivided irfto two subintervals (namely - g £ ^ 5 0 
and 0 < X < |) so 'that f increases on the firs,t subintrerval and decreases 
on the se'cond"^ interval (see Figure ^-3^). We can, therefore, apply the remai-k 
following the Fundame^^tal Theorem to conclude that 



\ 'Til 2 



FCf) - Fj-|). 



sin ^ - 'sin(- ^) 



, = l^ -• ( -1) 

" = 2. 
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A function- -F wbpse derivative is f i«_called an antideriv3tive 



^ (oV indeft/lite integral)" of f. It is also cornmon to use the notation- 

b 



F(x) 



for F(b) - F(a) . 



The Fundamental Theorem of Calculus may be stated in the form; 
(3) - • " 









b 


t; 


f(x)dx 


= F(x) 


=: F(b) - F(a)^ 










where 


•F is 


an antiderivative of f . 



For example^ since the derivative of 



13. 2 
X ~* 2 ^ ''^^ X -> X 



13 p * 

we say that x ~* t- x^ is an antiderivative of -> x arid write 

1 4 



1 ,.3 
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Example 7-3^ ^ Find j dt 

First we find aft antiderivative of t -^t-^. Differentiation of^polynom- 
ials reduces the degree by one, s6 ^ntidifferentiation should raljse thfe degree 
by one^ If 'we recall that the funcMon ^ . 



t'-^ t 



has the deriWtiv^^^ 6t^, we can see 



that 



is an antiderivative of t,->t • Therefore, we have 



V 



5 16 
t^- dt = I t 



Example . Find the area of. the. region between the x-axis and one 
arch ^ the sine curve given by y = sin x. We want t^ find (Figure l-kc). 



sin X dx. 




J. 



sin X dx - ^rea of shaded region. 

10 • i ■ . 

The derivative of the cosine function is the negative of thelsine func- 



tiOD so that 



/ 



90 



-» -COS X 



488 
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.Is an antlderlvatlve of x -> sin x. We have 



It j« ' ' 

sin X dx = -cos X •] = -cos « + cos, 0 
0 ' lo 



Example 7'3e » Find 1 (x + 2k' + h)dx. 



We could find an antlderivative of 



\ • X ->»x + 2x 4- 1+ 

directly %nd use (3). -An alterr^ative approach (which amounts to the same 
^ thing) is to nemember that the i;itegral of a sum is the s.um of, the integrals, 
so that we can^wri^e 

(3 



(x + 2x +- !t)dx 



3 2 M - 

X dx + 1 2x dj£ + 

0 J 0 



!tdx. 
0 , ' 



%5 



The functions 



I 



X X , X 2x and :^ ^ 



have the respective antiderivatives-- 



so we have. 



X J X , X X and x kx; 



(x ->+ 2x + lj)dx = 



1 



1 3 



3 2' 


3 


3 


+ X ' 


+ i+x 




0 


0 


0 



k3^ - Q^) + if - 0^) + (!* -3 -\ 0) 



3 _ 
30. 



♦ 

iegio 



Example 7-3f * Describe [the area of the pegion between the graphs of 
y - -/x and y = ^ as the difference of two integrals and evaluatL. 



ERIC 



• 1^89 



91 



^The area of region A in Figure 7-3ci i« 



3^ ax - 1 Vx dx. 
0 0 0 






y = 3^ 




B 


) 1 




Figure T-3d 
Axea of A = Area of B - Area of C 



To find antiderivatives of x ^ /.6c and x ^ Vx, ve first write 
^Vx = x"^'^^' and' * and then recall the power formula ^ 



Dx = ax 



Here differentiation amounts to multiplying by the exponent and 'reducing the 
exponent by 1, ^Then antidifferentiation amounts to raising the exponent 
by 1 and dividing 'by the nev exponent, Thus, ve^^have 
\ 



as respective an 
desired area is ; 



x-^^'X'-* arid x x-^' 



iderivativea of x -> and'^x Tx. Therefore, 



our 

/ 



2 3/2 
3 



3:' 2 
h " 3 

12 • 



Example. 7-3g^* Evalua 



aate \ 
- J-«/2 



jsin x|(^x.' 



09. 




lYi Figure 7-3e we Indicate (by shading) the region whose area is the 
integral we wish to. evaluate. 
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Figure '7-36 

^'We know that the area of region B is' 2 '(from Example 7-3d) and we 
should- suspect that the total area of xe^fons A and' B Is 3» We can con- 
firm thla suspicion and gain additional,* e»*perience using antiderivatives. By 
definition of absolute vaXu% we have , 



sin x[ 



sin ^x, for 7 sin !>c > 0 



-sin X, for ' sin 'x < 0'- 



We express our integral as the sum of tyo integrals:. 



I sin x|dx = 





[sin xjdx + 'L jsin xjdx 



x)dx -fe 1 " sin 'a dx. 



Antideryativee '.of 



are, respectively "'f 



X -sin x; and x sin x 



sin X 



The: 



ij^f ore, 



X -> cos X and x -cas x . 



we have 



x/2 



Sin X dx = cos x: 



COS 0 -cosl[-.?J.Jwircos, jt) -(-cds i 

1 - 0 • 



0) 



Example 7i3h. Evi 



iiuate 



f(x)dx if 



TSx , for 0 < X < r 
f(x) = i p 

{2x - 1)% for 1 < X < 2 



The area, of the shaded^ region in Figure 7-3f is given by the int.egral^we 
wish^jto evalua1>e. Note the b^eak in 
the graph. of f at x = 1. In order 
to be able^ to apply the Fundamental * 
Theore^ of Calculus, we first break 
our inljerval into/subintervals over 
vfhich the gra^ir^f ''f has no gaps: 



f (x)dx' 1 dx + 1 

lo Jo J 1 



(2x l)^dx. 



Antiderlvatives for x 7> and 
X -> (2x - l)'^ are respectively 



9 ^ 



(check by differentiation and/ see ' 
Exe^cises 7-3, No. 5). We the3:*^re 
havcj- » 



f(x)dx ='-^ X 



3 



0 



2/3 13 




Figure '7-3f 
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Exercises 7-^ 
1. ^ind each of the following integrals. 



7.-3 



•(a) 
(b) 
(c) 
(d) 
(e) 
(f) 



i: 

[',<•'••'■ 

\ ^ (X^ 4-' X . 

J -2, f 



(x + X + 3)dx 
+ 3)<3x 
+ 3)dx 



ffos X dx 



'x^ dx 



l/l6 



(■/x + V5c)dx 



(h) 
(1) 



J 1/2 3x^ 

■f: 



dx 



(5x"^ + x2)dx- 



(d) 
(k) 
(i) 
(m). 
(n) 
/ (o) 
(p) 
(q) 
(r) 



X dx 



1 

' 2 

2 

' 2 

: 2 



« dx 



(e'' + l)dx 
(e'' + x^dx 
(5x'^ + 3x^ + l)d^- 



n/3 

(sin X + x:os jc)dx 

7t/6 



+ sin x)dx 



3 
10 

10' 



(x + 2» + 5)ax 



tfiin x» dx 



2. Sketch the regions bounded by the x-axls, the curve y = f(x) and the 
vertical lineg x = a and x = b. Then find the areas 



r 



(a) 


f 


(b) 


f 


(c) 


f 


'(d) 




■(e) 


f 


..(f) 




(g) 


f 



x^ + 2x + 1, a = 1, .b = 3 
I =' -1, hj^ 1 



X 2 



Ex • ,+ cos X, a = - - , b 



X -> X 



-10; J 



3/2 
•Vx ; 



a -1, h ^ - 
a = -I, b =: 1 
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3. Sketch the reglo^i hounded by the x-^xis, y ^- f(x) and the given 

vertical linn-; Iht-n 'f ind ll.: ar^v-i. ^ ^ 

.it- , ^ 

. ' (a) f : X jxl; vertical line.-, x =^ x h 

(Check your result by elementary g<K)metry.) 



fUx"^|; vertical lines ^at x^r--!,^ x - 3 



(c) f *: X Icoc? xj; vertical Ij^ne:. at x ^ - , x - ^- 

.(d) f : X 'T- - sin x'; ver^Cil lines at x = -Tt, x = 2Tt 
ie) *f ': X -^'|l -^ Vxl ; vertical lines at x,,= 0, x = h 



k» (a) r:vaiuat^. .fx' ^ 3"/^ 



^ana 



i'd" (x* ^ 3>^- 50), 



Find 0(x) 
(c) Wfeat is r"' 



G(x) 



if F' = G'? ^' 



% {^^) F^nd 3{) a*ntideri'vative for each of tfie following functions. 

. (iT° f : 7 - (x - 1)2 _ * 



( Lii) g / - 8x^ - 12x^ ^ 6x - 1 

(I'A 0 : X -> (2x ^ 1)2 ^ 

[Hint: ?^ G in tnerform a(x - , 

(b) Compare \ne functions F with f and G with g. Compare 

antiderivatives . , ■ . ^ 

6. Findt an antid^^rivative for each of the following functions' * 

f : X -> B(x + 1) 



g : X 



b(x 1)^ 



7. Find \ (3x' + '0^ dx 

Jo" . . ' - ' ^ , 

(a) by first carrying olit -fiSje indicated mult i plication, 

(b) by ij^ng the method ^ouM in Number 6. » ^ " - 
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8. Which of jbhe following integrals are the same^ as 1 t"^ (Jt? 

' ^ f J a 



•.(a) 

(b) 



dt 



(c) 
' , (d) 



OA 



a 
b+1 

a+1 



(t - '1)2 dt 



9. Evaluate, the following integrals using a\lifie of symmetry appropriate 



to the problem, le.g., 



1-3 



x"" dx = 2 \ x" dx = T- 
JO ^ 



18.] 



(a) - j 


' «/6 


COo X ( 




•-«/6 








in 1 


(1 ^ 6x~ 




1-2 1 










'■(c) 


\>- 








f' 


(d) 


\ sin X dx 




Jo 



A 



lO/. Find the. area, of the region bounded by the x-axis, the given curves 
y = f(x), and Jbfie given vertical lines. (Sketclr^' first .) 



(a) 



-X" + 2, 0 <)x < 72 



72 



< X 



vertical lines gt 

X = »•}. 

<& 

and . X = U 



■ (b) 



|2x - 3l if 0 < X < 3 



if X < 0 



or X > 3 



vertical lin^s at 
X = - ^ and 



at ^x = 



In Problems 11-12 deduce part (b) from the s-olutions to ^art (a).. (Sketch 
each first . ) , " ♦ ' - " 



XI. (a) (i) Tind M ' '(8 - x'^)dx * (ii) 
. JO' 



-2 , 
X dx 



(b) Find 'the area of the regidn bpunded ahove by y =*8 - x , below 

' 2 ' * ' ' ♦ 

^by y = oc , tp the left by the j/ertical line x* = -1,* and to the 

p5|ht by €he vertical line x ^ 1. * 
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12. (a) ' (i) Find 1 (8 -v •x^)d'x; (ii) 1 .x' dx 
, , J 0 A- • . • Jo' 

Xb) Find the area of the region founded liy ,y = 8 - x and^ y = x . 
13.. (0 Find the solution of Number U(b) directly vitKout using part (a) 
of*Number 11. ^ * ' "A'- • 

' (b) Find the solution of Number 12(b) directly ^^ixhout using part "(a) 
' of Kiimber 12. ^ 

lU. Find the area bounded l^y y'= sin x, y = co§ x, x f 0^ and x = ^7 . 
, ^(Sketch first.) ^ , " . 



\ 



I. > 
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.7-^. Properties of Integralfe 

We h^ive seen that the integral 
.lb 



(or ' f (x)dx) 



can be interpVete(§ as the area « of the region below the graph cTf f, above 
^ the X-axis an(} between the vertical lines x = a and x = b. Certain firo- 
, pertiefe of .integrals ai*e immediately suggested by this area interpretation. 

Slnee^ the area of a region like that shown in Figure 7-i^a 'should be a 
, nonnegative number; we ha^ve the result? ' .* 



.1 (« 



If f Cx) > 0 f or a < X < b, then 



f > 0 




• \ Figure 



Area under a graph. ^ 

■/ • - : . •. • 

r * , ' ' ' 

Also the area- of a^egion should riot ixceed the area of ^any larger region. 
A "useful formulation of this idea is* the following: . ' . 

If T('x^ £ g(x) , .for a < X < b, 4:hen ^ ^. 



'(2) , , 

^ ■ V 



. (See Figure J-hh'.) 



b b. 

la • ~ Ja-^\ 
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<fFigure' l-^'b' 

The "area under f ^ does not ^ \ 
exceed the area under g.,- 

application of the .inequalrty in {2]^ -gives "bt^und^if or the'area'in terms of 
bounds for f . Si^ose M is a corist^nt and f(x) < M for a « x ^ b. With 
g : sc M we apply obtain \ , • ' 



An 



' • M% <r g.4M(b - al. . \ 

/ .■ ■•■ \ , : fb- . 

Similar argunlents can be Applied if m " to obtain m(b - a) < \ f. 

(See Figure 7-^c.) In summary: \ - * ' 

. ' ^ * V ' 

■(3) if < f(x) < M- for fa < X'<'b then ' . 

' m(b - a) < \ f < M(b - a) . ■ , . , 

A line has no width and hence^ has ^-erp area. Thus, if we take = a, 
we should expect' the area to be zero, that Is, ' . ' - 



t = 0 ^ 



\ This is- consistent ^ith the result (3) for 



:f we' talce ' b = a we^ obtain 



Q = m X 0 < I f < Mix q 0. 
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If we multiply ordinate's by a. constant factor then ve^-expect the area to 
be changed by a correspond ing' factor. ,One useful conseqiience oT this: 

li g(x) = af(5c)', fN3^ a <x<b, 'V^4re a Is ' ^ 

^ '..^f* positive constant, then 



♦(See Figure 7-^d .) 




. 'Fl'gure^ 7-Hd 
The area under g ,<is a-^tltnes the area yinder f. 

If one region is the union of two non-overlapping regions we' expect the 
area of 'the first region to be the sum of t^e eneas o^ the subregions . This 
ad(iitivity principle has two*useful cons'equences, (5) and (7).. ^ 

(6) , If. c lies between a and b, then * 



^f = 



c ' b 



that. Is, if we cut^ the' region under "f by a vertical line, th§n the area is 
'the sum of the, two resulting areas'. (See Figure 1-he.) 
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Figure 

^ ' Th^ area of the region under the graph of f ' 
. between a and b is the sum 'of the ar^ias ^ 
of regione A and B*. • . • 



V 



A second 'Useful fqrrauration of additivity is obtained for the sum of two 
graphs* Th^ sum f + g is defined as^the function whose vaj^ue at x is 
* fix)' S(x)i that is, the';^raph of . f + g*" is obtained^'by Adding, the ordinat'es' 
of the.' graphs of f and g, ^yWe have - 



(7) . 

(See Figure T^.^f ) v 



I a 



' a 




^iguue 7-**f . 



The area of the region under the. grapl; cJf • f . ^ISxs 

' - ' the^area of "the' region -under the ^.graph of g is 

the area* of -che i\egion under the graph pf f g.* 
*■ » * I ' ^ 

^ Each o^'these principles can*)3e deduced from the Fundamental Theorem. . 
We .pro^e several 'of thep here, leaving the other^ a^' exercises / s 

Exam^)le Prove that ' * ^ 



(1) 



Xf f(x) '> .0 for .a < X.' < b then \ f > 0. 



Let V 



F'(.x) = f(x). 

Since '#(x) > 0 for a'<x.<b 

' * F' (x9 > 0 for . a X < b- 

and increases on the in'tenml [a,b*].* Hende^» 
^•• ■ '. '• ' F(b) >"F(a), 

fb - . ■ • 

1' f = F(b).- F(a) > 0. 
/ J a ; , • 



' Then 



0 V 



50Q 
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Example 7-^^ « Prbvp .that • . ' \ ^ ^ ^ 
(5)- . , * ' if -gC^) = af(x) for a <x <* b 

where a ^ is a positive constantj^ then , " ) 



and '', • y ^\ ' " F'(x) = f(x) . • 

Then.. • . ' J^F(x))» = af ('x) =g(x).- 

ame derivB-felye^ 
G(x). = Q^F.(x) + C. 



SiQce^/ G and aF have the Same deriva-felye 



* How . . _ ^ > 1. g = G(b) G(a) 



= TaF^b) + c] - [.aF(a.) +' c] 
I , ' ' = a[F(b) - F(a)] 



,al f. 
•J a 



Note.:^ This prooV is equally valid if/cu is a negative cotistant. 



« . . , \ ' 501 

o ' ' ^ : V. 103 



Prove (H), that Is,^ . 

I a 



, = 0: 

a 



Prove' (2) by. losing' the fact thajt ' ^ 5 1 S ^ equivalent to* 
I .(g - Y')''> 0 ,and then using (1) . - • 



Prove that D 
Theorem . 



f = f ^x) . Hint'. ^ Let F' ^ f ^ and apply the Fundamental 



X ' fx i 

/ f 4- 1 • g have the ^ame 
a' . J a 



Prove (7) by shoving that | f -i- g a-nd 
derivative and that they are equal at x = a. Hint; Use Number 3« 

' 2 

Suppos^ f ; X X , g : X 2x '+ 3 • 

(a) Graph each. • ' ^ ' 

(b) Show that i*(x) <'g*(x) for o'<'x 3. 

fs .f3 . V 

(c) Verify I ^ < 1 S# 



Over the indicated interval for the fol^9wing functions; , graph the func- 
tion^ find the maximum (m) '^^lu'e of thb function; find the minimum (m)' 
value of the funciion^^ and, using* these, Express vith an inequality the 
lower and upper bounds of the integf^l expres'si'on for the area. ,[Hint: 
See Figure 7-2c. ] ' 

> ' , » - » t 

-(a) frx->x-Hl^o<x<l " ' . *' 

(b)' f : x-^x"^ - 2x +^3, 0 < X < 3 

^o^^ : X -> 3x*-i 2 and g =: /2 f find y f,. j g and verify thert 



'10 ' flO 

g = 'f 

I5. J5 



) 

104 5* 
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8. For f : X -i.r.2x + 20 and g : x ■«2(x • h) + 20. . ^ ' ^ 
• (a) Find a, suitable translation such that /(3^) = g(0>, show that . 
'^fm-^gC*^. Graph _f ' a nd *g.' . ' ^ ^ . ' 

{\) Find P \ g, f and 'verify that f = 'j"^ f* + j^^ g, 

: Jo Jo J3 . ■ 



. 9. 



, For f:x-^3x + 5, g|^x-^xj and h : *x verify that 

Find each of the following integrals, after first graphing the g'iyen 
function over. ?he interval:. 4 ' ' , 



* 


(a) :j 


"3 o 








\ 


(b) 




41 






•6 








(d) ' 











11.. Suppose ,f': x'-^px^--^ qx ^ r '.here p, q and r .are noMegat^ve 
consl^nts. ' 



(a) .'kf F-: x.->|x^+ | + rx and 'shov that F* =.f. 

(b) Shov^that if . 0 < a < b then ~ v 

_ : f ■= F(b) r F(a) 
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12» In Exercises ^un.ber 2 'it was showfi lrfat I'or f 



.J' 



X X 



I 0 

Suppose g : X -> px ^ qx^~ + rx +^ s, where q, r and s 'are nonnega- 

i * ' 

t^lve constants , ^Suppose also that 

e-.x-^^x + ^x^-*-:^x + 



f / for . X > 0. 



3 



(a) Siiow that G* = g. 



("b) Show thst If 0 <a <^ b ^th^n' 1 'g = G(b) - G(a).' 

•. . / J a • 



13. In Number 11 put ,0(x) - -p^^c) ^ 1000 and show* that 1 * = ^fb) - G(a) . 



- ') 



ih.J^^^^d^ j * " ''^^int: ^ grap^- is, *of. course, '^elpjul.) 

• ^ r -3 



^ 15. Find 



2 ^ 
X dx. 



-10 



^ l6. Fin(^the ai^ea and graph of Ve region bo!;nded by y = 2^x - 5)^ -^2 

and y = 0. 'Hint: Translate aiid grapr th^ area in.to i e first quadrant.) 

^tf. Find' the area of the regio.n bounded by y = -(x ^ l)^ ^'1 and y = x. 
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7-5». Signed Area 

yntil now we haye. discussed the integral 



f or 



f (x)dx -bnly 



' in cases for which • a < b and the interval from a to could be^ subdivided 
so that in each subinterval the function f was nonnegative, always increasing 
^(jo^^ always decreasing) .end its ^graph had no gapa . We now extend our discussion 
'ilp include situations* for which a > b or f or ^^hich the graph of f may con- 
''tain portions below the x-axis, preserving, if possible, the result 

pfb . * ^- / 

' f.(x)dx = F(t) - F(a) if F» = f.- 



Thip can ^e accomplished by suitably interpreting 1 fCxJdx as signed ' area . 

J a 

First zon^likv the case*for which' f .is nonpositive on -^he interval 
a < X < b, and F* = f-. In this case -f is nonnegative and has antideriva- 
'tive -F, so that . / * ' • 

■{^^ " ■ • b. • * , ■• 

U) - • - ' • -f(x)dx'= -F(x} • = -F(b) + F(.6). ... 

Thi5 can 'be iWerpreted as tflp "arfea of the shaded region of Figure l-^a. Note 

that this is the cafoe as the area of the shaded region of Figure 7-5a. 

* . ' ' ' * y - ' \ 




y = -f(x) 




Figure 7-5^ 



Figure 7-5b. 



) If the fundamental Theorem is to hold we* shcfuld hav^ . 



f(x)dx = F(b) - F(a) 



Referring to (l),^we seejthat this requires that 

r b 



^b 

f^x)dx 



(;^-f(x)Jdx; 



•1 



that is I f (x)^x mifst be defined as the negative of the area of the shaded 

J a ' , , 

region of Figure 7-5a* ' ' 




Figure 7^5c^ 



Now suppose the graph of 6:1" looks like that shown in Figure 7-5c and 
that F is an antiderivative of -f. We ■ have 

C c. * 



area of A. 



area of 



a. 



•f(x)dx = FC-c^) - FiaY 



-f(x)dx = F(c^) - F(02) 



• Nov note tha^fc^ 



ar^a qf A. 
* t 



;f(x)dx = F'(b> - FCc^). 



' * ^ F(b) - F(a) =-F(b)^ - F(c^) »^ ?{\) - F{c^) ^ fCc^) - F(aO 

- [F(c^)- F(a)l - lF(c^1 , FCc^n^ [F(b) - F(c^) ] 
-^(area of A^ ) - farea of A ) + (area of A_ ) . 

In c>tHer words, if we with 



\ ' f tq be F(b) - F{a) 



then we must have 



f = (area of A ) - (area of A^) + (area of A^) . 
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In'sutnmaryV if a £ b, = and if v a define 1 by 



then \ f will be the total area of the regions bounded by the graph of f 

. which lie ii^bove the interval minus the total erea oY ti e .regions bourifled by 

the grapjf 6f f which JLie below the interval. This is calle*d the signed area 
, determined by f on the interval from a to b. 4 , 

* It is also common practice-to remove the ni^striction tlat 'a.<b, 'by 
deHning ' . ' • 



f = - 



f if b < a. 



The'^fundamental reSatiort (2) will still hold, |pr If b'< a ^nd F' f • then 



f = - 



f ^= -^F(ay - Ffb)] 

= Ftb) - Ffa^ 
^b . 



• _ The properties of the symbol 
for signed area: 



f discussed in Section '^-h also hold 
J a ^ 



(3) ^ 
(5) • 



ff + g) 



f +- 



J a 



(af > ^ a 



f , where a is any real number; 



^b^ 



f + 



f, where a, b, c are any real -numbers . 



Notice, in fact, that (h) now holds without the restriction "that a be non- 

negative and (5) d*oesn"*t require that a < c <>b, , 

• * •* 

Of course^ if a*^ b and f(x) > 0 for' a < x £ b then ^ 

. ; ; ' f (xr)dx,v> 



'1 \ 
One consequence of this is the fact that 
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f(x)dx < 1 g(x)dx ir a < X < b and •f(x)»*< g(x).' 



\^~~For-we-th.en-have g(x) .^f(x) > 0,* so that* 

^ r b - 



Adding 



• fb^ > ^ 

Qg I *f(x)dx to bot 
J a . ^ ; 



- f(x))dx > 0. 



both sides, we obtain (6), 



Exanlple T-^a ♦ Find 1 sin x dx. 

This Integral can be interpreted a's the signed area of the total shaded * 

region shown* in Figi^re l,-^^^ Since the regions above a*nd below' the x-axis are 

I « ft 

• ' • . . • / - / 




the same, we should expect that the signed area is 0. The defining relation' 
(.2) should corroborate our expectation^ In this case 



F : X ^'-cos X 
is an antiderivative of x sin x, so (2) gives 



sin X 4x = -cos x 



'(-cos t) *' (-cos(-Tt)) 



= •(-(-1)) - (-(-!)) = 0. 
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Example 7-^b > Sketch ^he ^graph of f : x 1 - for -2 



■f: 



Find' A'= 1"^ [-f(!f)]dx, ^ J -^^^ C 

^Use the fundamental relation (2) to show that ^ 



( 1 - 'x^ ) dx~ = -^iV E a, ^ 



The desired ^raph is shown in F-igure 7-5e. 




As 



Figure 7-5e' 
y fc 1 - x^ • 
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7-5 

* • • 

1 3' / 

Th6 function. F*:x-*x--x^ is an antiderivative for f (e 

easily checked bj/ showing that F* = f ) . / We have 



, [-f(x)]dx = 



(x'" - l)dx = 



-2 



1 ' 2 /X- 

f(x)dx = . (l - X )dx =• X ^ 

-1 . J-1 



= - ^= area of A ; 



- = area of A^; 



3 



['-f(x)]dx = 



(x^ - lOdx = ,?^ - X 
1 / ^ - 



20 



= — = area of A^; 



'he fundamental relation 'gives 
3 



f(x)dx = F(3) - ^(-2) = X - ^ 



3 
-2 



^20 . 
3 ' 



which is the same as 

-{area of A^) + (area of A^) - (area of A^) = 



Examplp 725c- F^nd 



. x" dx and 
1 • 



2 , 
X dx. 



Ve have 



X dx = - 



2 , 
X dx 



0 



' * Examprle 7-5d . ^ Find the area of the region enclosed "by the graphs of theC 

two functions ' * ' 

' i ' *'«2'"^ c 2 * * 

' f : x;-^ X - 6x + and g : -X + 7x - 11. : 

( '■ • ■ ' - " 

A 'sWetch of the region whose area 'is sought is given in Figure 7-5^- 
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Then ve observe that 
^/2 



(8) 



rV2 . j 

J ^. f(x)dx = -(area of A^) - (area of Aj^) + darea of A^), 



where region Aj^ is indicated in Figure 7-5h. 
' Subtracting (8) from (?), we ol^tain ' 



9/2 



g(x)dx 



'.9/2 



2 <r 



f(x)dx = (area of L) 



<■ (.area of Aj^), 



which'is the area we seek. Sijice 



9/2 



g(x)dx 



9/2 

' f(x)dx = 
•6 2 



r9/2 



(g(x) 



• ■ I 9/2- • » 

we establish that • (g(x) - f(x))dx' determines 

between the graphs of g and - f, , A simple calculatijDn now gives 

^ ^ 9/2 C9/2 . 

{gUf - f(x))dx = • ' - 2 



f(x))dx, 
the area of the region 



l^'t'i^' -^8x 
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Exercises 7-^ 
(a) Sketch the si'sph of the function 



(b) ' Evaluate I ^x""' - l)dx. 

Jo 

(c) Find the' area of the region ^bounded by the x-axis and the graph ^ 
,0?. the function, x x - 1, between the vertical lines at x* 
aifid X = 2. 



(a) Sketch the graph of the function 



f r X x^, , ixl < 1. 



(b) . Evaluate 



x^ dx. 



(c) Find the area, of the region betveen the graph of the function, 
X x^ ,and the x-axis, vhere Ix! <1. ■ 



(d) Find b (b > O),. if 



X- \ax = ^ - x^ dx. Sketch. » 
0 JO 



(a) Evaluate I x dx. 

J-l- 



(b) Evaluate 



1^ 



Ixidx'. 



(c) SWetch and'then f.ind the erea bounded by the x-axis, |xl - I, 
and y = X. * ' , ^ ' * 

(d) Sketc^ and then find the ^t,ea bounded by the x-axis, lx| ^ 1 
aftd y ^ |x|. ' 

Sket/jh and* then find the a^ea of the r^eglon bounded by*the coordin^ite 
axesj and the* curve ' ^ ^' 

Car/ you identify the curve? ' ^ , 

/ * 7^ 

Sketch and then find the area of the region bounded by x ^ h and 



2k ^ y 



Sketch and then find the area of the region bounded by y - x , y 
/'between the vertical lines x = 0 and x = 1. 
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Fxrd the -^.re*^ of %\.e region, "bounded ty y*" - X' ind x + y = 2,^ indicate.d 
in the Tigure ^:tove. " ^ . 

ta) For 'tfie ir'bt siethod divide t^e required re'gion intQ smaller regions 
which can "be evylu'-ited "^s follows:' * * 

Ti ' 



A =J dx + 

■ To 



0 



X t- 



A + 
II 



(-X +■ 2)dx + 



/ill ' 



[-(->6F)]dx - [-(-x + 2)]dx 
J 2 



IV 



Idr-nrif'. *hi" mailer vegion with their ^respective integrals, 
fb) Second, f-y id-ng required region into different smaller 
reijionr. '..hlch -■ rg- ev-lu'ited 3S follows: 



A. 



[-(-y^ldx - - [-(-X + 2)ldx 
0' . J 2 



/ 



A 



1 



I JO Jl.. 

— %allci\.re£;!^ori^ vith their respective integrals. 

(*c) Sho^^ th'it th^ expre'.^lons of area iii part (a) apd part (b) may be 
simolified to the. following >tptement. 

^ dx"^ \ • K-x + 2) + y^ldx 



' J 0 . J 1 . 

0--an yo^i point oat the reiation.ship of this expression for the area 
i 'iXid the rigM'f- repreT.enting th'e area? Could you have arrived at this 
> txpie.,nlon Without going through the smaller sub-regions , of parts 

(d)'' From tne express i^r;i for the area in part (.c) find the area of .the 
' re^jion indicated in the f\gure. | 



B»* (a) Express an 'integral represent- 
^ ^ ing the area of each of the ^ 

following regions* (DO N®T 

EVALUATE,)* 

(i) Region I: bounded by the [ H 
♦ J- , X-axis and 

, y = 2x - x" , 

^ (ii) Region II: bounded by [ 

, • ^ = 0, X =^ -1, 

' , ' and 

y = 2x - x^. N 

2 

(iii) Region III:, bbuiided .V y = o, x = 3; and y = 2x - x , 

Civ) 'Region IV: bounded by y = 0, y = -3^ = -1; and x = 3. 

' (b) Combine the. integrals of part (a) and show that the area of the 
regioi^ bounded by y = 2x -*x .and y = -3 car^be expressed 'by' 




the integral, 



A = 



(2x - X + 3)dx, 



(c) Find the are^^'of the region described in part Cb) . 

(a) ...Find the a&ea bounded only .by the graphs or'the functions * 



f : X cos X 
f:'x->-sinx v 



if X is restricted to 'the closed int^^ -it < x < tt. Sketch the 
* curves in this interval. 

r .3« A • ■ " 

Evaluate 1 cos x dx. , 

1 -Tt/^ * , . ' ■ W-t- 

o--"— 1^ 



'(b) (i) 



3nA 



(ii) Evaluate 1 ' (-sin x)dx^ 



(iii) Evaluate 



3icA^ 

-It A 



(cos X - sin x)dx 



-(iv) Interppbt parts Ci)/(ii), a"!? (iii) geometrically. 
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10. (a) Use 'a .geometric argument ^'o find 



f if f As an odd tf'unction (r.e/, f(-x) = -T(x)). 



-a ' 



a r a . - , 

f'= 2 f if"' f ' is evep fimcrtion^_ (a.^e. , 

-a' J 0 * • . ' 

f(-x) = f(x)). . . ^ ^ • 



(b) Shov that 



(c) Evaluate < \ ^ -{x'^ - 3x)sin'^^dx? ' \- 
' J-5 



ll* Show that If F' = f, G? = g, and f(x)^<'g(x) for a < x < then 

F(b) - F(a) < G(b) - GCa). * 

12. Verify ^5). (Hint: 1 "f = F(b) -F(a).) ^ \ ' 



13. Suppose F(x), = j f wh^re f T x '-^ e , 





"(a) 


What is F(l)? 










(bl 


Find an expression for F(x). 








i 


(c) 


Use part (b) to]^ find F'(x). 






1 




' (d) 


■fb . 

In general, suppose G(x) ^ \ g. Can 

J X 


you 


find 


G'(x)?, , , 




(b) 


Find the area bounded by the x-axis and 

X 

Skfetch. ^ / ' 


the 


curve 


■ 2 '3 
y = X - x-^. 




(b) 


^% 

.Find t^e area bounded by the y-axis 'and 


the 


Ipurve 


X = y^ - y3. 




/ 


Sketch. (Hint: Note* analog to pprt (a).) 
# • 
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Tr^x- Integration Fonnul£s 

We "have seen' that the integral 



? 7- 



f(x)dx can be evaluated, if we can 



find a functi^* F sucli.that F* -^f, for then we have 

\ ^ ^ \ f(x)dx = F(b) - F(a). , , * 

In general we find antiderivatives by one or a combination of methods. 
A method may consist of recalling a differentiation formula, judicious guess- 
ing, or us^ng tables of antiderivatives. In this section we review some of 
the basic formulas used prevtously, give some ad>ditional formulas and discuss 
the use of tables. Tec^rnq^ues ^or gxtendjj^ t^e sco^e of our formulas will 
txe discussed in Chaffer 9; where we also discuss methods for obtaining approxi 
. mate values for integrals. Other integralJion methods^ are discussed in the 
appendices. ' ' ^ * ^ 

'the common notation for an q.ntiderivative of ^ 



f(x)dx, 



wWch is also called the indefinite integral of f;. This'' symbol iS quj-'te 
•similar to . ' • 



b' 



f(x)dx, 



the in^egr^l of f._^from a -to b. ' the symbol 

f(x)dx 

Refines a function, namely, a functioiOhose derivative is f . The second 
.symbof / _ ' 

f(x)dx 



represents a number , which can be interpreted as the signed area determined 
by f between a and b. 
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. 7-6 



/ 



/ integration formulas are obtained by reversing the differentiation proc^ 



for 



4. 



P(x) ^^means that IF(x)^ = f(x) . * 



For example, 



2 X"' - ' X 2 

X dx ^;^>^ince D y = x 



Of course, 'if - C is>'an^ .constant, ve have 



+ C) = x^ 



more precisely we hav^ 




'In fact, ve knov.from the' Constan/ Diffidence Theorem (Theorem 7-3b) that all 
anti^erivatives of \^ ' have 'the yform 

.3 . 



In ^ome^books this fact* i's stre/sed by ^^iting 

fCx)dx = F(x) + C, . 

where C >is a constant and I:JF(x\ =:' 'f(x). For conveniei«eiwe fbllow the * 
simple practice of ignoring this constant C in our formulas, each integra- 
tion formula giving only one function whose derivative is f . Other's are 
obtained by -adding constants to' our antiderivatives. ^/ 



The Power Formula . * / 

l^ecall that if a is any real nvimber then 

Dx = ax 



« If a 0, we, c^ write. 



. 1 
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* * 1 fl ' * a -1 * , 

so that ;x ^ - X fs a function whose derivative is x x { • Thib tells us 

a • • • 

that . ' V • ' ' 



x^'} dx = - x^, if a 0. 
1 SI w . 



For convenience we re plaice- a by p wljiere p is any real number except 



^ p -1,* to obtain the* fbrmula 



xP dx 



^ -1. 



In other words, an antiderivative of a power function x x^, P -1, * 

is obtained by r^is^ins expcSRetvt *t>: 1 and dividing by the^rfew exponent. 

* • * * * 

Suppose p' -',-1, then our function lc ^ -> — . In Section 6-6 we obtained 
^ ^' ' • 

the formula , 



/ 

This gives the ^integration formula 



log X = — , X > 0. C 



— dx = log X, "X > 0. 
X • ^e ^ 



Circular - and Exponential, /Functions 

^ \ . •• • - 

From the •formulas ^ 

1) 5in X = cos xj X) cos-x = -sin x, 
we* obtain the integration formulas 



cos X dx = sin x; 



sin X dK = -cos x. 



X X 

Since De^ = e , we have the formula 



X , X 

e dx = e , 



• # 
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I ' It is a simple matter to extend these formulas to the case vAen x Is 
replfiq^d" by the lirfeaor express ion + d. For -example^ we know^at 

' sin (cx + d')^-'c;cos (cxV d) 

ho .that • , o 



• - C'cos (cx + d)dx = sirv (cx + d). 

Tf c ^ D, we can write 

cos (cx + djdx. = ^ sin (cx + d) . 



. Analogous*^ifferentiation formalas^were discussed in Volume One for poly- 
Nomia\, exponential and Xoggrithmic- functions . In Chapte;; 9 ve shall discuss 
the formulas resulting from nc^linear substitutions. Here- we state the general 
result-.for linear replacements^ • ' * . 







If 


f(x)dx F(x) and c / 0, 


then 


f(cx ^ d)dx - 1 F(c^x + d). 




> 



For easy refer;^ncejai.'e , summarize current results; in Table 7-6. 







> 


r^^ ; 

Table 7-6 

♦ / 

Some ^Ihtegration Formulas 


f 




(X) ^ 


^ a+1 • "i, 
f a + 1 ^ ^ ^ 






(2) 


- dx = log X, X > 0 ' t 
X e ' » 


J 

t 

* 


/ 


_(3) 


cos X dx ^ sin x^ 
» 

sin X dx = -cos x \ _ 






(5) ' 
(6) 


' X , X 

1 e dx = e 4 
f(ax + d)dx = 7 F(cx + d) ^ 


i 
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' ^QP^PJ-e Ii^a ♦ Find 



3/^ 



dx. 



1 



The power formula (l), with a = -2, giyes 

-1 




-2 ^ X 
X dx = -T 



'3/2 



1 X 



3/2 . 



■ i ' V 1'^ 3 
2 



Example 7-6b . Find 



dx. 



\ 



The power formula (r), with a =i ^ , gives 



so that 



>6rdx= x^/2^x.2x-^ 



3/2 



dx = 



2x 



3/2 



= 1(1.3/2 . ^3/2)^ 
" . 3 



' Example 7-6c . Find 



0 



(sin X - 3 cos 2x)dx* 



We have, from {ii),and, (3), 

sin X dx = -cos- X and 



cos X .dx = sin x. 



Re|)lacirtg x >^ 2x in the latter and usiAg (6), we^have 



cos 2x dx = ^ sin ^x,^ 



Therefore, ;we .conclude- 
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^ (sin X - 3 cos 2x)dx - | sin x dx"'- 3 cos 2x d*x 
0 % ^ Jo ^ ^ 

It Jt 

-cos X 

"0 



-fcos It - COS 0] - r| sin 2jt - 



• Example 7-6d. Find 2 e dx. 

• J -10 



u^e (5) to obtain 

r -1 



2 dx-3.a 1 dx :s 2 e'^ 

■10 ' ik-10 



-1 

rlO' 



^^x 



Example T-6e . Find V 2 dx. 
"■ ' Jo 



We first convert to base e:' 



^ 2^ = e^^, where c = log 2. 



Now we use (5) io obtain 



X , X. 
e dx =^ e . 



We 



replace x by cx, so that "(6) gives' 



cx 1 ^cx 

e dx ^= - -e , 



where c = log 2. Converting to base we^ have 



7-6 



so that 



0^ . oO. 



lo^ : log 2 

re I e 



. Example 7-6f . Find 



, (x + 



-1 



We carf evaluate this integral in two ways ^ Fir^t ve expand to obtain 
(x + l)^ - +• Jx'■ 



4- 3x ^ 1, 



so that 



(x ^ l)'dx 



r 0 



-1 



We apply the power formula (l) to each term to obtJ^in' 

0 



(x + l)^dx = ^ ^ 4- ^ x) 



0 - - 1 - I . 1^ 



i 



Alternatively we^an recognize that the power" formula (l) gives 



3^1 11* 

X dx = T X , 



and the lineap substitution formula (6)- gives 



(x + 1)3 dx = i(x 



Therefore, we conclude that 



(x + 1)3 dx.= i(x . 1)** 



i(o/i)'*.i(-i.i)^ 



h 
-1 
k • 



The second methpd i-s certainly quicker 
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£:{amplg 7-6g > ' Find I sin itx dx. : • 

J 0 ^ ^ • . J ' . 

We have not yet obtained a differentiation formula which results in the 
square of the sine function. We use the fact that 



^2 1 - cos 27tx 
sin :tx = 7^ 



fhus^ we have 



sin Tcx dx =1 )dxr 

0 J 0 *' ' 



1 ^ri > 

1 dx - r- COS 3rtx. dx. 

0 Jo 



.To evaluate th*is second integral, we combine the cosine formula (s) with 
the linear substitution result (6) to obtain 



We can write 



'cos(2nx)dx = ^ sin(2itx), 



1 ' CCS 2:tx dx = sin 2itx ' • _ 

Jo \o 

1 / * N 

= -^(sin 2:t - sin 0) =0. / 
Since the second integral is . 0, we conclude that ^- " 

2 if^ 1 
sin '«x dx = ^ ldx-0=T-x =r. 

:jS6, J 0 ^ '^J 0 . . . U - 

Example 7-6h . Show that the area of the shaded region of Figure 7-oasis 
twice that of the shaded region of Figure 7-6b. - 



J 
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a = 

Formula (2) giv^^ 



'dx -and 3 



Figure 7-6l) 



dx» We wish to show that ? = 2. 



r ~ 

X 



- dx = log;^ X, 



so'thatr 



dx = loj 



3 = 



dx = log X 



log^ k - log^ 1 = log- k; 



log 2 - log 1 = log ' 2i 
see 



Thus, we* conclude that 



( 



.log k log 2"^ 2. log 2 
_ - ^ - e e 



The Use of Tables 



P ^ 2 log 2 



log^2, 



= 2. 



A longer tabJNp of integrals^s given in a separate booklet (Table 7).' As 
•fflbre differentiation methods developed, we shall see how to construct these 
tables. a?he following examples make use of these ^tables, j 
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Example 7-'6i > Find I xe dx . 

0 



i: 



. FortnuXa l6 of the tables gives 



so that 



X , XX 

xe dx - xe^_^ ~ ^ a 



X - / X • X\ 

xe dx = (xe - e ; 



- =-(le'^ -ej") - (6e^ - e^) 



A= 1. 



J3x 
xe dx. 
0 



Formula l6 of the tallies gives 
3x anTl^use (6) to obtain 



xe^ dx -^^^ - e^. We replace 



•4- 



so that 



*3x , I/O 3x 3x 
X e"^ ax = -(3xe'^ - e 

0 ^ 



' Ji(3i--e3) -|(Oe°.e°) =-fe3 
0 3^ .3 3 



ri 

Example 7-6k . Find 1 log (l + x)dx. 



' We use Fomula 7 of the booklet tables; I log x dj^ = x log x 



-Replace x- by 1 x and use (6) from this chapter to obtain 



log^* (l + x)dx ^ [(x + l)logJ(x + l) - (x + 1)1 



(2 log^ 2 - 2) - (1 log^ 1 - 1) 
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' Example 7-6i , .Fin^ 



sin 



J 



^ 



Formula 28 of* the booklet* tables gives that . 

.^n , -sin X cos x . n - 1 
sm X dx = + 



sm X dx. 



With n = ^. w6 have 
r 



h _ -sin X cos x . 3 
sin X dx = + ^ 



sin X dx. " 



To find this second integral we can use a trigonometf'tc identity (as in 
Exampi!? 7-6g) or we can use Formula 28 again/with n = 2 • to obtain 



. 2 ^_ " -sin X cos x . 1 . , 
sm X dx = 2 : — 2 1 



-sin X, cos X , 1 

2 — ^2 ^- 



Therefore, we have 



I. 



k ' 



X dx = (- 



..3 



SLn X CO 



s X 3^sin X cos^x . Bxv 
^ 



Since sin jt = sin (-n) = 0, this becomes 



, •■•i-jt 



/ 



Example 7-6in . Find \ e * dx. 



The tables give no formula for*^ I e ^ dx. There is a* good reason for ^ 
this: it is known that there is no elementary, function whose derivative is 

■ * 2 . , ,'~ , r • . ;- 

X ^ e . Our integral, theii^for-e, c5n*t be ,f ouhd by using the Fundamental 
Theorem of Calculus and we must resort to some approximation method 'in order 
to estimate this integral. " We shall have more to -say about this in Sectior) 
9-^' • '-''V-v 



7-^ 



' Exercises 7-6 * 
For problems I-I5 find the following indefinite integrals/'" ' 

1. 



2. 



5. 



(x^ + l)dx ' 



dx 



3. 8>/x dx , 



(x - Vx)dx 



(^~^)dx, (x > 0) [Hint/ Write as 2 fractions..!. 



6* I ^in 3x 
?• j cos(2x - 5)t3x 
8; (-sin 2x)dx 



9h [-cos(3x - l)]dx 



10 • 



11. 



12. 



13. 



1\\ 



15. 



- cos 3x dx ' . ' 

2 sin X cos x dx [Hint: Use trigonometric identity.. 



(3 sin 2x - 6 cos 3x)dx 



e dx 



x/3 ^ 
e '-^ dx 



X —x 2 

(e + e ) dx [Hint: Remove parenthesis.' 



/ 
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For problems 16-25 find the' following indefinite integrals, (us}.ng tables 
J* ^ - * - ' . ^ * 

'"IwEen necessary) . ^ ♦ 



e dx • 



n.7» I e" dx 



l4. 



20. 



- jc ^e. ,dx 



3^ log X dx 

•i^ e - 




log X 



dx 



21. 
♦ . 22 . 
' -23. 

.r 

25. 



x^ log X dx 
°e 



X sin X dx 



X sin X dx 



"^x 

e*^ sin dx 



x/2 3x , - 
e ' cos ™- dx 



For problems 26-31, sketch a graph 6f the relevant region and find the value 
of the indicated integral. 



26- 



27. 



28. 



(x + sin x)dx 



29. 



.r2« 



+1 X -X 

e - e 



+ sin x)dx 



2 ' 



dx 




X sin X dx 



+1 X , -X 
e + e 



dx 



31. 



e"^ log X 
e 



1/. 



2 - Vx 



dx 



For problems 32-33, the following. instructions are to be followed (linear 
substitution: translation)*. In this section we were given an area represented 

by: ~ '■ 

0 



(x + l)-^ dx. 



-1 



y = (x +'1)-^ 



By replacement of ^ ^ ^> '(i'S,, 

<jx by" X - l), and oy appropriate chan'ge 
of limits, we f,in(|^an equivalent expression 
^ .for the area. After the linear substitution , 
we have 

3 

X dx a nd 

0 



L.S. 
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7-6. 



evaluating the two equiyal^t forms of 
the area: 

0 



1 



3 ^ 1 ^ 
X dx ^ ij- X 



1 ' 
k ' 



y 


1 > 

> 


y 


V. 




/y .= ^ 
1 


1 








■J 




/ ■ 


■ 1 

• 



we see that they ?re, indeed, 
the same* j'' , % , > - — 

In the following , two problems, follow the format* above : Sketch the area 
defined by the integral, make appropriate lin'ear substitution, sketch the 
equivalent area, and evaluate each. 

J 3 (x - 2)' 



V 



dx 



\( A x(x 



33( A = \ x(x - iV cbc 

i 

Foi* problem 3^-35 > follow the instructions of problems 32 and 33 > except- in 
this case 'the linear substitution is a scale change instead of a translation. 
Dra-W two graphs a§ before. 



Zh. A 



sin 2x dx 



0 



35 • A = j dx " ' , ^ 

36. (a) Show that if x < 0 . then 

' ' 1 

D log (-x) = - . 

e . A ^ J 

(Hint: Sketch f : x log^ (x), x > 0 and g : x log^ ("x), 
(b) Use part (a) to find 



X 



and sketch the area . 



y 
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37-1 (a) 06n you apply the Fandamental Theorem to find 



do so/ If not, state reasons. 



. 7-6 



^ dX'? If so, ^ 



lim 
n 00 



- dx = 00 



4. (c) Use pai*t (b) to discuss what area, if any, you thirnk should be 

. assigned to the region bounded by y = ^ ; x 0, the x and y 



axes and the yertical line x = 1. 



. (d) 



.5^ 



What answer seems reasonable to you for J — 

- J-i 

properties of area is your answer consistent? -inconsistent? 



dx? With what 



7> 



(3i . 
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'/ ' Chapter 8 " ' 

DIFFERENTIATION THEORY AND TECHNIQUE 

In Chat>ters 2, and 6 ve sho^d that the derivative of a polynomial 
,f unction vas also a polynomial function (of one lover degree) and established 
for certain transcendental 'functions the formulas: * • 

X D{sin x) = cos X " D(cos x) = -sin x 
« • D{e^) = e'^ Ddog^ ^'^ ^ \ ' ' [ . ^ 

These are the .basic -differentiation formulas. Our primary purpose in this 
chapter is to obtain formulas for diff ererrtiating various* algebraic combina- 
tions of these functions and to use th'ese derivatives to discuss graphs and 
motion. 

The first section of this cl^pter includes a reviev of the .terminology of 
deri^vatives, as veil as an introduction to the relationship betveen continuity 
and differentiability. Various geometric properties of graphs of continuous 
function^ are illustrated in Sectipn 8-2, vhere the Intermediate Value TJieorem 
and related th'eorems on maximum and minimum values of functions ov«r intervals 
are introduced to establish the connection betveten deMvatives and the shape 
of the gfraph of a functioti. The M^an Value Theorem and applications are dis- 
cussed in Sections 8-3 and 8-I4. As a« sp^ecial case of the Mean Value Theorem, 
Rolle's Theorem is left to ExercisVs 8-U, Number 1. Derivatives of sums, 
multiples and products are discussed in Sections 8-5 and 8-6, Functions vhich 
,are composites of simpler functions are discussed in Section 8r7 and the 
important "chain rule" for differentiating such functions is given in Section 
8-8, Special cases of the chain rule, vhich enable to differentiate povers 

reciprocals and quotients are described in Sections 8-9 and 8-^0, A general. 

» * ♦ 

discussion of the /'folding" process used in Chapters 5 and 6 io define and 

dif ferentiate ^oot and logarithmic functions is contained in Section 8-11, 

" » - „ «• 

These results are applied, in particular, to the^inverse trigbnometric func- 

tions. The final ^^ection of this chapter gives a special technique for diffe^r 

entiating functions vhich are defined implicitly by relations. 
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; 8-1. ' r^fferentlabllltT "' 



We have often found the derivative of a function. Let us recall the ' 
definition 

As you know, f'{x) represents the slope of the tangent to the graph of 
f at the point ' (x,f(x)). A few examples will freshen our memories. 

2 > * 
* Example S-la ^ If f : x x , ve hpve 

(x + h)^ - ■ ■ ' 



'4^ . f'{x) = 'lim ^ 



h 0 

2xh + h^^ 

lim 



h -^0 ■ ^ 



^ > = lim 2x + h f O) 

h 0 



2x. 



In different notatior/, we write 



2 ' 
Dx = 2x, 



2 

which we can read "the derivative of x i^ 2x." 



Example 8 -lb . 

V / ' ^ • ^ X * *^ 

1 _ 1 • ^ 
f»(x) = nm r . 

*" ^ 1, 

' " ' 1 ■ 1 _ x" - (x + h) ' 

Sluice ^ \ " X x(x + h) ' 

» 0 

^ h " 

the numerator can be v^ritten as - ^ ; and the difference quotient 

' ' ° ^ 1 - ^ 

(h ^O) becomes - ^ . Taking the limit as h approaches zero, we 

f'{x) = - ^ ■ (x ^0) 



obtain 



X 



•and conclude that ^ d(-) = . " ^ (x ^ O) , 



t'' ^ " • , 






* Example S-Xc-. . • f : x -> Vx 

4 f (x) = lim . 

v - • h -» 0 ^ 






f We transform the difference quotient by multiplying by. 






r ' . /x + h + Vx " ' 
* _ /x + h + Vx 

^'vhich is 1 ^ in disguise . OH^en 


^ _ « 


•J ^ 


-/x + h - Vx ^x + h), - X . ^ . • 
, ^. ^ ^ h(yx + h + Vx) 

, 1 • 
^ ^ ^ , h(>^:f + h + >^x) /x + h + 1^ 






\ If ve'let h approach zero we obtain * \ 


• 




f(x) =! — i — = — ' 

u ^ " ' , Wx + 2>^ 


.. (x / 0)j ' 




. ^ otherwise state^.^- ^ ^ . 

; Example 8-ld . Let f : x ->sin x. Thei? ^ 


(x b) . 

> 




. . • * / V , . ' sin (x + h) - sin x . ' . 
' * , f*(x) = lim ^ ^ 

' , # h 0 ' i 

sin X cos h + cos x sin h, - sin x 
. - lim . . . ^ 

h -> 0 

* • ' " . /COS h - 1\ . ' /Sin h\ 

lim sin^x( ^ ) + cos M ^ ) 

* ^^h -> 0 


* 




^ = sin X • 0 + cos X • 1 

■i 




• * 


" ' « = COS X- 

^ . where we*^use the fact that 






V ■ ■ lim £2S4jJ.= o and lim ^ = 1. « 
. . • ■ h -»0 ^ . h -»o^ • ^ 






We' can write' our result as D sin^x = cos x/ 






• - «^ 

, / ' > >.'. ■ ^ 
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J'Does a function f have a derivative for all values of x for which f. 
is defined? Since f*(x) represents the sloue*of the^ tangent at (x,f(x)) 
the question is, this: Can there be points en. the graph of f ^ at yhich either 
there is no tangent at all or a vertical tangent? (We remember tjiat the slope 
of a vertical line is undefined.) It is not hard to see that the answer is 
"that there can be such points.. • ' ^ 

for example, the graph of 

f : X -*'Vx 

has a vertical tangent at the origin 
and therefore f has no derivative 
when X = 0. This appe^ars from the 
expression for 

DVx = — / X ^ p. 
'2^ . * . 




Since — fails to exist when x = 0, we say that f is dif ferentiable if, 
•X > 0 but not dlf ferentiable "at x = 0. 
* A more interesting example' is furnished by the absolute value function 



Recall that 



X 

ix 

Its'^aph consist3*of two, half. 
lines, one pf which bisects the flrst^ 
quadrant and the other the second gba- 
^drant (Figure 8-I9). Hence, there is 
a corner at the origin. t 

Is t^re a tapgent to. the graph 
' at the origin? That i^, Soes fj(0^ 

9 fcr 



if X > 0 
if X < 0. 



exist? For x 
quotient is 



0, the difference 



- • ' lO ^ hi - |0| ^ M 
•h ♦ ~ h " 

.Novf.if h > 0; |h| = h and 



h h 




The slope of^^t^ is .1. If - h < 0, 



8-1 



h! = -h and ^ = = -1. The slope 



of PQ* is ^1. The situation is exactly the same whether Q .arid are 
close to P or not. If there is to be a tangent at the origin difference 
quotient must ^^proach a' single limit whether h approaches zero from the 
right or the left. In this case, therefore, there can be no tangent. Inspec- 
tion of the graph makes this result reasonable 'There is -no single line 
.through P which fi"^ the, graph closely on both^side^ Iri general, a func- 
tion 'will fail^to be different iable at^any point where its graph has a "corner. 



Consider the function f whose 
values are given by • 

1 if x.> 0, 

-3^ if X < 0. 



f(x) = 



The graph of f is .sketched in Figure ~ ^ 

B-lb. Note the "jump" at x = 0. J^e 

say that 'f^ls discontinuous (that is, ] 

not continuous) at 0, of that f ' 

has a discontinuity at x = 0. At such 

. ^ . /Figure S-lb 

a point there cannot be a derivative.' ^ 

Tp see this, consider what happens if we join P(0,l) to (^(h,f(h» , whfere 

h ^ 0. ^ h >.0, f(h) = l«.and Q. is (h,l). The slope of PQ is zero, 



whether 'h is large or small. If h < 0, f(h), 
therefore, the slope of PQ is 

. ' . -1 



-1, Q is (h,-l), and 



h " -h • ' 

If we take h to be successively -0.1, -0.01, -O.CK)l; ...^ we obtain the 

slopes 20, 200, koOO, ... . Clearly, increaerfes beyond all. bounds as 

h approaches 0 through negative values . Therefore, f ' (o) does, not'exist. 

"We generalize this result 



.(1) 



_In_j3rder that f *(a) * shgl l exi st, it is necessary that f 
be '^ntinuous at a . 



How can we show this? So far we have not said- exactly what we mean when 
we ^ay that f is coritinuous at x =. a . We have .been cqptent to $ay that 
there i^ no "gap" in the graph at., x = a. We can now be more precise and 
adopt the following definitioli. , ' 
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* ijgfinition. 


A funotion f JLs 


said to be continuous at 


•,a if 




« 


, ' 


t{Q) IS 


aei inea 


■'.(2) 


lim f(a + 


h) = f(a) 




h ^ 0 





That is, f .must have a value when x = a and moreover this value, 
f(a), -^^^t fee approached as h approaches 0, that is, as' x'' approaches 
'a« .Let , as illustrate. 

^ ^ Example 8-le. If f : x — , f is not continuous at 0 ''because — 
is not a number. [f(o)* do^s not exist: there is no such number.] This is 
enough to establish t\ie conclusion. ^ , * 

However, for good measure we" see that f(0 + h) = ^ ^ ^ ^ does .not 
approach any limit. 



Example 8-lf . Let 



f(x) 



1, X > a- 

-1, X < 0 , 



so that the graj)h is that shown in Figure 8-lb. If our definition is any good, 
it should tell usShat f is not continuous at 0. Let us apply the tests. 



/ 



(1) Is f(0) defined? Yes, f(o) =* 1. 

(2) Does f'(0 + h) approach 1 as * h approaches 0? No; fn fact, 
if h < 0, V f(0 + h) = f(h) - -1 and no matter how close to zero 

h may be chosen, f(h) = -1 is no closer to 1 than 1 - (-l) =2. 



Now that 'we know what it means to say that f is continuous at a, we 
are in a'positicfn to justify the statement (l), which we I'epeat for con\renience 



(1) 



In order that f*(a) shall exist, it 'is necessary that f 
be/continuous at^ a. 



\ . . .... a + h) ■ f(a) 

To say that •f^Ca) exists means that — ^ approaches a 

limit 'f*(a) as h approaches zero. Then 

h ■ ( ^^^ " ^^^h approaches 0 • f ' (a) =0. 

That is, ♦ ' . / • 
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f(a + h) - f(a) approaches 0 

"■^ • 
and hence, ^ 

f(a + h) ♦apprpacl:^^^ , f(a)* 
' But --tlflrs mean's that f is continuous at 



Exercises 8-1 



Find any valu'es of x for which the following functions are not differeriti- 
able* Give reasons and sketch the graphs. \ y 



'1* * 


: 


X |x - 1| - • . 






2. 


•f : 


1 

X -> — r— r 
X + 2 






3- 


f : 


X -> |sin x| . 


• 




h. 


f : 


1 

X 






5- 


» f : 


3/2 

X -> X ' 




-* 


6. 


f : 


,2/3 

X 7* X ' 






7- 


Let 


f : X ^in ^, X > 0. 

* X 








(a) 


Find } 1^ SI positive, integer* 







V 

H i-ty '(*)'■ 



Is there any way to define^ fj!^ so that lim f(h) = f(o)? 



J 



s 



8-2 Continuous Functions 

In the previous section, we showed that a function f must continuous 
at any ^ a for which f*{a) exists. Since a polynomial function has a deriva- 
tive at each value of x, polyn9mial functions are continuous everywhere. If 
f a rational function * _ ^ , ^ 

'■—m' ^ ■• "•■ , '„ 

where p and q are polynomial functions, we know that f is not defined 
for any value of x for which q(x) = 0. ^|^uch an x, ^f l3j^herefore 
discontinuous. We shall learn that for all other values of x, *the deriva- 
tive f*(x) exists. Therefore, we can conclude that f is continuous when 
q(x)rj^O. • • _ \ 



For example, f : x 



X + 3 ' 2 
is continuous everywhere since + g is 



2 

X + 2 



X + ^ * *^ 
never zero. However J f : x ^ is contAUouS. except at x = 1 where it 

is discontinuous. / 
\ The function 



f X 



sin X 




is discontinuous at 0 since f(o) 
does not exist. If we define f(o) 
to "be 0 (see Figure 8-2a) the func- 
tion is still discontinuous since 
(from Section k-2) ' ' 

li^ ili^^i^f(o). . • . 

h ->'0 ^ Figure 8-2a 

In fact, -f is discontinuous at' 0 unless we take f(o) = 1* In this case, ^ t 
f is continuous everywhere • . * ' 

There are two important theorems '^about functions that are continuous at 
^all points on an interval [a,b] - which includes both endpoints, that is, an 
interval, ^ < x < b. 



The Intermediate Value Theorem 



THE5hEM 8-2a . If f is continuous oh [a,b] with f(a) =A and 
f(b) =a.B and if C • is a number between' /T and ' B then thire is 
at least one number c such that f(c) = C. I 



8-2 



*A special case of this theorem is 


' y. 








the LQcation Theorem in vhioh f is a 


B- 


• 






polynomial function > A and B have 








opposite %igns and C = 0 (see Chapte?r , 








A 


1). ' . ^ ■ , ^ 


c 








We il*lustrate the theorem for a 


A- 






^ 1 V 


few examples. We shall not prove the 

theoremTtiere, , ' • 

»* ' 




/ 1 

1 
1 

^ 1 








0 


'a' 




b 



Figure 8-2b 



with a = 0, b = 2/ and C = 1. Here * 

f(0) = I" = A and f(2) = ^ B, Since C Is be"bween |- and there 
should be some c for which f(c) = C = 1. To see what it is, we note that 



^^3 
c2.2 



= 1 



t/hen^ c .+ 2^^^c'^+ 3, that, is, when 

2 



The possibilities are 



c - 1 = 0. 



1 + ^ 1 - S 

c = ; g and Kg ^ 



The first lies betwee^P* a • fend, b, that is, between 0 and, "2, as desired, 

'■ ■ ■ - -"'^ 

Example 8-2b .^ Let f(x) = ^-7^ with a = 0 ^nd b = 2 and C = 1 
as before* We have f(a) = f(0) = -3 and f(bj/^ f(2) = 5; ' C = 1 is between 
-3 and 5. Does there exist a number c, < c < b) such that 

f (^) = 1? 



That is;"M.s-it possible that 



This- equation is equii/^ent to 



^ = 1? 

Q - 1 




which is^s^qui-valent to 



c + 3 = c - 1, 

3 = -i„ 



14.2 



'8-2 



which is false. Hence^ there is no possible solution c. This should not 
surprise us. The^tiie or em assumes that f is- continuous on [a,b] = [0,2] ^ 
here. » Howeve^< Tor our f » there is a discontinuity at 1^ 



sin X 



Example Q-2c . Let f(x) 



with a = 0,*^ ^ p ? ^ ~ " P 



X 

-1 , X = 0 

Although C is between A = -1 and B = 0 it is impossible to solve ^ 
f(c) = - I" . Of course, f is discontinuous at a = 0 so that the theorem 
does not apply. If>we define f by * • 



f : X 



sin X / ^ 
, X ^ 0 

X , 



and choose C = | vi^e* have better luck*. In fact, C is between A = 1 and \ 
B =.f(|) = Oy -and , t V ^ 

' * sin c _ 1 
c '2 

does have a solution since f is continuous on [O , |] . 

A second theorem about functions continuous on an interval La,bJ 
guarantees the ^existence of maximum and minimum values. 



\ 



THEOREM 8-2b . If ^f is continuous on [a,b] there is at least one 
number c -on [a,blj^ (a<c<-b) where 

(1) • ^f(x) is 'a maximum ^ M ' 

and at least one number d, (a < d < b) where ' / 

(2) * f(x) is a minimum , m. 



Here (l) means that for all x pxi [a,b], f(x) < f(c) and (&) means 
that fdr all x on ta,b], f(d) < f (x) . * 

A maximum or raiiiimum value in^y. ocCur Nfaetween a . and b or at an end'- 
point. '^el'ollo^^ing f igu£««>^'illustrate ^ome of the pbssibilit^s.jf 



Y 



^ ""143 



8.2 





r 



b = d 



Figure 8-2 c 



Figure 8-2d 




• _ ^ Figure. 8-2e 

We have the following theorem, ^ 



THEOREM 8-2c. If a maximum or minimum occurs . between a and b 
(that is. if ilM^not at an endpoint) an^ if fj(x) exists there ^ 
then f*(x). = 0^ a'' . 



For- de;finiteness let us consider the maximum f(c) vhere # < c <-b. If 
f»(c) ^O, there voiild be higher points nearby on the right. If^f'»(c) < 6, 
there would be higher points nearby on the left. Since both of t^ese^ possibi- 
lities must be excluded, the inly remainUig possibility is,r f*(c) = 0. 



5^3 



ERLC 



144. 



8-2 



, ^ The argument for the minimum value f(d) is similar, , 

/We^give three examples of the use of this theorem. ' - ' 

Example 8-2d . Find M and m for f(x)/= ^ x^ - x + 2 on the interval 
*-[-2,2], Since f»(x) = x -1=0 at x «='l and x = -1, we should find 
f(l) = J and f(-l) = I , At the endpoints, we have f(-2) = | and 

f(2) = y The minimum" value = J maximum value M = - • Each 

occurs at an interior point and also at an endpoint, 

f 

If the inter^fal were [-3;3l, we would have f(-3) = A and' f(3) = 8. 
In this case, ra = -4 and M = 8 and both the maximum value and the minimum 
value occvir at the endpoints. 



sin X / - 
/ , X f ,0 

• Example 8-2e . Lft f(;jc) = j ^ , and let, [a,b] = [0,7r]. 

/ 0 , X =: 0 

As we know, f is noo continuous ron the whole interval [a,b]. Hence, the 
theorem: does not apply. In fact, f*(x) ^ 0 at all interior points-. There 
is a minimum value m = 0 at jr. There is no maximum value. 

If we change f ^o that f(0) =1, f becomes continuous on [O.jrl. 
f(0) = 1 is now M. 



Example 8 -2f . Let f : x -> |x| and let [a,b] = [-1,2]. There is no 
point where f'(x) 0. Turning to the endpoints f(-l) = 1 and f(2) = 2, 
we might be tempted to say that m = 1 and M =: 2. Actually f{o) =0 is 
the minimum value.'. It occurs at. a point where f*(x) -does not exist. 
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Exercises 8-2 



Apply' .the Intermefliate Value Theo%nu8-2a vhere possible. If the theorem does 
not apply, explain why not. , . ' ' 



f : X -*x^ - 3x 



'a - 



>...:2. • f : X Ix] 
3. f : X x^ - 3x 

5 . ' f : X -> sin X 

6. f ; X -**sin x 
1, X > 0 



-1, b = 1, C = 0 

-1, b = 2, C.= I 

-Irpb = 1, C = a 

-1, b = 1,, c ^ a 



7. f - : X M 



0, X < 0 



0, b = |, C = I 
0, b = |, C = 2 

-1, b = 1, C = I 



Find m. and M for each of the following funqtions on the interval indicated. ^- 



8. • f : X -^x^ - 3x 

9. f : X |x - l| 

10. f : x^-> x^ - 3x 

11. f':x-t^ 

12. f : X -* sin x ' 

rl, X > 0 

13. f 

• !? ) 0, X < 0 • 



[-1,1] 
[0,2]' 
[-2,2^ 

'[-i,rl«* 

[-1„1] ' 
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-^"3 • The lA§an Value Theorem 



Consider the graph of f : x with the points P(l,l) and Q(2,U). 

— 1| - 1 ^ 

-The slope of the chord PQ ^is 2-1 ~ 

The tangent to the graph at (x/x ) , has 
%he slope 2x. As we follow the arc from 
P to Q, this slope changes from 2 to ^ 



U, passing through^he value 3 when 
X = I . At R(| , |)7\tharefore, the - 
slope of the tangent is exactly equal to 
the slope of the chord and the tangent 
is parallel' to the chord. 



\ s 




\ / 


1 










0 





Figure 8-3a 



We" can generalrz^this idea. Consider 
the graph of any diff er;entiable function f , 
and let P(a,f(a)) Q(b,f(b)) be two 

points on it. As we go from P to along the arc it seems reasonable to 
assume that somewhere between P and Q the tangent is parallel to the- chord 

Let us consider other examples.^ ' ^ ^ 



Example 8-3a. If f : x -%jc^ witjh •P(0,0) and Q(2,8), the slope, of 

— ? * ^ 2 2 h 

PQ = - = h. At (x,x^), f'(x) = 3x which equals^ U when ^ = 

2 / ' 

X — = - -(1.73) « 1.15- The tangent at R (— , — ) is parallel 

>/3 3 ^3 ^ ^^'.3^3' 

— is outside the interml [0,2] from P tq 
Q.) - 



to ,PQ. (Of course, x 



^ Example 8-3b . - With' the same function f : x x^ and the points ^ 
.p(-l,-l) .and Q(l,l), the slope (PQ) =1. Now 

J ' 



3x^ = 1 



find 



X = 



1 1 

— or X = — 



"Thus we find two dfffexeat points R, R' at which the tangent is parallel 
to the chord. (See Figure 8-3b.) 



Figure 8-3b 



'^^c^ Let f : X |xl and let P = (-1,1) aftd^ Q = (2,2), 



Exam^JLe 8 

Slope (PQ) =^ j - Is there any place 
on the gj«^ph between P and Q ^ for 
vhich f'(x) = J? The ansver is *No.". 
'-If X >0, f»(x) =\1 and if x < 0, ' 
f*(xr*= -1.' At X = 0,, there is no 
tangent. * 



This example shows that the prin- 
^ ciple,*that-.we are Investigating, may not 
hold if thd function f fails to be 
\ differentiable at some paint between P 
and Q. • ' - 




Figure 8-3c 



Example 8-3d , Let f : x v^^ with P(0,0), q{h ,2) . Thr slope of 

*PQ=^. Since f'(x) = , x, 0, we -have = p ^hen 'yfx = I, ^ 

f 2V^ 2v^ I 



We note that f is not differentiable at Fip,0) 



that iS; vhen x = 1 

vhich is at one end of the chord .^^owever, -f is continuous at P 
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Eacgonple S-Be t The graph of -f : x is a semi-circle with center 

fSr (0,0^\^nd radius ^1. Anv/faligen^ is perpendicular to the radius. Hence, 

* the slope at aoy^oint is the( n'egative 



'J. 



reciprocal of 



rr7 



The derivative is therefore 



f X - 



Notice that f'(-l) and, f'(l) , fail 
to exist , The tangent is, vertical in 
each case. The function f is con- 
tinuous at P and Q. If we choose » ' Figure 3d » ^ 
, P(-1,0) and'*Q{l,0), slope (PQ) = 0. Is there a point R between P and 
'Q at which f^(x) = 0? - Of course, since (0,l) is such a point. 





y 


R 




A 


<^^*(x.A - x^) 


Pl 




(-1,0) (0,0)' 


(1,0) 



We are now ready to state the theorem suggested by these examples. 



e^dy 



THEOREM 8-3 . If f is^differentiable for each x be-^ween -a and 
b, (a < X < b) and if f- is continuous at x = a and x = b, 
then there is at least .one number c between a and b, 
(a < c < b) such that 



' . " ' ^ f(b) - f(a) 

This is usually called the Mean Value Theorem because ^ ^ ^ ^ - 

is^ the average or meaiTValue of f*(x) ort the interval from a to 

'b. 



We shall^not' prove the Me&n Value Theorem, but.^hall use it in the next 
section to drau certain important conclusions. 
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Exercises 8-3 

Given f : X 35 + X - and the points P(0,0) and Q(1,2). Find the ^ 

poiQt w^here'the tangent i^|iarallf»l to the chord ^PQ. ^ 

■ o 
Where must we choose Q on the graph or x -> 'so thaj^with P = (0,0) 

the chord PQ is parallel to the i ngent at (2,^0? 

Where is the tangent to' y ^ x- parallel to the chord from (-1,1) to^ 
(2;16)? . 

Suppose ^hat you drive from S'icramento (elevation 200 feet) to Loggers 
Station Camp Ground (elevation ^hQo feet). The map distance between 
the two p(jints is exactly 100 miles ^ Was there some time during the 
trip when you i^eVe.on a portion of road that had a slope of exactly 
Give your reason. • ^ . r 

Suppose you drive from New York to Chicago, oom^times stopping and ^^^ ^ 
times driving as Jast as 70 miles per hour. Is there some time during 
the trip when yoiyj|gpeed is '50 .miles per hour? Give reasons. 



Two cities are 200 miles apart. Startling from ^e you drive continually 
to the ©ther in H hours^ then stop. 

(a) 'Is there some place on the trip whe-re your speedometer reads 50? 

% * 

Give reasons . 



(b) Is there some place on the trip where your acdeleration w^s^ 0? 
Give reasons , ^ . . ^ ' 

'Given f : x - is. ther'e a point where the tangent is parallel to the 
chord PQ where P(l,l>, Q(2 , |;)? If so, find it. . - ' , 

Given f : x - i$ there 0 point where f'(x) is equal to the slope of 

PQ^ where P(-l,-l), Q(l,l)?i Explain. 

J ^ ^ ^ 

Let f ': X -♦^ if x > 0 and let f(o) = 0. With P(0,0) - and Qd^l)-*'"; 

ife theA a point between P ^nd at which f*(x) = slope* /(PQ)? 

Explain/ T * 



8Jf • Appli cat loirs of the Mean Value' Theorem 

If ve the Mean Value Theorem (8-3) ^e can now prove "certain results 
that ve naveV*iprevlously ^ taken for granted. • 



THEOREM 8Ua , .If f'(x)>0 when x is between a and^^b 
(a < x <b) and if f(x) is continuous at a .and b, then 
f(x) increases uniformly on the interval a < x < b. ' 



(We include the requirement that f be continuous* at a and. b in" 
order txr^be able to apply the Mean Value Theorem,) 

By this ^e mean ^hat for all nr^tibers * 

and such that a < < 'x^ < h, i \ j-^ 1 1 

f(x^) < f{x^). (See Figure 'Q^ka, wihere ^ 
X, may coincide with a or Xp with b.) 



Figure Q^ha 



Proof . According to the Mean Yalue Theorenr 

f '(c), (:<^ < c < x^). 



f(^2) - f(x^) 



"2 - "l 



x^) > 0 



Since this means that 

a < c < b 
^ -1 ^ 

it follows that f '(c) > 0. Hence, ' 

f{x^] -'f(x^) = f'(c)(x2 

and - f(x2) >- f (x^); 

that-is, f(x ) <\f{x ). ^ 

In the same way ^e can easily prove the following theorem. 



"THEOREM 8.1;b. 


If f'(x) < 


0 when 


la < X < b and if .f is 


cont^uous at 


a and b, 


then f 


decreases uniformly on the 


interval a < 


X *< b'. 







What can * conclude if V{x) = 0 for all x between a a^d b? Jn 

this case, for all and x^ such that Va < < x^ < b, , 

I'cf — 12— ' 



fCxg) - f(x^) = 0, 



and 



\on 



Since this is true for all x^: and larger x^ (on the interval [a,b], f 
• is a constant function on this interval. 



THEOREM If f»(x) =-0 for a<x<b and if f is 

continuous at ^ and b, then ^f is a constant function on 
[a,b], .... 

. : , J 



What can we conclude if ve know that the derivative f * increases 

I? . 



(decreases) uniformly. on an interval [a^b]! 



Let c & any- number between a and b'(a<c<b). If x>c 



f(x) - f(c) 
X - c 



f'(d) 



vhere c < d < x (see Figure 8-Ub), 
But l^d) >f»(c). Hence, - 

f(x) - f(c) . 
X - c ^ 



I » 1 



Then 



*'C 



f(x) - f(c> > f»(c) (x - c) 



x^ 



and 



.-Figure 8- 



f(x) > f(c) + f»(c) (x - c).^ 

This means that to the right of c the graph of f lies above the tangent 
at *c (Figure 8^^c), - 
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Figiire Q-hc 



Similarly, if x <\c 



C - X 



X < e < c. 



Hence J 



finally 



-£(£ljLlOiI< f.(c) 
• c - X . 

f(c) . f(x) <?(c) (c -\x) 

f(x/ > f(c) rf'io) (c - x) ^ 

f(x) > f(c) + f'(c) (x - c>/ 



Again tlje gr^h of f lies ^ove *the tangent at 'c. / . 
/ If a function, 'f .has the property that its graptTTbifes above each tan- 
/ gent vhose poinU of contact lies vithin an in^erVal [ajib] (except at the^ 
1^ point of oontact)* then ve say^ that f is convex, on*- [a^b]]/ 

'if ve ripiace "above" by "below*" in this statem^nV, "convex"'"is replaced^ 
by "concave." ' ' • , • • > ' ' j 



^ffiOjro^ 8-M\ If f^ >lncreape>5 (^cr^aqes) un^forml^op an 
intenrkl [a,b} f ^ -is convex (fconc^ve) on '.[a^bjf' 

— ^ — — — . Nh- — — = — - 



Exercises 8-^ 

What does the Mean Value ^Theorem become if f{a) and f(b) are ."both* 
\ equal to zero? 0?he result. is called Rollers Theorem. 

- - 

_-Sup^se that for a function f ve knov that f" > 0 on an interval 

a < X < b. Show from the theorems of this section that f is convex 
"^^Oh the interval. 



Tfi 'f '(x) > 0 for a < X < b an^ f «(x) <rO for b < x < c vhile 
f (b)" = of use^the theorems of this section. to drav,an appropriate 
conclusion. 

Suppose that f'(x) s= g'(x)^ for all x on an interval [a,b]. Shov 
.*that 'f(x) - g(x) = C on this interval vhere C is 'a constant. 

. ^^>^ 

Hint : Assume that [f(x) - g(x)]' = f'(xO - g"(x) and use Th'eor^my^e 
This is the important 'Constant Difference Theorem of Section 7-3. 




5.53* I5^f 
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8-5 * Sums and Multiples / 

- * * * * / 

The remaining sections of "this chapter. discuss methods for differentiatirtg 

various combJ.nations of kno^n functions. In this section ^e examine suras and 

multiples of functions. ^ - / 

'^Functions ^hich are Ihe sum of other functions have been pi:eViously en^ 
countered many times. For example, the graph of y 

f : t 3 cos nt + ^\ sin nt . 

/ 

>rfas obtained in aiapter 3 by adding the corresponding^ordinates (Figure 8-5a) 
of the two functions * ^ » , '\ 



u : t 3 cos jtt and v : t sin nt 



at each value of 




rrt 



7 



rr 

Figure 8-5a 



3f • 



2fr 



8-5 



Here ve say that f is the sum of the tvo functions u and v and -write 

This means- that for each t, the values 'f(t), u(t)' and v(t) are related by 

• f(t) =-u(.t) +,v(t). 

The differencerof two functions is defined analogously; for example, 
- — ^ — ..— I.I. ^ ^ ^ 

' . f = ^ ; ^ ' 

if, for each the values f(x), u(x) and y(x) arp^ related by 

. . f(x) = u(x) - v(x). 

To be more concrete, if 

f : X -4 2 sin 3x - 3 cos 3x ^ 

we can write f = u - v, where 

/ u : X 2^ sirr 3x 

V : X 3 cos 3x . . ^' 

The functieft — u : x ^ 2 sin 3x is a multiple of the fi^nction . - 

g : X sin 3x . ' - . 

In the sense that the values u(x) and g(x) are ^elated by the equation 
u(x) - 2g(x). The graph of . u is obtained from the graph of by multiply- 
ing the corresponding ordiYiate of the graph of g by 2. (See Figure 8-5b.) 
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/ 



/ 



\ 
\ 



/ 



\ 



\ 



f - 



-I--- 



-2-- 



\ 



u(t\= 2g(t)' 
\ 



g(t) 



/ 



y 



/ 



/ 



/ 



Figure 8-5'b 

2g, where d : x 2 sin Jx, g x sin SxT 

The basic rules for derivatives of sumss?;?tfd multiples are easily obtained 
f^^^ simply^_stated: . ^ ^ .« 'c * 



(1) 



if f = u V V, theilt f"' = ^' + v*5 



and, for any constant^^sa, 



(2) 



if f' = ag,- -then f « = ag' 



For example, if f = u 0^ where 

u : t 3 cos ^t and v : t ~> 4 Ttt, 



then 



ID / 



J 




. that Is, for each, t, • ' .'X^^ ' ]' 

' ■ ^ • ' • f(t) = u'(t) + v'(t) ~ 

' -3jf sin jtt iijt cos Ttt/ 

We also made use of (2). For example, that u'(t) = -3« sin jtt makes 
use^f the fact^that D(3 sin jtt) = 3D(sin rtt) .• 
We can use 'the concept of approximation al^ong the t'angent line to the 
graph of 6'**furfction to show that ^(l) and (2) hold.^ For example, suppose 
f = u + V, , where u and ' v are each d^ffferentiable at a. For the best 
linear approximation to the grapns of u v respectively ve have' 

u(x) » uCa) + ui»(a)(x - a), 

(3) . , ,1 

4 v(x) « v(a) + v*(a)(x - a), 

if X is close to a. Adding, we have 

(1*) u(x) + v(x) « u(a) + v(a).+ (u«(a) + v»(a))(x - a). 

Now we use the assumption thajb f a + v to obtain 

* ' ^ . '■ 

* f(x) a f(a) + (u«(a) + v«(a))(x - a), 

For x a we subtract f(a) from both sides and divide by x - a to get, 

u'(a) ^- v'(a). 

x ^ a 

We take the limit as " x^ approaches a to obtain 



11^ fi2iI^jM = a'(a^ v'(ah 



We conclude thail;^ - . ^ ,* 

'f«(a) = u«(a) + v«('a). 

The'easier intuitive argument which establishes that if f = ag then 
f • e ag* was given in Chapter o. / ^ - 

We*can combine results (l) and (2), to differentiate 'fo= u - v, for we 
_ can write ' ^ . ^ ' 

' . * f = u + w, where w = (-l)v, . 

' sp that 

f* = u« + w« and w«'^ (-l)v« = -v* . 

.Thus', as we should expect: ' 
• (5) • f« « u» - v« if f = u - v. ' . 

% . ' • 557158 . ' ' ■ 



i ' ' Example 8-^ > Find the derivative of f : x x - sin x and discus^ 
•I its graph in the interval -2ir^ x < 2n. 

i ' We can let u : x x ^nd v : x -^.sin x, so that f = u - v. Since, 

from (5), f« = u* - vi and * ^ » ^ 

(6) ; » . u* : X :r>l, v« : X -> cos X, 

' < ^ ^\ \ 

we have the result- * • 

f«(x)^^ 1 - cos X. 

- • * « ), 

For all X, f«(x) > 0, since •cos x < 1. This tells us that f is an^ 
increasing function for all x. Furthermore, the grapjji of ^f has a horizontal 
tangent at each of the points (-.2jc,f(-2x)) , (0,f(o)) and (2K,f(2jc)) since* 

f*(-23r) - f^O) = fU2jT) = 0. . 

' Let us differentiate again. Since 

ft = u» - v« 

✓ 

we -can ^pply (5) with' S, u and v replaced by fS u« and to obtain 

the result 

f " ' ^ u" - v" . 

Making use of (6), we have 

• . ; 

u" : X 0 and* "^i" ^ 

»^ 

* so that' ' » • 
' ' f" : X -> sin x. ~ _ 

* The function f" is nonnegative tn<the intervals ^ . 

(7) , . * , "2it <'x-< rTfj X < IT • - - ' 

' ^ ' ' ^ 

and'n6npOsitive in the intervals ^ ^ ^ 

(8) ^ ^ -n < X £ 0 and :t •< x < 25t. 

Thus, the graph of ^.is convex in the intervals of (7) and concave in the 
y intervals of (8) . - ' ^ 

Thfe graph of f (Figure 8r5c) is obtained by making use of this infor- 
• mation and plotting a few points. ^ ^ ^ 



4 n 



Figure 8-5c 
y = X - sin X 



' n * • • * f 

ExampleAp-^b , Suppose a partj.cle moves along a, horizontal line so that^ 
its distance from thej^ origin at time t > 0 is given by s = t + - , ^ pi^^uss 
- ^thermotion* - , - ^ . . . ^ . . ^ . , . ^ ' ^ 
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If t is close to 0, then s . is nearly equal to and slightly larger 

1 

than - , which is very large. If I is very large, then is very small,- 
t * • ' 

30 that s is nearly equal to but slightly larger^ than t. Geometrically 
these observations mean that for t >'0 the graph ofi s = t + - approaches- 
the s-axis as t approaches 0 and approaches the line given by s = t as 
t becomes lar§^ In other words, the vertical line given by t = 0 is an 
•asymptote for th^\raph of s = t + as t approaches 0, while the#Line 
.^iven.by s t is an as^^ptote for the graph as t grows large without bound. 

9 

through positive, values^ 

^ *The derivative of^t ^ + }- can be obtained using the sum formula (l). 
We have ' ' ' 

^ D(t + i) - Dt + V{h = Dt + D(t'-^). 
Since *Dt = 1 and Dt'-^ = -It'^ = " ^ ' conclude that ' •- 

. D(t + r) = 1 - • ' 

^ t : 



The value of the derivative t -> = 1 - — is the velocity at time t. Since 
af* < 0 if t < 1 and s» > 0 if t > 1, the function t -> t + - decreases 
in the inte^vVl- 0 < \ <*1 and increases in the interval t > 1. When ^ t = 1, 
the valye of the derivative is 0 and 2 is the minimum vatue of s. This 
means that the particle moves toward the origin as t increases from; 0 to 
1, is closest' to the origin when t = 1 and then moves s^teadily away Trom 
the origin, n x . . ' 

The» second derivative is obtained by using the diYference formula (5) 
and the power formula:- « 



Dl - D(t"^) = 4 
^^1 • t^ - 



Thus, the .acceleration is always positive (since t is positive) , is very 
large when t is close to 0, and 'approaches 0 as t grovs large without 



■ X 

bound. The second "aerivative 
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^ Exercises 8-5 



Find the derlyatives of each of the following 

(a) y^^^-Sx"^/^ ^' ' (e) y = e^ ^ e^^ ^ cos x 

(b) y = x^ + 2 sin X/ ^ * (f ) ' y = >^ - 3e^^ 

(c) y = (3x^ + l)(x^ + 1) . (g) y = X + log^ x^ - \ log^ x 

X ^ 



(d) y = (1 - 2x)(i + ^) • (h) y =f +'6 

• X 

* 1 ^ * 

Sketch graphs of f : x -> v6c + ^ , u : x -> >6c and v :^ x -> - for 

0 < X < l4w What is the ^equation' of the tangent line to each at the 

~ / 1 ® * 

point wherfe x = 5- ? How^^are these tangent lines related? 

(a) At what points on the graph of 

* y = sin X - cos x 

is the tangent J.ine horizontal ? 

* * * * 

*(b) At what points on the graph of * ^ 

^ . y = 2^^ - 2x 

is the tangent line perpendicular to the li^ whose equation is 

y = 3x: + 2? >. • ' * 

(c) " Suppose the tangent lines^ to the gi^aphs of y = 5f(x) and y = 7f(x) 

are parallel and nonvertical at the\i^int where x = a. ^ Show* that 
these tangent lines must be horizontal. / 

(d) '^'^hoTi^hat-if ^ u ^ and v "are differentlable at x = a ajid -the , 

graphs gf f : X -> u(x) + 3v(x) and g : x -> u(x) - llv('x) have the 
same slope at the point where x = a then v has a horizontal tan- 
gent at (a,v(a)) . * • . . 
' Show that if a and' • b are constants then ^ ^ » 

D(au + bv) = a Du + b Dv,. 



\ 
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Analyze 

( i) ' increase-de(5/ease , 

(ii) convexity-concavitj; arfd 
V- (^ii) asymptotes (if any) • ^ 

for each of the following functidns on the interval given. Sketch graphs. 

(aj f : X X - cos X, 0 < X < 2n 

(b) f : X e^' - 2x, 0 < X < 1 

(c) f : t t^ + I , 0 < t 

(d) f :.x\.-^:<^-=*>^/ 0 < X < 2 , 

(a.) Show that DV f(x')d^ = -f(x). , . ' 

J X - ' 

(b) Find Dl e dt. i 



Show that the acceleration ^pf a particle whose equation of motion is** 
s(t) =2 cos t + t*" is always nonnegative. 

Suppose you know only that the rules of this section hold and that 
Dx" = nx'^ ^» Can you/find the derivative of a polynomial? 

Consider g:x->|y+2| -jj3-x|. 

/ • 

(a) Sketch the graph of g, . - ^ ^ 

(b) Define g(x) explicitly in terms of linear functions for all real 
X., ■ ' " 

(c) For what values of x is the derivative not define^? ^ 

2 ■ : 

X X ^2 

(a) l+x-+ — <e<l+x+.x,0<x'<2 . 

(Hint: Put f(x) = e^ - + + and find the minimum of f. 

Proceed in a*"Similar manner for the rtght-hand side), 

(b) Show that if u(a) < v(a) and ^'(x) < v'(x) for x > a then % 
u(x) < v(x) fbr X > a. (ftint: Consider' f " v - u.) 

^ (c) Show that if u(a) <• y(a) , xx^ia) < v»(a) and u"(x) <y(x.) f<5r 

X >^a tb^^ u(x) <,v(x) for x > a- (Hint: Use (b) twice^ First* 
show* that u'(x) < v'(x) when- a < x.) * ^ ' 



11; (a) Shot/ tha-t-^if y = u ^nd y=v are ^ol,utipns to the equation 
" ' \a y". - 3y» +. 6y = 0, then so' is ' y = 3u 8v. - ^ 

' X **X * X X * 

(b)* Show' that y = f + e and 3v= e - e ; are each solutions to ^ 



ti%e equati^n^ y"* y . If a - and 3 ar^e, constants is 



also a solution to y" =*V? 



" 12* Suppose u(x)'is v(x) +^ax + Vhere a ani b are consjbanti?^ ^ ^ 



(a) .What' is u'(x) v*(x)? 



• (U) *Show that u" = ^\ , \ ^ 

(c) Prove "the following converge ff u"^= v"* then u - v is a linear 
function^ (Hint: Use thie Constant Difference ?heorem twice.) 

'13* Suppose* u and v are continuous at '9c = al Is f" = 2u - 3v also 
. . continuous at x = a? X ' ^ ^ 

lU. Suppose f-= u + V and f is differerttiabl'^and thus continuous at** 



X = a. Must'' -u and " v also be diff erentiabj 
X = a? Jf so/^? If not J give an example.* 



thus coYitinuous at 



. r- 



r 
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.8-6, Products : 
Each value of the functiorf 



\, f : X xe 



^1, • 



is just the product of the corresponding values of the two functions 



that is, ^ for each x, 



u : X -> X and v : x e ; 



f(x) = u(x)v(x). 



This relationship can be used to obtain the graph of f from ^he^ graphs of 'u^ 
and V, for the ordinate of a point on the graph f is the product of the* 
corresponding ordinates of the graphs of u and v. (See Figure 8-6a^) ^ 




y = u(x)v(x) 



X 
« 


u(x) 


v(x) 


f (x) = u(x)v(x) 


-2\ 


-2 


O.lif 


" -o.a8 


-1 






-0.38 


-0.5 


-o.y 


o.6i 


-0.30 


0 


0 


1 


0 


'.0.5 


0.5 


1.6 


0.8- 


1 


1 


2.7 


2.7 ' 



^ ' 



Figure 8-6a 



• X 

y = xe ^ 



8-6 



. ■ ' ' ■/ ... : 

In general; sty that^the funct^^on f is the' product of -the two func^ 
tions u and v ,aaj3 write *^ 



f =s UV 

if for each :n the values f(x), u(x) and v(x) are related by ^ 

(1) . , f(x) = u(x)vrx): 

A formula 'f^r the derivative of f = uv in "terms of the derivatives of 
' u and V can be obtained by using tangent line approximations. Suppose u 
and V are each diff erehtiable at x = a so that, if we tak^ x clo&e to a, 
we have the best linear approximations 

u(xl '55 u(a) + u' (a) (x - a) , 
y(x) Z v(a) + v'fa')(x- * a). 

For the product Ve ^et , ' ' ^ * 

' 2 
u(x)v(x) K u(a)v(a) +[u(a)v«(a) +v(a)u'(a) ](x - a) + u' (a) v»(a) (x - a) . ' 

* 

Since f = av"" we can rewrite this as 

f (x)\ « f(a)'+ [u(a)v»(a) + v(a)u»(a)](x - a) + u'(a)v«(a)tx - aj 
SO that, for x ^ a ' ^ ' 

" ^^^) a [u(a)v'(a) + v(a)u«(a)] i u«(a)v'(a)(x « a) . . 
X - a * r ^ 

It follows that " ' 



lim 
X -> a 



^^^^ • ^^'^) = u(9)v»(a) ; v(a.)u'(aj, 



X - a 



Thus, we obtain the' product rule: 

(2) . ' • - ' f*(a) - u(a)v»(a) •+ v(a)u»(a) , 

T^is formula is sometimes w!citten in the form ] 

(3) * . (uv)» = uv« + vu« 

or ^ > " , • 

(%) D(uv) = uDv + vDuJ 

or expres"sed in words: 



(5): 
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The derivative of the product of two functions is the 

first times the* derivative of the second plus the second 

timoe the derivative of the first* 

*■ • 
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For example, f : x x 3^og x is the product of ^ / » 



' ^ * u ; X ic and V ; X ^ log oc'. ' * , * / 

; * ♦ \ . , ♦ . ® 

\/ ♦ Since u«{x) = 1* and v»(x) = ^ , the product rule gives • 

? - ' ^ f'(x) = X . (log x) -1 = 1 + log X. 

^ X e e , 

As another example we consider -^he functioa * < 

' . j| ^x 

' , *^ ' f f X -» e"^ sin 2x, 

• which is the product of ' ^ 

- u : ^ e"^ and v ; x sin 2x.. 

' / • / * 

The 'product«^ule gives 

■•^ . • l' f'(x) = e^'^- • (2 cos 2x) + (sin 2x)(3e?'^). 

Example *8-6a > Locate the intervals of increase and decrease, convexity 
and concavity for the- graph of the function 

* ^ • ' X 

f : X xe . . - > ^ 

The function f is tho. product of * . 

X 

• ^ - u : X X and v : x^-* e ^. 

' / * » 

so that ' ' ' 

- f*(x) = \i(x)v«(x) + v(x)u'(x). ' 

/ X , X *T 

,=xe+e*l , 

' * = (x.+ l)e^. 

' ' This will be positive for x > -1 * and negative for x < -*1 so that the 
. ' * graph of f falls until it reaches ^(-l,- i) , and rises atter that point, 

. ^ The function f * : x (x + l)e^ is the product of# " • 



u : -x -> X 4 1 and v « x 



so the product rule gives 

4: 



r f"(x) = u(x)vV(x) + v(x)u«(x) 
' = (x f l)e'' 4- e"" • 1 
= (x + 2)e^. 

.We conclude from this that the graph of f is concave foi^ x < -2 *ar^d 
convex for x > 2* An e^ctension of our sketch (Figure 8-6a) should reflect 
these conclusions • We sliould also note that as x moves far to the left 
'^(x)"ssxe^ approaches 0; that is, the negative x-axis is an asymptote for 
the graph o^ f as x grovs large vithout bound through negative values. 

» ' ' ax 

. Example 8»>6b . Show that if f : x e sin bx, then . 

f"(x) - 2af»(x) + (a^ + b^)f(x)' =0- - ^ 

The product rule gives 

' f'(x) = e^^ DCsin bx) f (sin bx) D(e®^) 

= e^^(b cos bx) + (sin bx)('9e^^0 * 
= e^^[b cos bx + a sin bx]. 
Again we use the product nSte (as well as the sum rule) to obtain 

f"(x)-=^ e^^ D[b cos bx + a sin bx] + [b cos bx + a sin bxlD(e^) *> 

\ = e^^[-b^ sin bx + ab cos bx] + [b cos bx + a sin bx]ae^^ 

= e^^[(a^ - b^)sin bx + 2ab cos bx]* 
Therefore, ^• 

f"(x> - 2af»(x) + (a^ + b^)f(x)*=: e®^[(a^ - b^)sin bx + 2ab cos bx] 

i 

• - 2ae^^{b cos bx + a sin bx]- 

; • + e^^[(a^ + b^)siri bx] 

• = e^^[(afsc^ -2a^ +a^ + b^)sin bxl 
+• e^^[(2ab ^ 2ab)cos bx] 




= 0. 



( 

( 
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Example 8''6c , Suppose f is a polynomial function and that a Is a 
zero of f. Show that the^ multiplicity of. a "is greater than 1 if and. only 
if a is a z^ro of f * . * i - ^ ^ 

If the multiplicity of a exceeds 1 then (x - a) is a factor of 
f (x); that* is . *^ . ' . ' 

•f(x) = (x - a)^q(x), * ; 

where q As a polynomial function. Applying the product I'ule we have 

f'(x) = (x - a)^q«(x) ^ q(x) • 2(x - a), ^ 
" so that^ indeed * 

f '(a) = 0. 

If the multiplicity of a is 1, then- 

f(x) = (x - a)g(x), where g(a) ^ 0. - 
^ The product rhle gives 



f'(xr=: (x - a)g'(x) + 1 • g(x), 



, so that , ' 

f'(ay = g(a) ^0. . 

In other words, if the multiplicity of a is 1 thea a cannot also he a 
zero of i"* . ' 
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Exercises 8-6 



Let = "^i^^ ' equation of th^ tangent line to the ^ 

2*2 

graph of u : X X at (a, a ) and y =»a + m (x - a), the equa- 

f ' * , » d d £1 , 

tion of the'tangent line to the graph of v : x -> x"^ at (a^a"^), 

<, 

(a) Find a^, m^, a^, m^- / ' 

• * * 

(b) Form the product of the' expre'ssions for and y , and omit the 

2 L d ' , 

term involving (x - a) . The resulting expression is linear in 

(x - a) and hence defines a line. Show that this line is the 

t;angent line to uv = f : x ~* x^- at the point (a,a^). 



^ (ax + b}^ (p), e"" ^if-t'dt' 



(x 






'x 


■! 






0 










^X 


f: 








X. 



i 
) 



r 



e sm X 



Find the derivative of f, ^'Where f(x) equals 

(b) (Itx - 2)(k - 2x) , ] -(n) (x - 1)^/^ e"'"' 

2 2 ' -t^ 

(c) (x + X + l)(x - X + l) (o) f\ e 'dt 

(A 

(e 
•(f 
(g 

ti 

a 
(k 




^ • (5x + 2) (r) (log x)(l+x^ + ax)(cos. 2x)- 

X ^ ' (s) 2 sin x cos x ] . 

, x^/^, X > 6 , (t) X e'^ logg(2x + l)'(siji-x) 

Sx'^'-^ ■ . (u) x2 2^ 

3x^(x^ - 5) ' (v) X log^ (3x + 1) 



v/x COS 2x • (w) 

e^^ sin (x + 1) 



e - X 
X e 
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3 . tiyalUate 



(b)rD(3 - 5x) 



h3 



t (c)fD(3-5x) 

<l .(4r"D{x(^ - 1)^) 



../'(e) .D(x + 



> 


(h) 


D(e^ sih(l - 


2x))' 




(i) 


D(vx log^ x) 


• 




(J) 










D(x^ cos :f>— 








D(sin Xr log^ 





rlqg X\ 



(g) 'ofltv/^ - 2^ + ^) ' . , ■? . 

\ ' /X' * ' ; 

(a)" Suppose f (x) [u(x) Show that f » (x) =• 2u(x)u» (x^ . (Hint: 
Use the Product Rule.) ' ' o 

" (t) Show that D[u(x)1^% 3[u(x>]^u»(x'^/ 

(c) Show that l)[u(x) 1^ lf[u(x) l^u»(x) . 

/ * n ^ 

(d) Make^ a conjecture about D[u(x)l . 

5. Use thi* results of Number k to find, y* if ^. ' 



^ I (a) sm x 

(b) y = cos^ i^kx) 



(e) y = (x^ M)^ 



-(c) y = (logg x) 



2 . 



(f) y = sin^ (Ix - l) 



(g) y = ( |[ sin at)** 



(d) y^=(e^)'* 

6. Combine the •method of Num^r k with the Product Rule to fintr 
(a) y = x^(x^ ^1)^ . " 



dy; 
dx 



'if 



(b) y =Cx + 1)^1^^ - x'+ 1) 

(c) y = (ax^ + bx + c)(dx^ +/ ex + f) 

(d) y = (cos x)slJi-2x - 

(e) y ^ sin • (ax + b) 
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(g) y = xhloe^ (x + 1)]- 



X ,2 

dt)' 

0 



7* For each of^he following functions, find the intervals of increase (or 
J - decrease) and convexity (or concavity). Sketch graphs over the intervals. 



indicated . 



(a) 'y = X log \x, 0 < X < e 

1 ^ 2 

(b) y = - logg X, 0 < X < e 



(c) V ^ sin^ X, 0 < X < 2rt ' 



(d) y = 



Ipg^X) 0 



< X <^ 



Show that each of the following is an increasing function 
(a) X -» Vx e^, X > 0 



X 
X 



X 



X -» X sin 0 < x < ^ 



(b) 

(c) 

I 

(a) 



Show that if f (x) = (x a) g(x) where g is dif fer^iable and 
g(a) ^ 0, then f^a) = 0. 

10* Show that if a is a zero of the polynomial functic/n f of multiplicity 
/greater than ^2 then f " ( a ) ^=_C)^If- f"(a) = 0 mi^st it be true that a 
is. a zero_of---^^oT multiplicity greater tlian 2? 



--^s bx then y - 2ay» + (a + b Jy 



11. • (a) Show that if y = e co 
yy. (b) Show that it y = x'^e^ + Sxe"" • then y"» - 3y" + 3i^*. - y = 0. 

'12. (a) Show that 



(uv)" =r uv" 4. 2u'v«|pu"v. 
(b) Use (a) to find the second derivative of 



X ^ X cos x« 



(c) Whatsis (uv)"» ? 



(d)» Does (c) lead you to a conjecture about the nth derivative of uv ? 



B-T* Composite Functions 



The function f : _x Vx^ + l is not a polynomial, circular, power, 
exponential or logarithm function; nor is it a sum or i^roduct of such functions*. 
O^e verbal description of f can give a clue as to hov to treat such a func- 
♦tion* Verbally,, the rule for f is 

(l) . ^ "the square root of the quantity x squared plus one." 

In other words, first calculate the quantity x^ +1, and then ^ke the square 
root of the -result. The operation defined by f is. composed of two simpler 
operations, finding x + l and taking square roots. In this and the next 
two sections we discuss functigns which are compositions of other functions. 

, The statement (l) can be treftislated into a symbolic form which will dis- 



play the fact that f : x Vx +1 is composed of the two operations, 

X -♦x^ + 1 and taking square roots. Let g(x) = u.= x^ + 1 and h(u) = Vu, 

m 

SO that 

• , ' ' f{x) = h(g(x)). 

To evaluate f(x) we first evaluate g(x), then' evaluate h(g(x)) . For 
example, if x = 3, th^n 

- ' ^ "u = g(3) = 3^ + 1 = 10 ' 

and * ' * ^ 

f{3) = h(g(3)> = H(10) =710- ■ • 

In general, we say tha^ a function f Is a compos it i(5n of the two func- 
tions h -and.' g, if "whenever f(x) is defined, so are g(x) and h(g(x)); 
arttl then 

f(x) = h(g(x))'. 

The idea of composition^ has been previously used implicitly. For example,^ 
the function 



f : X si 

is a compo5-ition of the 'functions h : u^ sin u and g : x u '= 2x + 3; 
that is', ^ ^ • * 

♦ - ^ . * f(x) = h(g(x)). 

AlsOj^:use has been made of the Uct .mz the general exponential fui^ctlon 
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f : X -> a is a ^composite' function since we can write a = e . If^ 

'K' ' . * u ^ ^ ' * 

h : u -> e and g : x^->ax'= u, then 

' * r ■* 

f : X -*.a^ = h(g(x)) = e^. ' 

Facility witli composite functions depends upon ability to write compli- 
cated expressions^ as .compos ite*s of simpler expressions. Some examples and 
practice exercises are provided to help you develop skill at doing this. 

Example 3-7a . Express x ^ sin -/x as the composite of simpler functions. 

'Since sin ^ is usually_readN^'the sine of the square^ root of x/' the 
function x ^ sin -/x is a composite of the sine and xne square^ root functions. 
If we let u = g(x) = -/x and h(u) = sin u, we have 

"~ sin v'x = h(g(x)) . • 

- Example 8 -7b . Express -x -> x ; as the composite of two simpler func- 
tiofts in two ways . 

' 2/3 . ^' * 

The expression x ' can be read as - ^ 

(2) "the cub6 roo't of the square o^^f x" 

or ^, - f ■ . 

(3) ' , "the square of the cube root ^ of x." 

Put g(x) = x^ = u and h(u)^= ^/u = v. In symbolic form (2) becomes 
(h) ' x^3 ^ y^^^y ^ h(g(x)T, « . 

while (3) becomes - ~ _ 

.K (5), ' ' . ' ^^/^ = g('v) = g(h(x)). 

/ . In other words, in this case, it doesn^ matter whether we square first 

and then take the cube rout,-©r take the cube^oot and then sijuare. It should', 
however, be noted that generally the* order o£/^ompositiOn is important. In 
the Example 8-7a we had 

* ^ sin-Vx = h(g(x)), wher^Xg(x) = -/x = u and h(u) = sin u. 

.Reversing the order of compJsition,' we have 



0 




which is 'certainly, not th^jfjame as ^^in\^vx,^-— * / 
/ 



2/3 

,It should be observed that there are other ways of expressing x -> x ' ^ 
as a -Composite, For example", • 

• • I • 

(6) 



2/3 

X ' 


= f(g(x)), 




f(x) 


= (x3 . 1)2/3 


f sin.ce 


[(x ■ 


. 1).. l]2/5 = 


2/3 
X ' • , 



Exercises 8-7 

. 1 >• 

a 1. Express each of the following as a composite of two functions whi'ch are 
polynomial^; exponentials, logarithms, power, sine or cosine functions, 

(a) X A - x^ (g) X ^ (2x^ - 2x + l)'^/^ 

\2 



2 

(b) X -> e 



(c) X. cos' (ir - 3x) 
1 



(d) X 



l.x^ 



J f2 7 

/x + 1 



(e) X log 



e 



(g) 


X 


^(2x^ 


(h) 


X 


-log^ 


(i) 


X 


cos' 

-> e 


(J) 


X 


-*3e 


(k) 


X 





2_^ 



(f) X ->(2% 3x^).^^ 



2, Express each of the following as the composition of three or more simpler 
functions* \^ 



% 

(a) X ^ log^ (8x^ + 5x + 2t 



ih) X ^ /I + cos X 

(c) X ^cos(sin(cos x)) 
^3/5 



(d) x ^ (x-+ 1)^ 

/ ' ? 

(e) X ^ A - (logg x)"" ' - 

\ (^) ---^ * ' J 



2x 

1 + e ' m 

2" ' 

3. ^Express x -> |x| as a composite of the function x ^x and some other 
function. / 



8-7 % ^ m 'iii ' *i 



U. (a) Show that'tfte composite of. two linear functions is linear. , ' / 

; . ' ^ > St * * 

(b) 'Exhibit the compbsite of two quadratic functions. What .is ^he degree 
of this composition? • * • ^ ' - 

- (c) Is -the composl^te of two polynomial functions a polynomial f^t^nction? ^ 
If 'so, wha-^ is its degree? ' , ' ' 

5. (a) If u:xr*x and f :x->u(u(x)) what is f(3)? ' " ^ 

1 ' ' ^ ^ ' 

(ti) Suppose ' u : X -»- . Find art expi-ession for f, the ftinction -d^^f Ined 

.by- f(x) ='u(u(x)). ; - _ * • ' 

6. (a) "Show that composition of power functions is a cpmmutaiive operation, 

- .that is, if u : X -» x^ and v : x -> x^ then u(v(x)) = v(u(x).) . 

(b) Is the result of part (a) true for u : x cos x and. v : x sin x. 

(c) Is the result of part (a) true for exponential functions 

X X / \ ^ ' ♦ 

u : X -> a and v : x -» b ? (a, b,> 1) 

(d) Is the result of psCe-t (a)^true for u : x -» e^ aad © 



X -> log X? 
e 



I 



V 



Express the following a§ a compo§;i^tion of two funct/ons 
(aX ^ j ^^^^ ^ " ^ 



* ^ t • 

(b) X -> I e dt ^ " 

J stn X ^ * 

(c) X e dt 

. Jo : 

8. Wha/t is the -domain of the function 



X -> /l^- (log x)^? 



'J 



s 
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8-8.. ^Ihe Ch^in Rule" 



-Stippose we can^^x^essv f ^as a composite dt'Hwp^YjLnctions^' § and h ^ 
whose derivatives a;:*e Known. Xhe derivative of t can then be expressed in * , 
iv t§rms of the derivatives of ^ g and , ^ * w ^ • " 



(•1) 



If ?(x) = g(jii^)) 

then f»(x) = g»(h(ic))h'(x). 



Thisu.resuljj is usually ^nown .as th^ chain rule ^ We have use^ the chain 



r,ule for particular functions, in the Case" where b . is a lirflar functioru , 

+ b) ; 



For exampl^/^suppose 

4 - 



f : X sin( 



^so that 



fCx") =.g(h(x)) 



where u sin u 'and h:,x->ax+b = u. Since g' : u cos u and 

: X ->a, the chain rule (l) gives * 

f'(x) = g'(h(x))h'(x) ^ 

^. =.[cos(9x + b)-]a 

' ■ = a cos(ax + b/^ * , 

which agrees with our previous result* 

The general result for linear ' substitution is as follows. Suppose 
f(x) = g(ax + b) . Let h(x)'= ax + b. The chain rule (i) gives^ 

f*(x) = g*(ax + b)h*(x) ' 

• . r ^ = (ax + b) ' . 

which .sho^s that ^replacement of x by ax + b in ^ general function g 
multiplies the derivatively a. . . ^ ^ 

A special case of the^ chain rule was used in Section 6-7 to differentiate 
a power function. Suppo^g^ f : x x^. We^can write f(x) = g(h(x)),' where 
g' : u 

given/ oy^ a \. a 




• u -» e*^ and h' : x -/r 




i- / * 
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The chain rule gives 



f»(x) - g»(h(x7)h*(x) :s gt(r log^ x) . ^ 



r r • . 

= X ' • — 

X ♦ « 

/ e 

=^ r X . - , , ^ , ' 

''j^et us now prove the^chain rule by generalizing the tangent approximation 
arguments^ used in Section 6-7. Suppose that f is related to g and h by 
composition . ' - 

, ' ' • " ■ f(x)'= g(h(x)); ^ . 

If h^ is -dif ferentiab3:^e^t a and g is'differenti^ble at h(a)/ we 



A ■ 



, can write 

{2) for X close to a, 

and**^^**^ ^ ■ ' > ' ; - 

(3]t g(u) a g(h(a)) + g»(h(a))(u - h(a)), for u close to 

In particular, if ^ x^ is 6lose to a the secor\d term of (a)' is clo^e to * 
zero so that h(x) is close to h(a). 

' * ' ' ' » 

We can replace u by h(x) in (3) to qbtain 

which wilL hold if x is close tb a (so that h(x)^ « h(a)). We now use (2) 
again, this time to replace h(x), - h(a) by h'(a)(x - a). Thus, we have 

C*) ' g(h(x)) 2 g(h(a)) + g'^h(a))h'(s)(x - a). . ' 

^By assumption^ f(x) = g(h(x)) so we. can rewrite (h) as 

,f,(x) « f(a).+ g»(h(a))h«(a)(x -"a) 

then subtra'qt f^a) jqnd div^^e by x - a to oJ)ta ,n 

^%^«,g'(h(a))h-(a)..,. 



Therefore/ 



f 9 ^ 

lim |:i4-Ll(ll= g.(h(a))h«(a). 



X a 



whicb establishes- the chain rule: ^ ' ?i ; 

' h f*(a) = g»(h(a))h\(a), 



I- The Leibniz notation |^ for the derivative provides a convenient mnemonic* 

^ device for the chain. rule. Suppose y = g(h(x)); that is 

y = g(u) • where u = h(x). 

can then v7rite g»(u) = |j , ^^Cx) = |^ . The chain rule can then be * 
^ expressed 

- . ' dx " du dx * 



/2 

. Example 8 -8a . Find the derivative of x -^Vx ^ 1. * 



5iit g(x) = x^ + 1 = u and h(u) = Vu so that 



. /x^ + 1 - h(g(x)). 

Recall that h*(uX = — and that g'(x) = 2x. The chain rule tells us that 
\ 2Vu * • • 



i ^ .D(/x^ + ;l) = h«(g(x))g'(x) ^ 

f 



2x 



S 



2Vx+L - " ■ . 

" ■ ' ■ _ x" '. ' ' ' . ' 

Example 8-8b , Find D(e^^''*.'') . , . * 

'Po fexpre&s x*-> e^^^ ^ ^ as a cornpQsite of functions vith known derivatives. 



put 



1 • * 
so that 



and 



J r. 

e cliain rule gives 



/ 
/ 



u = h(x) = sin X, g(u) = 

' " e^*'^ ^ =-6(h(x)) - 

I ! - 

/ ' 'u ^ 

h»(«) = cos x,l g*(u) = e^. 

sin X 



/ 

/ 




I- 



8-8 



Example B-^Sc ", For f : x ->(x + x + l) , find ^'(-l). 

We could expand and then differentiate Obviously, such a procedure would 



be quite lengthy. Instead we let h(x) = x + x +. 1 = u and g(u) 



100 



so 



that 



7* 



f(x) ='g(h(x))./ 

-We hare h*(x) = 2x + I, ^g^(u) = lOOu^^, so that (by the -chain rule), 

<f f'(x) = 100(x^ + X + 1)^9 • (2x + l)\ 

Thus f»(-l) = -100, . 

Ex3mple 8-8d, Use the cl:^in rule to show that D(log^ (cos x)T^ -tan x, 
thus verifying integr^ion fermula 12 of the Table of Integrals: 



tan X dx' = -log>'(cos x) , 



5 



f , Put h(x) = u = cos X, g(u) = log^ u, > so that ^ 

log^ (cos* x) = g(h(x)), 

and hence . . - 

^ * ^''^ * 

' " €?d(1oL (cos x)) := g.»(h(x))h»(x) 

^ V 

(-sin x) 



Example 8-8e . Find ^ if 



sin x« 

cos X ' 

-tan X. 

■ , 1 ' 

1 f sin (x^y^ 



We let'^ u = x^ and v = 1 + sijri u, whence -y 
= cos u, and' ^ •= 



dx " "^^^ 



du 



dv . 2 

V 



+■ ^in u.- 

We have ^ ^M' • ^' 



dx dv du 



fore, 



vfe obtain 
There- 
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dx 



(cos \x)(2:k) 



= (■?) 

= ( ^ p)(cos u)(2x) 



2x cos (x ) 

' (l + sin (x"))' 



Examgle-S^^. Analyze the graph of y = xe'"^ 
The product rule gi\^^/^ 



Dx 



Applying the xhain rule to e""^ , we get 



(5) . 



^6) 



; i) e"'' e"^ (-2x) = -2xT^ , 



2 2 



We note that y' will have the same sign as* 



The graph falls until it 

then falls • 



U'^ I' 



reaches ' L — , - — e'^^^] , 



I 

then rises to 



To^nalyze convexity we find the' second ^e^ivativ 
rule |to/{6) to obtain ^ 



y" = D 



(-2x1 ^ l)e"^ 



Now use (5)^ and the fact^hat /D(-2x^ + l) = -^x^ to jbtain 



. Apply the product 



D(-2x^ + 1). 
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i 



818. 



1) (-2xe-f^j 



Th^stcond derivative y" has the same sign as 
♦ • 

. - /I <■ X < 0 0?- /| 
< /I. We can shcJw that if [x 

xe"^^ ~ 0, so that the x-sxis.is an asympto\e. wTknow that jxje i^' 

apprpaches 0 if U\ is large. Then noting thar -x < -ix| if 

lx| >1/ ve have e""" ^e"'""', since x ^ e"" is an increasing function. 
Therefore, ve have 



The graph is convex for - W | <-x < 0 o?- / § < x, and concave 



/I or 



x-<-'/^ or 0 < X ^ r ^ 



is large then 



Ixe"^ 1 5 !x| e" 



0, if W\ is large. 



SeejFigure 8-8d for the graph of y = xe 



1 1 -l/2x 
— , — e ' ) 

V2 7^ 



- - 

concave' convex 










concave convex ' x 

0 .f?^ 



L 

^ -3/!l) 



] 



/-I -l/k ^ 



i / 
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Figure 8- 8a 



,y = xe 



" 2 

rX 



'%3 
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Relate 



tes 



In Section 2-8 we discussed tUe distance, velocity^ speed, and accelera- 
tion of a particle mdving in a straight line. The distance -traveled s 
depends on the time t^ .according to some lav vhich defines su.function' 



f : t s r f(t). We have thought of the velocity v 
rate of change of distance with respect to time. 



as the 



As we know from Section k-k, we ^6re not limited to particles "feoving in 
a straight line. Furthermore, w4 can consider the ir^ relative motions, as we 
did in Section k^h, vith point Q moving along the x-axis as point P ijioved 
around a circle. \ 



Example 8-8g . If a helicopter rises vertically from the surface pf the 
earth at the constant speed of 20 mi./hr., hov fast is its line-of-sight 
to the horizon increasing after 6 minutes? (Assume that^the earth is a" 
perfect sphere with ^000 • mil'e radius. ) 




Since the line-of^sight is tangent to the earth" at the horizorij^ it'^is 
perpendicular to the radius of .the earth there. At time t (in hours) the 
height of the helicopter" is 20t (miles), and so by the Pythagorean Theorem, ,.^ 



f wher^ 



/(201: + i^OOO)^ - kOOO^J . 



s represents th6 lenj'bh of the llne-of-^ght to th^ horizon. Differ- 
entiating with respect to tike, ' - ' 

^ = i[(20t + kdpof - li000^j-i^/^[2( 



?0t^+ i^000)(20)] 



After 6 mifnute s , 



10 



(hours )^ and 



ERJC 




; ' £0(2 + kooo) 



[(2 + 1+000)2 AoOO^] 

I 583 

4 , 1-84' 



; Sooiio „ 8ooi+o 
[i6oo^]V2~I5^- 



Theref.'-^e, t^' ne-of-sight is increasing at a rate of approximately 633 
mi •/hi'." 10.5 mi./min, ^ 



Light 



Example 8-8h> For thjs last 3 mimites of its flight (prior to splash- 
dovn, the moonship Columbia descended ^t an average rate of 20 mi,/hr,, ^ 
approximately. The aircraft carrier Hornet \vas steaming directly toward the 
point of splashdo\vn at the constant rate of 30 mi,/hr. If the ca5:rier vas 
9 miles from the point of splashdovn at 9:^7 a.m. PDT July 25, 1969, hov 
fast vas the distance bet^^een -the carrier and the Columbia decreasing at 
-9;^9 a.m., -1 minute before spl^hdovn? 

Let t represent the time elaps^ after the point 3 minutes prior 
to splashdovH, If t is measured in hours, the distance Columbia falls is 
20t and the di^||tance traveled by the carrier is 30t/ At t = 0 the 
Columbia is at an altKide of 1 mile (the distance it falls in 3 minutes), 
and the carrier is 9 miles a^ ay from the point of ^lashdovn, sb a,t time^ t. 



20t 



. ^ . 9 - 30t 

■\' / . - • 

Columbia is (i - 20t) miles afc^ve the point of splashdown and the carrier 
,is (9 - 30t) mile away. The distance between them ^t time t is 




Hence , 



^^=ii[(i: - 2Cfir + (9 - 



.\2 



V('l - 20t)^ + (9 - 30t)' 



30tf r^/^[2(l - 20t}(-2(^:f+ 2{9 - 30t)(-30^] 



dt 2 



-20(1 4 got) -• 30( 



[(1 r^^f +-(9 - Sotf]^/^ \ 



) - 30t) 



1" 



One minute before splasiJadown t = -57?, so 

30' 



Exeroi^, 8-8 



Find the derivatives of each of the following by making an appropriate 
substitution: 



(a) X Jl - 

2 ■ 

(b) x-^e^ . 



(g) X -.{2x2 ^ 2x^+i)-^/2 

(h) X r> l06„ ( sin x) 



(c) 



X COS (x - 3^) 



(i) X e 



2 

cos X 



( j) X 3e 



2 sin X 



1 + X 

(e), X log t/x+1 



(k) X 2 



(x^l)' 



(f) 



4 

(2 -'3x^-)^°°/ 



Find thfe derivatives of each of the following functions by making one 

i ^ 

or more substitutions. ^ 



(a) X A +- cos. 



(b) X /l - (log^ x)^ 



(c) 



2x 



1 ^.e 

■\(<J) 'X -» cos(sin'{cos x)) • 
Find the derivatives of each of the following functions by using the 
chain rule, along with the sum and product rules. 

(a) X (x^ + 1')^/^ + (x^ *,1)'^/^ ' - ' . 



(b) 



JF7 



fc) X -» x(2x^ + 2x + l), 



-1/2 



(a) x X VsirTx 

(e) X sin^Ce^)* 

/ -X X sin X* 

(f ) • X e 

'(g)' X ~>log cos,x) 
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(h) X 



log X + COS X 



1 



(i) X sin X cos X iQg 



(j) \ ^ -* cos (l-ogg sin (logg 




' k> '(a) Show that If = 1 i^(t)dt then f ' (x) = h(g(x))g* (x) 

(b) Deduce from (a) that if F(x)' = f f then F»(x) = -2x f(x^). 



' X 



(b) Verify (a) by evaluating \ sin t Strand then calculating its 
derivative. 



5. ^ f*ind the derivatives of each of the following functions 

r 2 

J -2 

n • . . " 



(a) 
■(b) 



(c) 



fe" dt 



Sin 

'e ^ dt 

0" 



6. (a) Find the derivative of f : x*-> x^,. x > O/ (Hint: Write 
X log X I 

' .) . ■ " 



X 

X = e 



(b) What is the minimum value** of f. 



(c) Find the second derivative' of— -^f^f-Sndshow that the graph of f is 
convex. ■ 

7- De' .ermine intervals of increase-decrease and conveXity-cohcavityL Then 
sk'itch a graph, i 



^ (a) 



f : X 



- 1 *■ : 



(b) f 

(c) f 



A 



X -> e 



1 + X 

.X -> log ^ -1 < X < 1 

1 - X 
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8, 



Find the equation of the tangent line to the curve at the point indicated: 



(a) y - xe"^ , x = 0 



-11x2 ■ I 

, X = 1 



(b) X- = e" 
'[ (c)" y = sin(n.- x2)3/2; x = ^ 
(d) y -'-logg (1^ X ) , X = ^ 



V 




X = e 



A 



9. If f(x") = (Ax^ B)sin x + (Cx + D)cos x, determine the value of constants 
A, Bj, Q such that^for .all x, f'(x) = x^rsin -x. 

10. If g(x? = (a/ + Bx + Osin X + ^WJ?)cob x,- determine^the value 

of constants 'a, B, C, D," E, F such'tha.t for^all x, g'(x) = x -^oS x. 



The notation 

dx 



lis sometimes. used for the valu^e of the derivative 
x=a ■ ■ _ / ' . • 



of y at X = a.,^^ This notation is li^ed in the following problem's. 

and ^ 



\ 2^1 dy 

, -11. ^ Let y = sin x and x = t + :^ . Find ^ 

12. Let y = f(x) and x = h(t) . Express ^ 



dx 



t=t 



iri* terms of t 



13 .» Let y = f(x), h(i) , . x^ ^^iMt^) - Show tha*^ 



djr 
dx 



x=x 



^0 • dt 



Ik . ^ Find the f oil ow 
' (a) D sin x 



(ng: 



^ + D sin x| /. 
x=0 |x=itA 
♦ * ' 

(b) Di/ + sin a' sin x) \^'^^^ 



568 




^ "r 
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^ (d) D(f(a)sin x + f(x)sin a + f(x)s'in x)| 

^ > l^=« * . - 

15. A spherical balloon if being filled with helium at the rate of 100 
in, /min,. How fast is the radius increasing when it has reached the 
valjae of 5 inches? 

16. A car crosses a railrqad track moving perpendicular to the track at the 
rate of kO "mi./hr; One .quarter hour later a train crosses the same 

^ intersection moving 72 ml./hr. along the track. How fa*st are the car, 
and train separajting one hour after the car passecl, the 3,n^ersection? - 

17. A email rocket is shot s/rai^t up froja a point 75 feet away from an^\ 
observer. If the rocket, travels at the constant rate of 100 ft. /sec, 
how rapidly will dt be receding from "the observer 3 seconds later? 




8-9» The General Powei^ and Reciprocal Rules 

A specifel case of the chain rule, known as the general power rule, occurs 
so frequently that it is worth discussing separately. * / 

Suppose the values of the function f can be expressed as 

f(x) (h(x))^ 

> 

where r is a fixed real number and h is a function. In other words, 

f(x) = g(h(i^)), where- h X h(x) = u and g : u -> u . 

' ' ' r 1 

If h is differentiable at* x 'and if r(h(x)) ' is defined (that is, If '8 

i¥ differentiable at u), then the chain rule gives " ^ 



f'(x) = g'(h(x))h'(x) 



r-1* 

Since g* : u -> ru - , we can write this as 



(1) 



'f'(x) = r(R(x))'''^h'(:t), 



This is the general pov!er rule . Using the D notation it can be 
expressed as 



(2) 



r*' r-l ^ 
Du = ru Du. 



For example, suppose 



f : X sin*^ x 
that is ^ ' 

f(x) = (h(x))^, where h : x -> sin x. 
The power formula (l) gives - . # , 



f'{4 = 3(h(x))^'(x) 



V 



=r 3 sin X cos x. 



4 an example of the ^case when th/ exponent ^ r is not an integer, con- 



si(3er the function' 



jlie^power forfiiula gives 



f- : X -.;#TT'=,(^^ * 1)^^^- ' 



8-9 



-1/2 



2x 



As an example af -^he case when r is a pegptive integer, -consider the 
function * • • ' « ^ . 

i 

f : X 



= (lo^''x)-2. 



The *power formula then gives 



f*(x) = D[(log^ xV^j ?'-2tlog x)'^ Ddog.oc 
^ * e j • e e 



?^-2{logg x) 



-'3 . i 




x(log x)r 



.The cas#Cwhen r =^«1 is so Important that it deserves special "^considera- 
tion. Suppose the' values of the function *f can be expresaefi as • 



fix) 



I*: ' 



Where g Hs a funbtrion. We can then write 

i » , * * 

''. \' f(x) =^g(x)r^' 

• »* t ' 

and apply the power formula to obtain 

, f'(x) = D[(g(x))'"^]^= -(g(x))-2'Drg(x)) 



l/ 



■-(g(x))"2 g.(x) 



'(x) 



^^jts will ^old/ provided g{xj ^^0 and g iT^differentiable at x.»*In; 
words^ th^ derivative pf 'the reciprocal .of. 'a fut^ction is negative of the*/ 
de/ivati've of the function times the reciprocal of tije 
Using D notai:ioa> we summarize:*-' 



fre of tlie function. 



8-9' ' . " ' ' 

' We shall ref^r to thi-s as the reciprocal rule . ' 

' * < • 

For example,^ Suppose 



: X 



2 

X + 2 



T\ie reciprocal rule gives ' . .... • 

- , - ^ ^ • > (x^ ^ 2),- 



-2x 



A ^iffer^tiation formula for the secant function 'can be fouiTd using the 
reciprocal rule, ^The, secant function is defined by ^ , 



'see: X -> • 



The expression --^ — is not "defined ,if -cos x = 0, 1>)iat ?s/*if is 
• * cos „x ^ ^ * . * • 

Qn odd multiple of ^ . Thus the secaint* function is defined only for those 
^values X which are not odd multiples of | . The reciprocal rule gives, i>i 
derivative • t ' . 



D(sec x) = T)i — ' — ] = 

^ ' ^cos x"^ 

(-sin x) 

2 

cos X 
sin X* 



D(cos' x) *' 
cos vx 



2 

cos X 



Since tan x 



sin X 
.cos X 



and sec x = 



cos X 



this- result is usually expressed as 



D(sec x) s.ec x tan x. 



A corresponding f9rmuia for the cose(j3nt function is given irLthe exercise^. 
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■ ' ' Exercises 8-9^. • 

y 1, - Us e the - power fo rmula to flnd^the dexl vatlve of >ea ch of the ^follow ing; 

^ ^ ^ '\ . ^.'^ • . 

(a) X -> /sin x . * (e) ^'x -> — ' ^ % 

(b) x^(log x)«. ' . (f)"" t 4(1 +;|)V3 . .. 



(c)* s (s + 3s) (g) V -4 COS 2v 



• (d) t -> feS-^°' . • (h) ■ X ^ ( '/t3 + 1 at)^/^ ^ 

• * « * 

• - ^ dy 

2.* Usfi;the*repiprocal rule to find ^ if , 

• * t > . « 

(a) y = -^-^ . \ (d) y = a + log^ x)'^ 



1 - X 

(b) 'y = (^^) " ' ■ ■ (e).T 

• :^ ^1 - X / 



1 ' " ' -1 

Vtc)^ ^y^= 2x t^') y*= (sin X +'cos x) ' ^ 

< ' w 1 + e 



9 



3. Find an equatioti for the tajjgent line to each of the, following curves at 
the indicated point. . . ' , • ' *• >. 

3/2 



•'(a) y = sin^/^ (2x), x = | 



(b) y'= ( e-^^ dt)^ X = p 
J 0 ^ . ■ 

.(o)^ s = ^VtTI , t = 1 . 

. 4. For each of the fell-owing . - • , 

' *(i) state where defined, 
' * ' , * • • \ 

> » (ii) find the intervals of increase-decrease, 

(iii) convexity-concavity, * ; 

(iv) asymptotes ( if any) , and ' j 

(v) sketch, 

(a)'>y= ^ • ' 



l.x2 



(b) y = /sin x 

» 
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5. Show that each of the following is 'an increasing function 
» » • * • f 

' "1 



' (a) X 



1 - e 



X. ^ / ' 



^ .Cb) X ^(x^ ^ 3x)^^, 5c > 0 



* 

6. Find expressions for the* derivati^ves if 



'(c) y = l^an X = 
{■^) y - cot X - 



"COS 








1 




sin 


X 


9 in 


X 


cos 


X 


,cos 


X 


sin 


X 



= (sin- x)(cos x) 



-1 



Use the resuUs of (a), (b),-(c) ?nd *(d) to* obtain the following: 
•.fe) D(tnn 3x) 



(f) iVtan 2x 



/(g), D(sec^'x^) 



(hiy'D(c^c 3x) 



1/6 



^ " (i) D[se«(csc x)] ^ \ ^ 
'7. 'In what iWerv^ls is the secant Unction increasing?, -ccmvex? Sketch 
* , its' graph. * * . . ^ * , ^ 

6, (a) ^Tad -'D(sec x qsc x) . . , ^ . _ ^ 

(ij in therms of ' s^c x and esc x 



(ii) in terms of; tan x ^ a nd cot x 

'^(iii)'" in terms of esc A and cot 2x 

(b) Find ' . ' • ^. 

(0 D(tan X cot.x)' 

(iti) f)(9in X csc^x) ' 

(iii')' I)(cos X sec x) 
•» 

(c) Find ' • • ^ 

' ,(i) * D(sin X cot x) 
*^ 

4^1i) D(cos X tan x> 

{ 

4 ' ' * ~ 



4 



8-9 



"9. ShiOw that 



(a) ^{^^fnr^) - 



• (b) csq^ x) = -csc^ X cot X, k ^ 0 .\ ^ 



2 2* 
, (c) D(Got x) = D(csc x) 



lo| (a) Use the product and re ciplropal- rules to show that 

(b) Find D \^—tXj\ 




■ / 

/ 



J 



» 4- . . * 
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8-10.., ' ThQ QuStient Rule . . \ , . . ^ 

By^ combining the product rule and the Veciproc^ rule we can obtain a rule 
for differentiating q\^otients of 'functions. - Suppose the values of .the function 
f • can be §x]f'fe^ed\ as ' ' . 

'where p .and q are functions (-and, of'course, ^q(x). ^ O) . -It is.the^^ 
common to' write f = ^ and call f the quotient of p and q. Sind'e^we* - 
can urxtg , • ; r 



•f(x) ^ p(x) 



the -function f is Just the product of p and the reciprocal of q. If, p 
and 5 ' are* 9liff erentiable at x an^ q(x) ^ 0,^ then the product rule gives 



I 



/.= P.(x) D(^) ^li^Dp(x). 



.The reciprocal rule gives, A 



/ 



so that 
.' lit 




r ' 



^(q(xO)' 

I 

-p(x)q'(x) + q(xh'(x^ 



/^-This \.s usually written in the ^ form ." ^ ' . 

' ) ' ' -^.^^^ : .(x)p.(x).-p(x)q'M . ^ : 

and is ref&rred to as the' quotient rule . With D' notation it can 'fee written 

, as . • . . • „ , ^ 



V. 



' (2) 



V 



'^,p(x)^ • a(x) Dptx) p(x-)' Dq(x) 
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. , ' ■ ' * • . • • - 8-10 • 

^ -Invords, the derivaiiive of a. quotient is. the denominator tim^Sothe deriva- • 
. tive 6t the ni^erfitor mijius the^ numeratcpr.^**^ imes the derivative ^ the denomiHa- • * ; 
t6r, all* over, the, square of the denominator. ^ ' * ^ ^ . . " 

' * • » Example 8*TlOa « .Use the 'quotient male io find the derivative of the^tangent 
function^ and discuss j.ts graph in the internal - <x <'5- . 

i - ' . ' ~ ♦ . 

* . * * , V ' . ^ * ^ ^ : . * ^ ^ 

^, , Thfe.tangenrt function can be expressed as^ ' * ; 

^' . ^' ' , ^ ; • -^^ ' ^ r ' . .^•'^ 

i • - > ^ , - sm X « ^ • 

. • ' • tan, : x ~* . % « 

' . . , ' cos X. .V »^ ^ 

. / ' ' • ' r ' ■ ' 

* ..This function is defined for thosje x for wl:^ich cos^x f 0; th^t ia, the 

^' * tailgent function is de^inedfonly 'when x is .not an odd multiple' of ^ . - 

'T^e^uotient rule gives ttie *deriva-feive ^ * * 

V \ • - . > " i ' ^ ' \ ' y ' ^ 

Dftan x) ^ nf ^^Q ^ ) = cos .X p(sln x) - sin x D(co9^x1 ' ^ 



COS X 



^co^x(cos x). - ( sin x) ( -sin pc} ^ 



2 



V 



CPS X * r -v-* ^ ' ' /^^ 



2 . 2 

CQS )c + Sin X 



2 . 2 . 

cos X COS X 



^ • 1 ' 

C Since sec x = this is usually expressed as 

^ . , cos X . . ' . / ^ 

(3)' ■ •■ 



D(tan x). = sec^ x. 



The function >x -> cos is not zero in the interval - ^ < x <*^» so 
^, . ' ' d d . 



"sec^ X > q if ; |'< X < I 



Therefore^ the tangent function ^s*^n i-rv^^easing function in the interval. In 
' •> . * ^ * ^ . * •* * • V * *- *' 

'•fact the tangent function is strifctly Increasing'^on this interval". 

^ ^ • ; / ' ■ ^ 

• 4 • Let us* denote the secoad -derivative of y = tan x by y"*. We have 

• • ■ e 'f<S . ' . 

' A * ' » . * . 

y" = D(setf oc) =2 sec.x D(sec x) . , * 1. 

. ^ ' ^ , = 2 s'ec X (sec x ^:tin ^) , * " " ■ ^ 

V^C^ . ; = S^^sei X rtan x^ ' . * - > . 

wher^ ye usedi t;he pb^/er rule^ai;id the fact*- (Section 6^, (k)) that 
\ ^ Dfaec x) = se6 x, t^n.x* ^ ** * * . ^ , 
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- \ ^; The "^e^cond derivative = ^ sec x tan.x vill be negative ^or " 
* - § < 0 And positive f <5^ ^ 0 < x' < | ; ' that'is/*the graph of the tangent 
' funStion'is cohcave. in the left interval and ^convex in thT^ight intervals \ 

' approaches ^ y cos x approaches zero vhile sin x approaches 

-Thus the line given ^y. . x = ~ is an asymptote and;^ y = ta^'x "bedqmes . 

large without bov^pd as - ij^ approaches from the left;. similarly*^e could ^ 
a^gue^-tiat y =''tan x grov§ large'-without- bound^through^^gative talue^ 'as - 
. X approaches- -.^ ^from the right. A graph bf'the "langent function in the 

*li|terval^ - ^-'^'X <i is. gi\;en in Figure' 8-lOa. * ' • 




'Flgtire 8-lOa 
y = tan x 
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' ' . ' ^ / ' ' 8-10 

• • Rational functions, that is, quotients oS polynomials, can \e dif fer- 
entiat^d using tM i^uotie^ft 'rule. Such a function is discus^l'^ in the follow- 
. ing, exaEapie * \ * \ * \ • ' > ' '. ^ ^ 

Ex&nple o-10b > pisuctes, the graph of the function - • 

^ \ , ' , f : X ~> ^ — . , , 

. ' y, . * . • ^' J X 1 • ^1 ♦ , 

- Aofl^is f\mc*t*ion is \iot defined vheij'" x = i 1. As x approaches +1 from 

tne*lpft the numerator- ^ppt-oaches 1, while the denominator is negative and 

near zero. Thus |*f(x)| becomes larg^e and' f(x)^ negati'V^ as x approaches' 

+1 ^rom the left; tbhat .is,'* r(x j 'grov^ large without bound through negative 

values, Simil^^argumejits' ^how. that f(x). grows larfee without bound "Wirough 

positive Values as x approaches +1 from tfte rdght. ~ ^ ♦ 

* J • t * ' ^ - ^ •« ' 

* ; 'Suppose "x. approaches -L from the left. The numerator approaches , -1, 

' while the denominator is positive and approaches 0. Thus as x approaches 

-1 from the 1-eft, f(x) gro^Rs Jferge without bound ttfroifgh negative values* , 

To discuss the behavior when |x*| isr large we ^rewrite tihe" express s ion. for " 

* '■■ far as '■ ^' /> •_•'' • . A 

X 3 
^ X 

X / ' 

# ; »■ 

*^ .If |x| is lai'^e,'the expression in the parenthesis is nearly 1. Thus f(x) 
* beliaVes like <^ for larg^ va^ues^ positive or negative. ' . . * 

f • .* / . ' W ' ' ' ' * ^ 

,Note ih^t f 'is con'tinupxiS except wTieij* x = t jL. For exampj.e, if 

a i 1 ^ thfen as 'x approaches^, a, the numerator- appr<5aches a-^'+'^a - 1.,* 

' ' \ > *' • '2 ' 

\ while*the denomiriator approaches a - 1. Thus' f(x) approaches 
' 5 = f(a).. This' is illustrative of the f6ct that a rationfiil- function 

' ' |is coptinu(5us e:^cept at the zeros of its denominator. . 

^ We, now determine the intervals of increase and decrease The quotient 
/ rule gives: " i . ' , .... 7 
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(x - 1), 



- x^,- 3x ^ , 



, The 'derivative, f*^ is a Irational function. (in-faeN^, the (iprivatiye of a ' 
f rational function is a'Siijays a ratiopal functiOH.) In factored form^ we have 



(jx -'D'CV^ 

from whi£h,we see that th^ sign of f* is d^termilied' by the sign of ^ 
(x f*^^)(x + v{3), *We ponclude' that, the gr^ph of f is -rising vhen x .< --/s 
or 'x',>'V3 .and }s f^Hing when. ^ < x < -1, -i < ;x < 0, 0< x < 1 or 
l.<x<V3.* . ' • ; ' ''^'J/ *• * 






■t-*>- 



Figure S-l'Ob 
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. ' ^ \ . • ] 8-10 / 

. * " ^ ' , * / Exerc ises 8-10. ' * ' . ^ ^' 

i; Evaluated * . ' ^ - / ^ ^ 



.(b) D (^^) . ' Ci) tH^] ^ ' 

- ^ T /X log a\ 

1 (d) D [ \ * % ] ' -■ ' (i) D(b®3xsec. x) 

)\d (— ' ^ ^\ In)- -Dfd - ^)(1 ^ log .x)l 



(f) 



/ log. XV 



/x^'V'W 



» th) ^ . ^ . ^ , 

^x^ + 1/ ' - . . , , , 

' 2.. Sh'ow that D(cot x) = -c^sc x. 

. ' ^ ^ <^ . . • ^ 

3« Dis^cuss the graphs |. of e&ch of the "following, as in Example 6-IOa, «^ 

Sketch, ' . * ♦ • ; / 



x2 -1 



*/, N X. > 1 

-2x 



(a) 1 , * sec^ X dx 
%. 0 * - 



(b) I ^ - sec X tan x dx * 



N 
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Let y = f(t)^ .w = g<t:), t = h(x), z. = ^ 



(a) -Using Leibnizian notation,, fincT^'g^ in terms 6f 

dt • 
/. • dx • , 

' . 'dz 

(b) Using (a) express . 



dy dw 
dt '^t 



, and 



dx 



in'4;erms of f\ g', and h». 



x=x^ 



r 



NT 



. f 



0 



r . 
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8-.1L, Inverse FVinctions 



Let us review pur discussions of Section ^nd 6*1 where we *def ined the . 
'square root function and found its derivative. The function^ * 



is a Vferictly j.ncreasing function and its graph meets each •horizontal ^line 

' «• * ' ' ' * ' 

gjivent by y = c, c > 0. In other words 

\ g^)<g(x2) if 0'<x^<x^ . 

and each nonnegative nOmber c is in the range of g; i/^., c = jg(d). The 
function . . 

is* defined for each nonnegative retai nuraber c. by ^ - 

f(c)^ d if §(d).= c;^ ^ ' . ' , ^ 

* * 2 ' . 
that* is is the nonnegative real number d such that ,c ='d". This de- 
fines -a ijunction f , since for each^ o >,.0 there lo a unique d > 0 ^such that 
c = d . This fo^^lows from the fact that g is strict! T^ncreasing. 

The graph of f is obtained by folding the gWiph i|^f'. g over the line 
'given" by y ="-x;' that, is . • ' . ^ 

(c/d) lies on th^- graph of f if^-and only if (d,c) 
lies on the graph of ""g. .(See Figure £-lla,) 
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The tangent to the graph of ^ "at (d,c) is givep by the equation 
^. > y ='g(d) + s'(dJ;U - d) = r + 2d(x - d). , , 



J c >0 th®n .d must als^o be pb^itive and'this line folds over Hi he line 

given by y = x into the line 'Whose equation ^s , 

' This^is-the i^angent to the graph of f at the "point ,(c;d). /Repla^cing d by 
. JB, we. see th&t the tangent to the graph of f at ^ (c,d) has the^ equation 

^ ^'/^ ,y ^ /E"^ A-i(x - c). f 

The coefficient of x is the derivative of f at>*c, so that . ' 
I (2) • ' - . f»(c) ^- — , c > 0. 

• • ^ ^ ; . ^ . • ' ^ 

feis same method vae used to de^fine 



f : X log X, X > 0 



2s 



In 



^Ln terms 'Of ♦ the function g : x ^ e^, and to obtain the derivative formula 

y 1 

this section we d^iscuss -a general form of ^the folding process'? Suppose 
""the functipn *g is defined for those numbers x in an' interval I, which may 
be tKe>entice real number line (as iA the case**g ; x ^^^^'^a ^ray (as in the 
case g : X X X > O) ^ or a line segment. Suppose f.urther ithat g is con- 
tin^^ous^at each point of ,1 'and that g is strictly increasing; that is,.^ 

(2)' Bi^i^ < ^(^2^*' ^ ^2 ^ ^"^^ ^1 ^ ^2' ' * 

If we fold the grajJh of ^g ovei^ the line given by y = x, then we obtain^-the 

graph of a function f ♦ -Xhe functipn is called the inverse of g and is^ 
defined by ! 

^ ' f(c) =>d if g(d) ='r^ . - • - . 



t>at is/ f(c) is ^defined for those numbers c'^ Ti^Tfee range of g (meaniine 
-that ^ = g(d> for''s6me d * in l) . ^This defines i function singe for a num- 
ber c in the domain of " f there is exac^y one number d in I ^sucl^hat 
&(d) = c» ' This follows from the assumption J3) th^t ^ is strictly increasing. 
!rhat the domain of' f -is an interval is a consequence of 'the assumption that 



er|c • " 



• 8-11 

. * g .is continuous. In- the- appendices, it wMI be shovn that the inverse is 

, continuous a\each pbint of 'i^ts domain. 

. '/ ♦ ' 

The gr^iphs'^of 'f -"and g are related by th^ coliditiSn ^ ^ 

^ ^ (^l^) . lies^on,the graph of f .if^and 6nly if (d,c) ^. 

lies on the gVaph of g; * ^ ^ 

that is, the gpraph of- the inverse f can be obtained by folding the graph of 
, .g. over the lin^^iv^n by y = x. * ' ' ' 

■ »* TJhe folding process used-tc flnd'the derivative of the* square <pqt func-; 

, tion also works it; the general case. Suppose f ' is the inve^rs^ 6f t(h6 con.- 
tinuous function smd that g(d) > 0. The tangent to the Vapti of g Qt 
(d;c) has 'trlre "equation - - . ^ 

y = + g/C^x - d) . , . ^ 
1 This folds ovei: tjie line given by ^ y = ic into the line whose equation is * 

\ . . . - y = ^ ^ c), */ ' 

ythe equa,tion-of the tangent line to the graph of tht in/e^e, f at the point 
, i(c,d). The value f»(c) is the coefficient of x, 

' ' ' ^ ' * 

To obtain 3 formula for f*(c) * in terms of c, we replace d by f(c), 
to ofctain the inverse function rule,: 

The geometrically 'intuitive folding process can be justified by rigorous 
arguments^ In the appendioes it is shown jbhat limit concepts give 1>he same 
results; that is, % ^ ^ / 

' h b * ^ . 

is indeed eoAial to ,/^/ v\ . - ^ * / 

g«(f(c)) t . , 

Defini'ti'ons and derivatives 'of tlie inverse circular functions can be ob- 

* ♦ 

tained using this process. ' • • " 
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The Arcsine Functl^on ^ 
. r • 

^ ' -If ve restrict the sine function to an interval in ^hich it is strictly 



inciJbs^ 'then ttie methods ve. have been using, can be ^applied to obtain an 



inverse function. It is conventional to use the interval 



5- < X < 5- 
2 - - 2 



TTje 



function g : x sin i is strictly increasing on this interval. Its inverse 
functipn\f is usually c^led the arcsine (or inverse sine) function,, and ^ 
.denSted by arcsin. ^ The rangKof g is th^ Interval -1 < x < 1 so that 



f X arcsin x 



is defined for -1 < x < 1. Its value at c, arcsin. c, is tKat real number 



^a, su<5h that 



sin d = c and - ^ 1 ^ £ § 



In other words, * ♦ ^ v 

(6) . ' \f{c) = d if and only^ if ld| <| and sin d = c. 
For example, 



in 0 - 0; sin(- - — ;,sin j = 1 



so that. 



sin 



arcsin 0 = 0; arcsin (-^— / ^ 



^ ; arcsin 1 2 



The graph of f : x arcsin x can be obtained by folding the graph of ^ 
6 •: X ">sin x. over;the line given by y = x, as shown in Figure 8-llb. 





y - sin X 



Figurje 8- lib 
606 



:07 



/ 



* . ^8-11 

Using 1;he inverse function rule (5)^ we can express the derivative of the* 
arcsine function f ""in terms of the sine function g. We have 

Iti 'this case g* ; x cos x, so that 

g*(^'(c)).= cos(arcsin e\ ' - 

and ve have . , . ^ - ^ 

. • *. • -I ' 

f<(c) = 7 — —. r , if cosfarcsin c) > 0/* 

cos(arcsin c) ' 

Referring to Figure 8- lib we see that « 



cos(arcsin 
and hence we have 
1 



f(c) = 



if lc| < 1; 



AT 




tliat is, 



^Figure S-llb 



• (7) 




Taking the Chain Rule^ into account, we write the more general result: 
- ^ D(arcsln u; = ■ , < ^ \ 




The graph ^^he arcsin function has a vertical t^ent at • x = + 1. 
Jhis seems reasonl^be* if we reca].r^l5he^ fact that the sifie function has a 
horizontal tangent at^ , x = J J * 



The integ3;|^tioni^ formula corresponding to (?) is - ~ 




^Thus for' |a| < ^ and -^bj < ^ the Fundamental Theorem gives 
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arc^n b - arcsin a = 



; dx* 



Replacing ^ by t, a by 0, .and using the ^*^ct that arcsin 0 = 0, we 
r haye 



(9) 



rV 



arcsin t = 



J 0 L~ 2 

• 'Vl - X 



dx; |t| < ^rr^i 



Tbe Arctangent Function * 
^ . The Tunction g defined by. 

g(x) = tan X, ^ < :}f < - , . 

is strictly increasing and continuous.. Flirthej'more", the range of g is the 
entire re^l line; that is, if c is any reaj. number,,, then there is a number 
'd, between - aitd |- , such that g(d) ='c. - The inverse function f, 
known as the arctangent function, is accordingly defined for all real numbers^ 
c -as follows : , ' • . * . 

(lO) ^ -a ^"^^^ " ^ctari c is the real number d between 

' - ^ and ^ ,^«uch that ^tan d = c. . ^ 



2 2 

^ Graph of y = arctan x and y''= tan x ^are sketched in Figure 8-llc. 

y 
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i I ^' arc *tan 



The inverse function formula (5)/ gives 



since D tan X = sec^ Referring' to F"^ure 8-l^d,^Ve see that . 




A7 



•2 



.and hence 



Figure 8- lid 



1 



2 2 
sec (arctan'c) = 1 + c 



.1 + c 



2 * 



^his fraction is always positive* In summary^ We have 



(11) 



D(arc1?an x) 



■ < 1 



1 + X 



2 ' 



and the correspohding integral form - ■ • ■ 



(12) 




Taking the CJhain 



Rule' into account, ve write the more general result: 



D arctan u = 



Du 
I ^u^ 



Exercises 8-11 

J)etermine the domain and range and draw the graph of the function 
(a) f : X ->arcsin (sin-x) 



(b) f X -> sin (arcsln x) ^ 

(c) "^f : X ->arcsin {cos^x)j ^ 

(d) f : -> cos (arccin* X 

(e) f*"; X ^■p> arcrtan (tan x. 



2.. Derive the formula 



D arccos x 



jr7 



Dei ive each of the follovfing formulas. 

(a) . D arccot x = - — - — p 

1 + X 

(b) Djarcsec x = 



1-^ 



(c) D arccsc x- = 



-1 



h* , Evaluate t 

(a) 'D ^arcsin x + arccos 

(b) D (x arcsin x) 
^ ' ^ 2 



a-rctan x 



(d) D (arcsin x) 

P ^ 1 . arcsin ' 
^ ' " ^1 + arctan 



(c) D 

Find lim ^^^^^^ ^ . (H^^t: What is the definition of the derivative 

h 0 • 
of f(x) = arcsj.n x^ at x W'o?) 



6. 



Find ^ if, 
dx 



(a) y = arcsin x 

(b) y - arctan (3x 



arcsin x 

e u 



(d) y = e^^ arcsin (^) 



\ 
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/ 



dx 



*7. E>/aluete 

• , . A 0 1 + 

8* Find F»<x) 'if is given by 

(a) 2_dt 
j 0 1 t ^ 

^' .(b) 1 ^ / dt 

fsin X , 
.0 1 + t 



; , ^ - 9k* What is ' lim - ^ 2 

n 00 J-0 1 + t ^ 



' 10> Show that each of the following functions g has an inverse f and ^ 
"'. find the derivative of f . , , 

(a) g : X -^YT^ \ X ?> -1^ .^^ • 

* (b)^ g : X -*x|x| sketch is ,helpful.) ' • 

11. Show that if f i^ the Inverse of'^' g' then f(g(3t)) = x for all ^ in' 

• the domain of 'g. j Assuming that f and g are diff erentiable apply the 
chain rule to obtain 'a formula for the derivative of f. Is this the same 



as the rule 



(5)? , 



12. Suppose f'^ and I f ^ are^ the respective inverses of g^ and g^* Let 
g be the functiJfi^,def i:jied by g(x) = §1(82^^^^' ^ 

' ' ' (a). Find an expression for the Inverseyof g. ' . 

I . ' ^ * ' ' 2 2 ' 

" (b) Use ^his method to find the inverse f of oc ^ (3x + 2) x > - ^ * 

* (c) Wh&t is thi derivative of the fuYiction ,f of* i5art (b)? 

, . ; : ^ . I -r 

— - ' \ 9 ^ 

A- ' 611 ■ . ; / >, , 
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^ppcf, r \ the invtrce of* g. ,Put / ~ g(x\, x = f (y/) . Show that' 



. 1/ ' 







dx 


x=f(a) 



(The symbol 



(is 
dt 



t^a- 



means the value of the derivative of ^, considered 



as a function of t ^at the point where, t = a) * This is the basis for -.the 

mnemonic ex-oression of the"- inverse rule: ^ = (~*^) ^. . 

^ ' . dy 'dx' . , ^ . • 

The notation' of Nair.fcer I3 gives s method 'for finding derivatives.- For* 

* * ' 'dx *' 

ex^ample if arcrln x, then x = ^vn-y^^^o ^ = cos y and* hence**'' 



dv 1 1 ' 

dx co^ y G0j(3rcS?n x) 



''..t' thi.. netho'd to f^nd the d^^r'ivative of 

{'^), ^, » 'irctm X " V (c) y ^ Vx 

{^f ; - 10, v: ' (d) y .•x?' 



3-12 



' 8-12» Implicitly Defined Rfnctions ' , ^ * ' \ ' / 

^ • A function which is described in tetma of .rational operations on, 'and- 
compositions -and inverses cfif, knovn functions is,daid to be defined explicitly. 

' , • / i ■ 

For example, if ^ v * . i ' ^ ' " - 



.(1) 



y = f(x) ^J^T7, /l^is, 



f is defijaed explicitly. 



.. ... . . . 

It often happens that- a function is-ifefiz^d indirectly or implicitly. 



Thils 

(2r 



2 2 
• X y^ = 25 



vith tW restrj-ction'that 'y > ' 'defines the same function\as ' 



f : x'-> /25 - 



If we adf no restriction^ the graph of 

(2) is the -circle^ with radius 5- and 

center at (o,0). Only ^h^ upper half 
t , 

* ^ of th is circl e is tfie graph or 

y ='*V25Tx . ( The lowe r half is the 
. ' graph of y = -.725 - x^). ^ 

We c^an, of courae, find ^''^x) 
from (3,). In fact, 




(3) 



ft(x) 



.2x 



. 2>45 - x^ '/25 - X 



Hcyever, we can also find the' slope of the graph fro&.([2) without solving for 
3^ First of all," Ebc = ■2x. When we come to y we note that this is 
really [f(x>] so that by the Chain Rule, its derivative. _at----x . is" 



Hence, we have 



ahdy therefore. 



„2f(x) ;f»Cx), ^ 



2x + 2f(x) f»(^) = D(25) = 0 
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Usually ve simplify the notation and vrite 

{ 

' • ^ 2yi + 2yy» = 0 

and ' # s 



(M 



y» - - I , y / 0, 



,aeaving the result in terms] of x and y. Of course^; sin,ce y = v 25 
.on the upper semicircle, (U) i§-equivaleht to (3); Often, hovever, we leave^ 
the answer ^in the- form (3). If • v^e xish the slope at (3;^; say, (a point 
■which is surel/.on the upper semi^llrcle ), ve obtain , ^ 



* « 

' Note thal^ the tafigent is perpendicular to the radius -whose sl6pe is ^ , 

' 'which agrees vith our geometrical knowledge. ^ , 

* - ^ There are many cases': in vhich it wquK be difficult 'if. not impossible to 
' ^ solve explicitly*^ for *y in therms of x. * ' ... 

"^Exampl^^ 8-\2a. Given " . ' . i 

- — ^ , - 

3 * 3^ - . ' ^ 

with 'the point A,l) on'its grapfi. We -can find tjie ^ope y» there with- 
, out difficuUy ^ut would find it very hard io^^^o explicitly. We have^^ 

' ' 3x^ '^^3y y* = xy» + y. • 



■1- 



Hence , 



and 



sc/long as 
At (1,1), 



"2 2- 
(3y - x)y' = y - 3x ■ 

y' = —2 ' 

• 3y - X 

3y^ - X. / 0; 
... 1-3" 



3 - 1 



-1. 
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Exgunple 
\We find , 



to find at the'point (1,2). 



•Thjsn 



3 2 2 ^ 

y^'+ 3x y + X 2yy« + y = 



7 



:x + 2xy 



At (1,2), 



-10 



-2.* 



tp Is possible to' solve Xor y "by 'the quadratic formula. Thus 

. - e • ^ " 2X 



1 



Which sign Hiust we choosy so that y = 2 when x = 1? We forbear t^)^nd • 
' yS ^si-nce from Uere on /the direct method become^ too painful. . . ^ 

Impii^^ differentiation. often simplies the calculations irvA^lved in 
^ probl^s about related rates (^ctioit 8-8), 

f Example 8-12c . Recall Example 8-8a. Let s \e the length of the line- 
of-sight/ to the horizon^ .and h the height 'of the helicopter. Then 

*; f . ^S^ + 1+000^ t= +^^000)^. ' { 

. Ijifferentiating implicitly^'vith respect to t, wet obtain 



(1) 



2s ^ = 2(h . 1.000)g 



When = ^ ^ h = 2, anqL 



1 



= 1+002^ r UOOO^ = 16002 



s = TiSoo^^ 126.5. 



^ = 20^ the upward ratq of the helicopter. Substituting in (l), we obtain 



2(126.5) 



dt 



10 



2(1+002.) • 20, 
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and 



ds 
dt 



1+002 • 20', 



633. . 



' J 



Example 8^12d , Recall Example 8-'8h. nCet h represent the distance 
the Col"umbia falls in t hours, and let x represent the" distance traveled 
by the xjarrier in the s^e amount of time* Then 

' . • ; - ' 

s ~ h +.X • 



'Differentiating implicitly" with respect' to t, \^e have 



or 





da 
dt 


f 








ds ^-c dh* 








•dt-^-dt"'^ 


dt • 




e 



0 and 



dx 
dt 



-3.0, the velociti^es* of Coliimbia and the carrier, res- 
pectively. Negative signs are included to indicatJe that h and x . are 

* * ' 1 * * 

decreasing as. t , increases. One njinute before splashdbwn, t = ^^and 



= (the distance the Columbia falls in 
minute ) > 



one 



and 



ds 

dt 



x = 9-30-^,^ = 8 



t= 



30" 



-30. 8, 



Hence, the distance betveen the Columbia and the carrier vas decreasing at 
the rate of 30.8 rai./hr. at 9:^9'a\D[t, 



FRir 



61^ . 
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Exercises 8-12 

\ ' . ' / 

For positive x, if y = x , where r is a rationel number, say" 
^ = q (P^ q integers) Tthet) y^ = x^. Assuming the existence of the - 

derivative Dy*, derive the formula ( Dy =*rx''*'^ using implicit differ-'* 
^ entiation ^nd the differentiation formula Dx" =v nx""*^, for integral n. 

For each of the following, find, y' without Solving for y as' a func- 
tion of " X . ^ * 

^ # • 

(a) 5x^ + y^ = .12 ^ 

^(b) *2x^ -V^ i X.. 0 ^ 
c(c) y^ - Sx^"^ ^ 6y = 12 * ' ' * 



(d) ^3 ^ y3 



■2xy = 0 



For ^ch of the fqlloving^use implicit di^'^f er'entistion to i;.ind Dy. 

(a) x2=y-^ 

(b) X y + xy" T x-^ 

(c) X y = 10 (m, Uf integers) o 

(d) /xy + X =: y ^ , m . . . 

For each equation, find the -slope the-^urv^ -represented, at the stated 
point. ' * * , * 

(a) 2xr^ + 3xy + y^»^ X - 2y + 1 ^ 0 at the point 

(b) , x^ + y^x^ •+ y^ 1 = 0> at the point '(l^,^l^ 

(c) x - x^xy - 6y = ? at. the point . 

2 ' 

(d) X cos y = 3x - 5 at the point^( v5 , |) " >p * ^ 
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*5« For each equation, find the slope ol^'^t^T'^t^^ve represented at the point 

or points j^here x Give'a geometric e5iypl^nation for these results. * 

(a) x-^ - 3axy + = 0 , ' . V . , 

/^\ m , tn • r> ' ' ^ 

(1)) X + y = 2 

' (c) = 2axy • • , ; • 

■ 6, 'Find ' y by implicit diff erentiati-on. , . a , 

' ' >^ ■ ■ . = '• • - 

(a) a &in y^+ b co$ x,,= 0 ^ 

(b) ' X. cos y +.y sin X = 0 ; ^ % • 

, (^) ' iihi xy = sin x + sin y * , , ^ . - 

^ * -?\ . * * 

(h) csc(x + y) ^ y . ' * ^ 

(e) X tan y - y tan x = 1 ' , , ^ ^ 

(f) y sin 3c = X .tan y ^ ^ 

(g) xy + sin y = 5 • ' • * ^ . ^ 

1/2 1/2 1/2 

7. If 0 < X < a, then the ^equation x ^ + y ^ = a ' defines y as a 
function, of x. Assuming the exis"i^nce of-^the derivative, shov without 
soivi'ng^ for y that f is alvays negative. 

" 8, A ^ph^rioal balloon is being f llledjiiitb helium at the rate of 100 ^ 

cubic Inches/min. Hov fast is' the radius increasing vhen it has reached 
the value of ,5 inches? [UseVlmpllclt differentiation.] * 

9. WaWr is leaking out of a conical^ t^nk at the* rate of 3 ft. /rain. 
The tank is 30 ft. across at the, fop and ^ 10 fU deep. Hov fast is 
'the water level dropping when the depth reaches^ k feet? ' 
[The volume of a cone is i( altitude) • (ar^a of base).] ' 

10. A trough 10 feet long has a cross section the same shape as an 
^^^i^sceles trapezoid with altitude* 2 ft., upper base 3 ft. and lower 

base 1 ft. If water ,is '"poured in at the rate of 5 ft.-^/min^, how 
fast is the water level rising when the water is 1 ft. deep? * • * 

11. (a) Find ^ if x^ + y^ = 2xy + 1. 

* 2 2 • ' 

(b) Sketch the graph of ^ + y = 2xy + 1. 

(c) Sketch the graph of |x,- y| = 1. % 
12*- Work Exercises 8-8, Number 1? using implicit differentiation. 
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Chapter 9 
INTEGRATION THEORY AND TECHfUQUE 



We nov- return to our study of Integration, begun in Chapter 7. We sav 
that the area bounded b^. the graph of a function f, the x-axis and vertical 
^lines at;-^^ and h, was 'given by. F(b) - F(a), wh^re F , is an antideriva- 
tive" of f (the Fui;ida,raental Theorem of Calculus, Section 7-3). Various ele- 
mentary, antidifferentiation formulas and the use of tables vere dj.scussed in 
, the final- section of Chapter 7. In ^ the first section of t^is chapter ve" pre- 
sent a method for extending' the scoi^e of these formulas and tables,. This(^ 
method is knovn as the method of substitution* and'is, in fact, the ;^ntiS'i+'^ - - - 
entiation form" of the chain rule. ' By appropriate substitution many unfamiliar 
integrals can.be converted into forms previously encountered or listed in the 
tables. More a^out the*method of substitution and ot hpt- rp et.hnds of integra- 
tion is contained in Appehclt^ ^. / ' ' i# - • 

• _ The Fund^ental Theorem enables *us to calculate areas (vhen antideriva- 
tiVes^can be. found). There are other interpretations of the difference 
F(b) - F(a) vhere ^ P"* = f . ^One of these interpretations is discussed in 
this chapter. We shov the concept of average ^falue.pf a fvmctibn is 
related to integration (Se^on 9-2). Then shov hov the average value* 
'^^interpretation can be used to calculate vplumes of' solids of revolution ' ^ 
' (Section 9-3)/ ' . " * ' 

<r - ' 

Numerical methods for approximating integrals are discussed in Section ' 
Th^se^me.thods are useful/ particularly in conjunction vith' high speed 
co4>uteri, in.:est^raatingUntegrals vhen antiderivatives cannot be found. The 
final section of this chapte^r shows how ve» can -|)btain ^Tayl op- approximations 
with error estitnates by integrating ineqxMities. ' r * 

4 

9-1. The Method (yf Substitution .- \ 

The scope of our integration tables can be greatly extended by using the 
g^e^hod of substitution . This method often enables us to transform unfamiliar 
. integrals into familiar- ones. It is bailed upon Gfi integral form of^ the chain 
rule . . , , ^ 

' ' 

In^terms of antiderivatives, we have -learned jbo symbolize the der;Lvative 
statement- - 

■■- ' i^-H^) ^ , ■ ■ ■ 
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j» by writing 

(1) 



'F(u) = 'f(u)du. 



If u is a function of x, the chain rule sho^is^ that 

d F(u) _ d F(u) du ^ N , du 
^ - ^ ~SSi du * dx , ^ J ' . 



vhich similarly' justifies the stTa'tement that 



du. 



(3) • ' F(u),; jf(u)^-d.. 

Together, (2) ^nd (3) shov that 



\ V 



f(u)du =\ 



if u is a. function of x. » 

* This equality {k) vastly increases the number of antidexivativ^^^e may 
determine. It often happens that ve are ^confronted "by a rather complicated ' 
integral, in terms of x, say/ vhich becomes substahtially simplified and 
familiar if ve can express it in tferras of a suitable variable u vhich is^a 
i*Tinction of x. ^ 

For example, suppose ye se'ek .to' determine the antiderivative 

To ■ 2, 
2x cos X dx. . ' , t 



If we let 

9 

and 
then 



u = X 

'du 
d:x 



= 2x, 



2x cos X Ux 



cos u ^ ox. 

dx 



Recording to\^), vith f(u) = co& u,*^ we may conclude that 

cos u du, 



cos u — dx = 
dx 
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and ve should recognize this antiderivatiye as sin vr. Hence, 



'I" 



2x cos X dx 



cos u du = sin u 



and upon substituting back u = x , ve find 

2 2 
2x cos X dx = sin x , 



as desired. " *" 

^ The^T-eibniz notation, ^ ^ ^^^^ ^ convenient device for 

rememberirfg the chain rule and the substitution rule (U). It prompts tnathe- 
maticians in practice to deal vith the "numeratorf^' dy, **and the, "denomi- 
nator/' dx, as if ^ were a common fraction. For example, equation (U) 
suggests that operationally the symbol 



du^ 



dx „ 



Ox 



may be 'replaced by the symbol 



du 



when Wjs perform siibs^titutions to integrate a function t. 'The symbols "dx, 



the 



"du," "dy," etc.^ are called differentials . In practice they short cut 
thinking required to evaluate, integrals by the method of .substitution, as 
the examples below indicate. 

' To find suitable substitutions to reduce an integral to a known form is 
no easy task and, in fact, may not be possible (see Example 9-la,' below ) . 
Practice is required to obtain, skill. at making appropriate substitutions. 



Example 9-la. Find 



2 

xe dx. 



Put u = x^^ so that = 2x and hence. 



Upon writing' 



J du = X dx. 



,2 

xe dx 



(x dx.) 



we can 'make the replacements . 
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to dbtair^ 



2 1 
u = X knd TT du = X dx 



X e dx 



e (x dx) = 



e du 



e^Ci du) 



1 u 

2 ^ • 



Nov replace u by x to obtain 



2 T 2 

X , 1 X 
xe dx = ^ e . 



The formal substitutions (5) and the equation 



X e .dx = ^ 
4 ^ ^, 



e du 



are 'a shorthaad; f of ^^the statements 



X ^ , 1 
e.^ 2x dx = 



u-du , 

e X- ^ 
dx 



where u = x 



Example 9-lb. ^ Fi'n^ 



sin (;2x + Z)^* 



Put 



Make the substitutions 



■A 



to obtain 



u = 2x^+ 3, 33^= 2. 



u = 2x + 3, ^ du = dx 
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Bin(2x + 3)(ijc 



^ 1 



(sin u)^ du 



sin u du 



i cos u 



= cos(2x + 3). 



^ In general, ve have sefen that replacing < x by ax + t? , multiplies the 

derivative "by a; :33ius. replacement of x by ^ax + b multiplies the anti- 

1 ^ 
derivative by that is * • ' 

a ' ^ • 



(6) 



If F(x) 9 ^(3c)dx, then i F(ax + b) = |f(ax + b 



)dx 



Example 9-\c , Find 
Since 



tan X dx. 



sin X 

♦ tan X = D cos x = -sin x 



cos X 



it seems appropriate to try the substitution 
\ 

u = cos X, 



-du 
dx 



tan X dx 



cos X 



i(-du) 
u^ / 



u 



(sin X dx) 



The result 



-log u, if « u > 0 , ' 
-log^(cos x), if cos X >jiO. 



tan X dx = -log^(cos x) 

is formula 12 In thfe Table of Integrals. (See Exercises 9-1, No. 9, for a 
justification of the absolute value^ sign. ) * 

^ . , 224 ^ • 
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\\ 



Example 9-l^* Fi^^^ 



Put u - logg X,.- s6 that 

du 1 
6x ^ X ' 



Thus 



X log^.x 



(be 



that i$: du = - dx, 

^ X ' 



log^, x^x 



u 



log^ u, u > 0 ' 

log^(log^ x),/.ir log^ X > 0. 



V 



Example ^-le > Find 
;^ We try 



sin X cos X dx. 



du 



u - sin X, so that = cos x. 

Ma^i»g the\sul)s€itutions ^ > 

^u ='sin X, du = cos x dx 
thus gives - ' , . , 



'2 ' - 
• sin X cos x- dx 



2 - 
u du 



u3 
T 



sm X 



Example 9-l£' 



^\l - x^)5 X 
0 



One \^ay t.o do this is to carry out the indicated Multiplications and 



"balculate 
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Let usy instead^ try the substi-J^ution 

u = 1 - x^; ^ = -2x, so that x dx = - i dy 



11, 



and ve have 



(r- x^)5 X cbc 



u5(. |du)_^, - I 



du 



6 

-u 

IT 



— § 6 - 
(1 - :g ) . 
1§ 



Hence , 



(l - X )x cLx 



0 



(1 - X ) 
15 



Note that replacing x by 0 and 1 in the expression 

u = 1 - x^ 

gives the respective values 1 and 0 for and that 

0 



0 6 



-0^1 1 



V- In other words, we can express the limits of integration tas^erms of u and 
• complete our calculation in terms of u. The next example al\o illustrates 
this fact. ■ 

iBxample 9-lg. "Find the area bounded by 



' • X = 0, X = 1, .y = 0 ' and y = x 
In integral notation our problem is to find 

r i 



80 that , 
( 



1 cbc. 



0 



u = x^ '+ 1, ^ = 2x, I du = X cbc 
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' ' u s 1 when, x = 0 and u = 2 when x = 1. 
Substitution oi theke gives 



/ 




du 



2^3 



= 1 u3/2 
3 



r 



^[a^/f . = i(2^ - 1) 



. r 1 3 .^2 

Exaniple 9-lh- . Find 1 . .t e" dt. 
• 1 10 



Let 



u = -t^, g = -2t, I du = t dt 



fio 



that u •= -1 when t = 1 and u = -100 vheff t\=. 10 




-100 



(-u)e"(-- i du) 



The Tables give 



ue du = ue - ^e 



so that 




1 

10 



.2. 



-100 



|[(-l)e-^ - e-^) - ((-100)e-^°° - 3"'°°)] ' 



-101-. -100 ^1 
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Example 9-lij Tind 1 dx. 



If ve put 



V. 



u = X + x^, then ^ 1 + 



9-1 



80 that 



J ^ + 



dx = 



X + x" 



U 



= log u, . if u > 0/ 



log^(x 



^' ' • Example 9-lj. Find 



a 2 

X 



, |a|'< 1 

yl - X 



Let ^l6 try the substitution 



> 



We can then vrite 



„ 1 6 du ^5 

U = 1 - X , — = tOX^, 



X = (1 - yxf-/^; so that = (1 -'u)^/^ • 
, x^ = (1 - u)'^/3, and - ^1 - u)-^/^ du = dx. 



Hence 



2 

X ' 



dx 4 



T72 — 5' 



(- id - u)-5/6)du. 



This lattl^r integral appears to be quite complicated, so. let us try another 
substJLttition, , ' ' ' . 



Put, 



Oiiis gives. 



3du^2, 1, 2^ 
u = X , = 3x dx, J du = X. dx. 
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" ' 9-1 



dx = I . — (i du) 



7 J ° /T? 



J arc sin u 



i arc sin* a? 



Example 9 -Ik * Find 1 dx> 

^ ^ J 0 vT + lF * V 

' , Try the ,stJ^stitution /- 

' u 1 + X, du = dbc 

to obtain . 



J 0 ^/m^ 



dx 



(u 



du 



} 1 _v/jr • J 1 



15 15 • 

Other substitutions -are also useful. For example, put 



du 



U = V'l + X, ;r- = 



• p 2 2 • 
60 that 2udu = dx, x^^i-a - l) and 



1 2 

X 



J 0 VI -+ X, 



dx = 



(ui-ir 



(2u du) ' 



1 



2j ^ (u^ - 1)^ du = 2 



(u - 2u + l)du 



. 1 



2(1. u5 -lu^+u) 



15 15 
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9-1 . 


^Exaraple 9-l/, • Find 


e 


2 • 
dx. 


* • 

t 


. We first try 






\ J. * 






2 ^ 
u = X , du 


= 2x'dx 


obtaining 












r 2 ^ " 

e dx = 


du,- 

2Vu 


. The latter seems to be jnore 


complicated. 


Searching tables of int^rals .leads 


us nowhere for ve find neither expression in our tables. We could tr/^ other 


substitutions, such as u = 


or even 


make wilder/i stabs,, such as u = sin x^ 


* • 

In fact, no matter vhat substitution ve trv ve shall get nowhere, for it 
was shown by Liouville in 1835 that the integral of. e" cannot be expressed 


as a finite combination or 


composition Of polynomials, cir?:ular. functions, 


exponential functions, oj ^logarithms, 

9 




^ t 




1 


> 


' ft 






0 . * 






c 




• 

f 








■4 ^ 

P 






* ♦ * 


0 




4f ■ 


• 
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Exercises 9-1 
'<e 



!• Use ^ the indicated substitution to find each of the following : (Wherever 
they appear, a, b, and c represent non-zero constants.) , 



(a) 
(^) 
(c) 
(d) 



0 0 

^ dx; u = + a^ 



.3. a? 



r (a + b 

J 



X - 1 



X dx; u .= 1 - X 

Ax, h f 0; a = a + bi/x 



>^)^3 



dx; u = X - 1 



(e) -^^dx; u = 
J X + a 



2 2 
X + a 



-Tj-JL_ dx, a 0; u = ^ 
X + a_ 

(cos x)e®^" ^ dxj, u = sin X 



(i) 



ae . 



dx, c 0; u = b + ce^ 



b + ce 

sec X dx; u =sec x + tan x 



2. Find each of the following integrals by making an app^priate linear ^ 
' substitution, ^ ^ * 



(a) 
(c) 



(d) 



2x , 
e dx 



sin ax dx ' 



/3x + 1 dx 



(e) 
(f) 

(b) 

(h) 



2 - 3x 

V 
1 



dx 



dx 



-2 ? 

a ,+ X 



dx 



tanC^ X - 3W 
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3, Find eacb of the following integrals by making an appropriate substitution. 



(a) 1 {\ -'3x2)^x dx 



f 

'•' f 



(b)^ cos X sin x\cLx 



(e) 



^in 2x cos 2x dx 

r 



(log^ x) 



4x dx 
2 



dx 



/ » 



/'L cos vSj„ 



{ \. Evaluate each of . the following 
3 ' , 



(a) 



dx 



, 2 ^2x + 1)' 





cos X sin . 

0 




- V3 , 

COB ^X' dx 




0 




r ° 


'(d) 


(2X +yl) 




r 0 f- 


(e) 

< 


A + 3^ dx 

1 


* (f) 


, • X y 1 X 



17 



dx 



(i) 
(jy 

(^) 

(ni) 
(n) 



sin X 



' (a + b cos x)*^ 



dx 



dx 



1 + X 
X 

777 

X 



dx 



dx 



dx 



9x 



sin^ X cos^ X dx [Hint: Write 
3 2 

cos X = COS X'COS X 

= (1 - sin x)cos X.] ' 

sin"^ 4x cos ^x dx [Hint: : Re-' 
vrite sin-^ 4x,] 



(g) 



1/2 ^ , 



7^ 



dx 



'■0 ' 1 + 'l+x' 
.1/2 -1 



(h)„ ,. ^ ^ 



dx 



(i) 
(J) 
(k) 



2 log- X 
e 



dx 



1 

^ 1 



x*^ vl - X dx 



' 2 x3^ 
X e dx 

'-1 

5 2 
X sin )dx 

. 0 
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5# Sometitnes it is useful to.xeduce ;an integral to a kncwn integral by 
mdking tvo or more separate aubgtitut^ons. For. example to f ind ^ 



2e' 



+ e 



2x 



X ' X 

we might put yi = e , du = e djc to obtain 



2e' 



k + 



2x 



dx = 



du 



and then put v = ^ , 2dv = du to obtain 



1^ + u"^ 



du = 



dv 



1 + V 



dv 



rgtan f = arctan ^ 



arctan (-g-). 



Find: 

(a) 
• « 

(c) 



COS* X 



dx 



/9 - sin^ :x 
' 2 



2 + X 

r 



dx 



+ X 



6, Find each of the follo^^iQg by making appropriate substitutions and then 
using dT table of integrals. 



(a) I X sin (x - l)dx 
2 



(b) 



2x , 
X e dx 



0 



J(,c) \ X 'Sin i$x dx * 
0 



.\ (d) 



3 2 
X* cos (x'.)dx 



(e) 
if) 
(g) 
(h) 



ic*^ e 6x 



X ^ ^2 
X e sin 2x dx 



log (x, + l)cbc 



(sin x) log ^cos x)dx ' 



(1)' |aln(x 

(J) r ^ 

J 2 CCfB X + 



+ I)co8(2x + 2)dbc. (k) 



, 2x r~x~~~7 

4e -26 + 1 



dx 



dbc (i) 



7, Even though 



cos X - 3 

2 



x/(log 5c)^ + 1 



-,dx 



e . dx cannot be expressed in terms of elementary func- 

'2 ^ 



t*ions, approximate valueil of the definite integral 



dx can be 



found (using,, for example, the methods^of Sectioii 9-^). Related integrals 
can then be^ evaluated by appropriate substitutions. Suppose 

• . ' 

. ^ e dx = a, 

J 0 



Show theut 
(a) 



(b) 



-0 2 

e dx = a 
-1 

^ -x^ 

e dx = 2a 



(a) Use the substitution 
X = sin u to find 
r I- 



1 - X dx. 




^ , (bV^^ Find 



dx. 



Let X = €an u. 




jS*"conrplete discussion of this,.method of substitution is given in Appendix 



3:^ 'Z— 
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••^9-1 



• \ 9« -(a) From Ch^ipter 7 ve kdoQ that if x' > 0, 



Show that if x < 0, then 



- dx = log^ [x| 



by substituting t = -x in place of 



J. ■ 



(b) In the Tal53ffe of Integrals the resuli^ of part (a) is given as formula 



X ^ = Xog^ |xl 



This formula can be meaningfully applied to calculate 



J /a 



only if ^ a and t have the same sign. Why? (See Exercises 7-6, 
No. 37.) ' • . ' 



/ 
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9*2. 2ie_ Average Ordinate ^ or Mean Value, of a Function 

As^e have seen, one possible interpretation of 
area A ,shown in Fig^re 9-2a. 



f is the (signed) 




Figure 9.2af 



The average value of f(x) on the interval [a,b] is thought of as the 

b 

^height of the rectangle with base (b - a) whose area equals - f. In 



Figure 9-2b, it is denoted f(x) 



av. 



f(x) 



av. 



Figure 9-2b 



Thus, ve define* ^(x)^^ by 



(b - a): f(oc) 



av. 
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If F' « f , then ^ 

' C b 



\ 

and equation (l) ^ecoraes ' 



f =.F(b) . F(a.), 
a 



1) bec( 

^ 'ar. b - a 



The ratio ^(^j " ^^^^ has been ei^jjountered previously as the ^rage rate . 

b - a -^^^ 



of change of the function F on ^^^ylterval , a < x < b. 

For Example, if s = F(t) re^reseni^^, the distance of a boc3y frorn^a 
fixed point at time t, then ^ 



.b - a - 



^is the average velocity in the time ^nt^erara^iy^ £ ^ £ ^" "<|^^ative 
F' = f can then be interpreted as'^the ^^^^-ty function of the motion; that 
is, F'(t) = f(t) is the velocity.^? ''^hV'l^y at time t. Thus the integral 



b - a 



, b - a 



is the average velocity of the .ni9t|^'lij. the time inten/al a < t < b. 

In getfieral, no matter vhat, "the . interptelJation for a particular function' 
f, the number . T ^ I i'^ 




f 

a 



is called the average value of f at^ the interval. This interpretation of 
.(2)^ is Very useful. In the next section ^e vill see how the concept 6^ average 
. value is related to vpluraes of solids of revolution. Averagihg ideas also lead 
us to useful methods for approximating integrals (see Section 9-^). 

Example 9-2a# SujJ^osa an automobile travels between two pointer 100 
^ , - miles apart, traveling at an average speed of "30 miles per hour for the 

firsts half hour, then at an* average of C miles per hoyxt for the remainder 
of ^e trip.. What must C ^e in order that the trip shall take t<w<^ hours? 

Let f(t) denote thd -velocity of the automobile at time t# While. we 
* do not know f explicitly we do know its average value on the interval 
" *^ ^ and on each of the subintervals 0 < t,< i V ar^d ^ < t < 2, 

'These are respectively: » ^ . * 

^ • . " 636 . X 
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\ 



end 



5. 



Since 



Jo 

f = 30- 



2 - °J ° 



1/2 

i: 



100 and' 





"2 








f - 


f 






0 


0 ^ 





c = ^(100 - 15) - -3 



•1/2 
0 

17b 



f = 15, 



56.67 



Hence ^/ the speed we must Average in the lafet 1^ h^ou^*s in 'order to average 
50 nii,/hr,»for the trip is approximately 56.67 mi./hr. 

Example 9-2^, Suppose f : 0£ ^ sift x and that g is the Constant 

— ; «5 

function g : x c. What must c be^ in order that the area bgunded by the.^ 
graph of f, X = 0, x = jt an^ y = 0 is the same as the area bounded by 
g,, X = 0, X = JT and y = 0? 

/ . ' • '0 ' ♦ 

The situation is illustrated in Figure 9-2c. Our problenj is to determine, 

the heigjit c <^ the shaded rectangle OABC so that its area is the same as 

the shatifed aa^a under the curve y = sin x. 




9-2 



The area of the shaded region under the curve y = sin x is 



i: 



sin X dx = -cos x 



-cog n + cos 0=2 



-while the area of^ the rectangle is 



g = c dx = c{n O) = nc, 
0 0 



and* therefore, ,jtc ^2, that is 



2 



The' number ^ is just* the averagey^alue of' f : 



1 



•f . 



( 



' • ^ ' 638 o ^.iO 

^ . , ^« O c/ 
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' Exercises-9"2 

Fo^ each of the following sketch the graph of f * and find its 'average 
value 6n the indicated interval. ^ - ^ 

(a) f : X ->3/ + W^- 7, t^l'lj^.lO 

(b) fix ^ — , 0 < X < 1 , 

, U + ^ 

s^ . 

(c) f : s ^ se- ^ -1 < s < 1 

(d) f : t ^ /2t + 1, - i < t < U 

(e) f\: X -> 37Vt . 1 < ^ < 0 / 



Find the average D^^lue of^ the sine^ funcrtion on each of, the following 
intervals. ' . 

(a) 0 < X < jt . (c) < X < n 

(b) , 1 + 7;r < X < 1 + 9^ (d.) c < x < c + where c is any 

' i " number. 

Show that if f is periodic and integrable with period' a, then the 
average v61ue of f on an^ interval of length a is a constant, inde- 
pendent of the location of the interval, (See Exercise 2,) 

J 

Find the average value of the slope of the tangent to the graph of 
X ^x +1 in the interval -1 < x < 3» , " 



• Let f^y represent the averagd value of a function f on the interval 
[0,1]. For f : x'^x^, show that . • 

av ' , av ^ 

Supp6se a particle moves so that its acceleration- at time t i^ - 
a(t) = t +^ . What is its average acceleration. in the time ihterval 

1^< t < il? -.J y . ^ ' 

Shlb^hat if f is linear then 

[average value^ of f on p<x<q]' = ^(p) ^ , 
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9-3* Volumes of Solids of Revolution, 

^ , The Fundamental Theorem of Calculus enables one to calculate areas by 
finding antiderivativ^a. Such techniques can be extended to enable calpula- 
tion of arc length of curves and^ voiumeis and surface areas of solid figures 
to be made. A full^rtreatment of 'these topics vill be left to subsequent 

^courses. In order 'iio give you an indication of the ^vide uae of ^ntidifferen- 
tiation techniques ye shall discuss in this section the problem of finding 
volumes of solids of revolution. 



- ^appose the region tounded by y = f(x), x = a, x = b and y = 0 is 
revolved about the x-axis, as shovn in Figure 9-3a and h, obtaining a ^olid of 
revolution, as shovn in Figure 9-3c. 




y = -f(x) 



y= 0 



Figure 9-3a 




y = f(x) 



y = 0 



J 



\ 



y = fU) 



Figure 9-3^ 
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, . Figure 9-5c^ v ' U , ^ 

The volume of ' this solid^can be determined by k procedure similar to the 
one used to est^!>lish tfie Area Theorem. Let V(*t') be the ^olurae of the solid 
obtained by revolving the region boupded.by . 

y = f(x), X = a,' X = t^ ahd y 0 
about the x-axis. (V(t) is th|^voiume of the, shaded pbriion o"f Fl^re 9-5d.) 




X " " 

T\c^Q defines the vo34ime functioiv 

*^ ' V : t V(t), aV t < l>. • * 

Let us also assume that f is increasing on the interval a < x < "b and 
that f is continuous ;and-nonnegative at each point of ^this interval. By 
using elementary properties of volume ye shall Bhofw that the derivative V 
of V is given- "by ' 'j 

(1) , V(t) =n(f(t).)^ a </<-b. 

The Fundamental Theorem of Calculus vill th^n give us 



n\>) - V(a) = 



it{f(t)f dt. 



» for* V is a function vhose derivative is t -♦nCfCt))^ 
obtain from this the desired volume formula: 



Since V(a) = 0, ve 



(2) 







V(b') = 


n(f(t)) dt 




a 



Let us now prove (l). Suppose t is fixed and that h > 0. The "quantity* 
(3) " - V(t + h) - V(t) 

,i6 the volume of the shaded region shown^in Figure 9-3e. , ' 
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Figure 9-3e 
V(t + h) - V(t) = volum^j^f shaded region 
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y = 0 



9-5 



^The function f -is assumed to be increasing so that 

f(t) < f(x) < f(t + h) for t, <x<ft*+h. 

Hence,^ the shaded solid in Figure 9-3e is included in the cylinder 
, centered on the ^-axis vith radius f(t + h^ and length' h. (See Figure 
9-3f.)* Furthermore, the shaded solid'of 






. Figure 9-3f 
Exterior Cylinder 



Figur-e 9:i3g 
Interior cylinder 



Figure 9-3e includes the cylinder centered on the x-axis vith radius 

^ f(t) and length h. (See Figure 9;3g.) Recalling th»:f the volume of ' a 
cylinder is ' / 

P .^-^ 4^ * 
• jT X (radius V-^-x lengtli 



we have 



and 



volume = jr(f(t + h)) h 



volume = jr(f(t)) h. 



Since the shaded region of ngure 9-3e has volume V(t + h) - V(t), includes 
Cg and is inclGded ,in C^, we have 

volume C^< V(t + h) - V(t) < volume Cg 
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9-5 

that .is 



j^(f(t))^h < V(t + h) ...V(t) < jT(f(t + h))^. 



As h vai^ assumed, to be positive we pan divide through by h to obtain 

As' h approaches- 0, f(t + h) approaches tit) so that 

(5) y(t " ^^^) approaches ;r(f(t))^, as h approaches 0. 

If h is taken tct be negative, the inequality (U) will be Reversed but the 
conclusion (5) remains the same. This establishes that, indeed, 

- ■ ■ V'(t) = «(f(t))2 - 

and completes the proof of (1), ' 

Remark: The^ same result (2) will hold if f is assumed to be decreasing 
or if it is assumed fhat the interval can be subdivided into subinte^vals so 
•* that on each subinterval f is always increasing or always decreasing (see " 
the Remark in' Section 7-3 aJCter the proof of the Fundamental Theoremyr'-^* The 
resuft can also be ^tablished using only the assumption that f is continuous. 

Before exan^ning some examples, let us int^ret.the formula (2) in terms 
of the concept ot average value. Consider a cross-section of the solid of 
Figure 9-3d, perpendicular to the x-axis, cutting the x-axis at' (tyO), such 
as the shaded region R of Figure 9*-3h. 
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Figure 9-.3h 
A cross-section R. 
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_ion 

Fot eachr t, a < t < tht area , C(t) of ^he cross-s6ction through (t,0) 



The region .R is circular and has radius f{x) so its jarea is jttf(t)) . 



therefore has are« . 

.2 



C(t) = ;t(f(t))^ 



♦This defines the cross-sectional area 'function C, 

r " . C : t C(t) = ;t(fCt)r. 

The „ average value of C on the interval a < t < b is 

C(t)dt = I jT(f(t)r dt 



a 



The volunje of the solid of = Figure 9-3d is thus 

•b 

b' - a 



1 V . 

, (b - a) X C(t)dt = 



a 



7t(f(t)rdt, 



that is 

(6) volume - (length) X (average cross-sectiorfal area). . 

In other words the cylinder formula 

- " * volume = nr h = (cross-r sectional area) X (^length) ^ 

' ' ' * . 

can be extended to give the volume^ of a §olid of revolution merely by replacing 

the cro§s-sectional area (vhich is constant for a cylinder^) by the average 

cross -sectional area. This gives a convenient device for reconstrup^ting the 

•formula (2). ^ c 

^Sxamfile 9-3a\ Find the volume of the solid of revolution obtained by 
revolving the region* bounded by 

* Jy = sin X, x = 0/ -x = y ="^0 
^ ^ J ^ . ^ , * * 

' 'aboul; the x-axis. * ^ ^ ' * 

To find the cros9*-sectional area function C, Ife't R be a cross- 
section perpendicular to the x-axis through C^,0). (See Fig\fre 9-3i*) ^ 
* region R is a circle with radius, sin t» Thus ^ * . 

^ C : t r-» jt sin* t, , ' * 



1 Figure 9-3i 
The average value of C on th^ int^erval"' 0 < t < n ''is 



r'n 



C(t)dt = i 



n sin t dt 



V 

so tlje desired volume is ^ 



1 & 

(length) X (average cross-sectional area) • - J n sin t dt 



n I sin t dt, 

J 0 



To calculate this integral one can use the tables or recall that 



. 2 ^ 1 - cos 2t 
sm t = 75 



so that 



n 1 sin t dt 

0 



(1 - coa^2t)dt 



sin 2t 



0 



v2^fch is. our^ desired volume. 

Example 9-3b, Find the. volume of the solid* f revolution obtained by ^ 
''revolving the region bounded by x = 0, x 2, y ^ 0, y = x about 
(1) W x-ajJis 

(ii) the y-axis» • ' " 



-247'; 



In each case ve shall find the cross-sectional area function and apply (6), 



(i) devolution about the x~axis ^ v. 

'"^'A cross-section perpendicular to the x-axls at (t,0) has radius t' 
(see Figure 9-3j) and hence, the cross-sectional area function is: 



2 ^• 



C : t -*jTt . 



The desired volume is 



1 ' I 2 

(length) (average cross-sectional area ) = 2 X C(t)dt 
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In "this" case ve take cross-sections perpendicular to the y-axls through (0,t), 
©iCf cross-section Is a circular ring vlth Inner radius /t- and outer radius 
JL, (See Figure 9-.3k and 9-3-^). The area of this cross-section is 



/ n -^n(yt)^'=: n(l - t)^ c(t) 
^ * Ttte average value of the area for 0 < t < h is 



Hence, the desired volume is 



(length) X (average cross-sectional area) = h • ^ ^ 2n. 





I 
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• Exercises 9-3 ^ ^ 
^ ; — ' ^ 

[Note: It is essential in •problems of this type for your solution to be 
accompaji^g;^j5,.^^ ,) : . ^ ...^ , ■ ' . ' ^ 

, 1; J'ind the volume of the solid generated by revolving about ^the x-axis 
* the region t^lovv the graph of each of the follovving functions and above 
the indicated interval. 

(a) f : X ^ 3x, 0 < X < 2 * / • 

(b ) f : X ^ v^, Q <' X < 1 r o ' . 

</ ^ 

(c) f : X Px^'^' ''^5^5^' 

ji 

(d) f : X ^ ix| -1 < X < 2 
( . f - - 

(e) f X ^ -(x - 1)^ + it, -1 < ^ 1 2 

(f ) f : X ^ VTog X, 1 < X < 5 



e 



; (g) f : X - x';, -0 <'x < 3 

(h) f X ^ tan x^ 0 < X < 2- / ^ - 

2. Use the procedure of this sectiion to find^the volume of •a right circular 

cone of altitude h and base of radius r. , 

* • # • ■ ' 

3., Obtain th/ formula for the volume of a sphere of radius r by^rst 

shoving .that the sphere is a solid of revolutlosr. ^ ^ ^ 

U.. Find th^ volumfe of the-^ellipsoid generated by revolving the ellipse ^ ^ 

+ = 1 about its ma^or axis. (Assume a >b,)^^ 

a ^ : . * * - i 

5. Find the volume 'of the Segment of a spher^v,^f aji^ius jf boundedjby t'W^D 
parallel planes if the bases of the segment are at distance a and "*b ^ 
from the c5!S;«r'and are on the sariie side. - ^ 

*6. ,Find the- volume of the solid obtained by Sc^volving the region bounded 

by ^the parabola y ^ hy^ v and the line y = x ^ about tne x-axis. < < 

A cylindrical h«)le of radius. 1 inch is drilled , out along .a diameter of 
a- solid spheije of radius ^ inches. Find the^ volume of ^ the material 
cut out. ^ ^ » , ' 

8, ?ind the volume of the portion of a sphef're pf radius *r remaining after 
a cylindrical hole is drilled out along its. digimeter if the length of 
the lu)le is Check your ansver by cbnsidering some special cases,. 



Find the volume of the solid of revolution obtained by revolving the 

region bounded by x = 0, x = 2^ y = 0, y =' x / about 

- / ' ' ' • 

(a) the line y - k. ^ I ^ ^ 

(bj) thelline y -2, . j 

(c) the line x ^ 2, i ' _ ' ^ - 

(d) the line x = U'. • A 



r 
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9U. Estimation of Definite Initegrals 



The Fundamental TTieorem of Calculus ^ells us that if f is contijiuous ^ 



then the integral 



f is F(b) - F(a), if F is afi antfderivative of f* 

^ a ' ^ 

Thus the probifcta of calculating areu^ {or average values, "\colu(nes 'of- solids of 
revolution, etc.) cdn* be solved if i^e can find, an aritiderivatiVe for f* Thej 
problem of finding such an atitiderivativt in terms of elementary functi-ons may 
not be solvable (see Exaijjple 9-1^).' Even If" the problem is solvable the foiui 
of the araiderivative may inccuvenient . Varioui^ "raethpds have been developed 

for estimating the integral f . With ^he advent of hifeh-speed computers 

J a • ' 

these methods have Itjome valuable means for obtaining approximate solutions 
to .area and related problems. ,Tv.o such methods vill bj discussed in this 
section. • ^ ^ ^ • 

Let us suppose that f is increasing and continuous. on the interval 

a <% < b and that ve seek' tc estimaLe A f . The region bounded by f vill 

be cohtained in the rectangle ABCD (Aid v/ill contain the rectangle ABC*D* 
(see Figure 9-^a), so that 



r 



area ABC^D' <\ f < area ABCD 




^Figure 9Aa 



' 9-k 

-The regioa ABCD has height f(b) and length b - a vhile the region ABC*D« 
ha^ height f(a) ' and l^ength b - a, so that ^ 

• ; ^ fb 

;f(a)(b - a) < f < f(b)(b . a).* 

If |ve ^ake the average of the nuiubers • . ; ' i |. 

a = f(a)(tf. . a) Q,nd p = f(b)(b ~ a) 



^ expect tliat this vill give a better approximation to \ f than either of, 



/ a 



the numbers a and 3. This -Average is 

a^..£(£W{]i)'(b . a). 



This leads, therefllh-e, to the approximation' 

(1) 



a 



This approximation ^ill, in general, not be veiy good. It is, hovever, 
exact if f is linear, for if ^ , 

f : X ^ cx + d^ 

♦ then 

p f . d(b - a) = (b . a) r ""^^°^"^ ] 

' The estimate (l) is just the area of the trapezoid ABfiD of Figure j-ka, that 
is, the^estimate is the integral of the linear fxmction obtained* by connecting 
/a/f(a)) to '(b,f(b)) vith a straight line. 

Th^^ ^stimate (l) does not, of course, require that f be increasing and 
can , be used for more general functions'^ To obtain'better appi*Oximations to 

^ . .fb 

the integral I f ve can subdivide the intejrval a < x < b into small 

J a . 

subintervals, calculate the average (l) in each of these subintervals and add 
these together. Let us find a formula for this .approximation in the case of 
equal subdivisions. Suppose n is a positive integer, and let the points 
a/, a^, a divide the interval [a,b] into h equal^' s\Ab- intervals 

each of length — , as shovn in Figure 9-^b. [\ 

• ' ' ' ■ ' * / ' ' 

* ^ 653 , . ' ' • ' 
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Then ve have 



f = 



f + 



Figure . 



f + f + + 



n-I 



Each of tfie integrals - I f is then approximated using (l), that is 

^ J a. 

It 

p ^ (a. . a ), i = 0/1, 2, n'. U' 



^i+1 



a^ 



f » 



3y adding these estimates t^e obtain • • 

' ' fb ^ f(a r+ f(aj ^ ' ^(a ) + f(a ) 

J 8 • >• 



f(a ) + f(-ap) - 



f(a , \y+ f(a ). 

^ n-1^ ^ n^ / X 

— V (a - a T ) 

2 - ^ ^ n n-1' 



b a 

Since each subinterval a^ < x < has length — ^ — it follows that 



^i+l - = 



b a 



b 's. a 

Thus we can factor out - ^ and obtain 



— ,-i = a, 2, n -M.N, 



(3 

:ERlCr 
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f oi^(f(aQ) + f(a^)>+ (f(a^) +f(a2))'+ (fCa^) + 

i , 

The'terms ^CQq)^ and ^{^^] appear onoe, vhiie each o*f thi 'Si:ms 'f{a^), 
^(^g), appears tvice, that is: 



(3L 



^ ^^ir" (^^V ^^'K^ 2f(a2)^+\.. + 2f(a^^^) + f(a^O). > 



This approximation formula is knovn as the Trapezoidal Rule. It app;roxi- 
mates the integral by the sum of the areas, of the trapezoids obtained by 
connecting (a^,f(a^)) to (^^+3^^ ^'(a^^^) ) ty straight lines, as shovn in 
Figure 9-^+c* , . 




i+1 



An obvious question is, "Hov much error is .involved in using 



b - a 



^f(a^) + 2f(a^) + 2f(a2) + ... + 2f(a^^^) + f(a^)) 
b 



to approximate 



f ? It can be shown that -the error is at most 



M(b - a)-^ ^ 
12n'^ 



vhere M is a bound for' the 'Second derivative on the interval^, th^t 'is/ 

|r(x)| < M, a <xVb. ' ^ 



See Calculus, SMSG, p. 831 
1 



.1 ^ 
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Example d-^ka, Estimiate log 2 = r ^ correct to one decimal place 

~ ^ J ^ 

^ be using the Trapezoidal Rule. ' f 

First -divide the interval 1 < x < 2 into t-wo equal parts by setting 

• 3 

^o_; ^ = 2 ' ^2 = 
J.' - aShe formula (3^) gives (vith : x -> , n = 2) : 



X 

"2 



1 

The. £irst derivative of _f is f • : x -» ^ so the second derivative is 



f": X . This function is 'decreasing" on the interval 1 < x < 2^ so its 

^ \ * 

maximum on the interval is: f"(l) = 2. Using (I;)'vith b = 2, a = l, n = 2 

17- 

and M = 2 the raaxitnutn error in the estimate log^ 2 « ^ is 
» • — ^ ^ 

M(b - a)^ ^ 2 1^ 1 < 

' ' 2 " 12 • U 2ir • 

12n 



In other x^ords, 



Since 'i^ > 0.66 and ^ = 0.75, this tells us that 

0»66-£ log^ 2 < 0.^5. 

Rounded off to one decimal place log^ 2 tould therefore, be either' 0.7 or 
0.8 so ve need to choose n larger to obtain assurance as to the first 
decimal place in log 2.. 

Let us try' n*= 3^ vhich gives the points , ' 

k 5 
^0*^ ^1 " 3' ^2 3^^ ^3-'' ^ 

and the estimate - • 



log^2 



1 



, , " 30 • 
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•The maxtnium error is obtained from (h), with b = 2, at = 1, n = 3 and 
• M = 2: 

M(b ~ 2 • 1^ 1 - 



80 that 



I 



1 



21 1 , * „ 21 1 ■ 
30'- 5^ ^ ^°Se 2 < 30 ^ • 



Sin" i - 5? = ITS > and | . ^ '= < 0.72 ve have 

0.68 < -log^ 2 < 0.72 
that is, correct to one decimal place, log^ 2 = 0.7. 



Sin^son'g Rule 

Consider the Trapezoidal Rule in the case when n = 2- 
A s ^ ' 



^ [f(a) t 2ft^) .^f(b)]. 



2 

Divide^ through by b - a and write with denominator 3: 

/a + b 

(5) 



, - a 



b ^f(a) .|f(S^) . 3 ,(^) 



a 



This relation expresses the average value of f over the interval 
a < X < b as a weighted average of the values of f at the endpoints and 
midpoint of the interval, the weights being |, |, |. This approximation is 
exact if f is linear on the intervals [a, and ^ [l^,b), but it 

is not necessarily exact for non-linear functions. This raises the possibility 
.that .^me other choice .of weights might give a better estimate of the average 

value of 7. In other worda, we ;nay be able ta chpose a , a , and' a - feo 
.... , . , 3 



•that 



+ Qg + = 3 



and 



'. ^- ^. 

is a better approximation to the average value of f on the interval than is 

/ ■ > - 657 

Rir • . ^'^^ 



9.r 

9 



•Let us see if we Can choose weights a^, q^, ^so that + + o^j 
and the approximation 



/a + 



(6) 



b - a - 1 ^ 
• .) a 



' " is exact if f ''is a q uadratic function , Say >^ 



2 

f:x-^cx +dx+e. 



In this case 



"1 



3 ^2 

f = £^ 4. ^^-f ex 

3 ' 2 



^ •= |(b3 . a3) +|(b2 - e(b - a) 

= (b-a)[|(b^ + ab + a^) + |(b+a) + e] * ^ , - 
^,-^[(ca2+da+e);U(c(lii)^ 4d(^) + p ) + (cb^,^ db + e|L- 

' ='L^[f(a) +uf(2±i.) +f(b)]. ■ ' ^ . .. 

Thus, when f is a quadratic: 



b^^ a 



'b - i f(a). + ef(2-ll) +i f(b)\ 



make 



"1 • 1 
In other words, the choice of weights = ^ , ^\^3 2 ^^"^"^ 

the approximation (6-) exact for quadratic functions. "The resulting approxi- 



(7) . j t ^ (a) + 

is known as ' Simpson's ^ Rule . . - * <i 

The approximation cari he improved by subdividing the interval 'a <.x <~b^ 
into small subintervals, calculating the weighted average (?) in each sub- 
inte]^val and adding these togetheri^ ' To obtain the general formula in the case 
t)f equal subintervals, suppose n is a positive integer. Let the point^s ^ a^^ 
a /a,s/. a^ be the endpoints of n eqrtal sublntervals of [a^b]/ each . 

of length , and let the points a^, a^, a^, •••^'^2n.l th^jes- 

^pective midpoints. ( See Figure 9-^d. , - . « • ^ \ 
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We have; 



Ji 



'2n-2 ^2n 



"'Figure ^t-''<i 



^2n-3 ^2n-li 



' \ a • 



r a,, 



f + 



f + 



2n 



f. 



a 



2i+2 



Each of the integrals 



f is then approximated using (7), i.e.,' 



'.^2i 



f: 



2i+2 



f « 



b - a 



(f(ap.) + ^^^(Qpi+i).-^ ^'(^i+p))^ i = 0, 1, 2, n 



6h 



b . a 



Add these together for i- = 0, 1/ 2, n - 1 and factor out, 

p f « ^^[(f(aQ) ■+ Uf(a^) + fCa^)) AfiB^)^+ H{b-) + H^^)) ■ 
+ (f(ai^) + Uf(a^') + f(ag) ) + ..,+ (f(a2^_2) 

- which can Ise regrouped to give ^ » , - * 

+ +2f(a2„_2) +Uf(a2„J^f(a2„)]. 

^N6te that the'coe^Tdcients of f{a^) and f(a2n) each-- coeff^.- 

cients of the remaining encfpoint values ^(a^)^ ^^^2n-2^ ^ 

.each 2 and the coefficients of the midpoint values 
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•1 ■ 



^i^2n''lV ^^^^ ^* ^umber 2ijL^l--is the number of points used in 

the estimate. The^forraiila (8) is the general form of Simpson* s Rule. 

It can be show?;i that tha^^error in using Simpson *s Rule is at most 



(9) 



* - 



\i\ - ay 

l80(2nf 



where M^*^s a bound for the fourth derivative f ^ ^ on the interval, that 
- i's ' |f^ ^(xJi <l^, ^ £ ^ £ Comparing this with the trapezoidal error (k) 

j ^i^ ye see that^if n is larg^ enough the factor -i- in (9) is much 

12n^ X* ^ n^ 

smalleV than (k) dnd hence, the approximation using Simpson's Rule 

c • * ^ , . * 

will usually be better than the approximation using the Trapezoidal Rule. 
Example ^''^^ Simpson's Rule wi^h n =: 1 and n = 2 to estimate 

. • -> 

; With ^=1, ve hav^ 




. 1/+ 2' 4, 
anji (7) (vhich is ('S) when n = l) gives 

2 - Ir 



I 



^ 1>^ _ 25 



The derivatives Cf f : x ^ i are 

^ X . 



f: X ^ ; f": x 4 -| ; 
:t . ^x 




See Calcu;tis /SMSG, pp. 833-^* 



(h) ' ' ' * 

i^The function f ^ ' is decreasing on the interval* 1 < ^ < 2 so its maximum 

is f^^^(l) = aU. Now use the 'error e&timate (*9) vith b =:^, a = 1, n := 1^ 

M, = 2U to obtain the maximum error ^ 

* ■ " 2U(2 - ly 1 

' 180 . 2' ' * ' • 



Thus, we know that 



Caliaulation gives: 



so that 



f ■T5o<^°^e^<|^Tio 



25 J:^ ^ !i96 

3^ - 120 720 • 

^ . Ji.". 506 
3^ 120 720 



0.688 < log^ 2 < 0.703 



so that, correct to one decimal* place ^^Sg ^ = 0.7. 
^* * 

Natioe that by usijig the values of f at 3 points and Simpson's Rule 
we obtained one decimal place accuracy, while the Tl-apezold^il Rule would not 
guarantee* this for 3 points (see Example\9-Ua). 

The case n = 2 will s^ubstantlally improve the accuracy, for^ the error, 
e'tetiraate (*9) (vith b = 2, "a = 1, n =^ 2, = 2U ) gives 

$U(2 - 1.)^. _ 1 



' 180. (1.)'^"^* 
In this case . 



a,.= l 



®2 = i 



% =.2 




^3 4 



and Simpson* s Rule (8) gives ' * * 



er|c# 



9-k 



/ 



12^ 210 ^ " ,2520, 



so' that 



2520 1920 - "'^''e 2520 ■ 1920 



1 Ylhl 1 

< log 2 < + 



Let us use the estimates 



1920 



< .0006 



from vhich ve obtain 



0.6932 < < 0.6933 



0.6926 <aog^ 2 < 0.6939- 



r 



Thus, correct to tvo decimal places l-og^ 2 = O.69. To obtain the same 
~ ^ acciiracy with the Trapezoidal Rule ve need to use the^ value of f at l^i 
points of the interval! « * , 



203 



' • ' ^ ' Exercises 9-^ ^ 

Estimate M % — i— ^ dt using the Trapezoidal Rule with 

' ' * i\ Oil + t"^ ^ , . ' 

(a) h =_J__C|'e., three p6ints) 

(b) = ^ ^ . 

Estimate the error in ^ach case. Alsoj compare your result vith the 

p 1 " : - 

known value of 7^ dt. * 

- J 0 1 ^ - . ^ , . . 

r2 -2 ■ ' -X 

Estitaate 1 e"'^ cLx using tables for e' and the 'Trapezoidal Rule 
'JO 

with n = 2' and n = U. Estimate the error in each case. ■ 

- 1 • 

Estimate \ ^ dt using Simpsort's Rule with 

Jo 1 + t „ 

(a) n = 1 (i'.e., three points) 

(b) n = 3 • ' 

» 

Estimate the error in ,each case and compare vith the known value of the 

i 

integral. t * 

Estimate M e""^ dx using Simpson'^ Rule vith n = 1 (three points) 
• and n = 2 (five points). Estimate the error in each case. 
Show that Simpson's Rule is exact for cubic$^ that is ^ * * 

J j" % = ^-i[f(a) + \t{^) + f(b>] 

if f : X ->Ax^ + Bx^ + Gx + D. , (Hint: It is enough to establish this 
for the case B = e. = = 0 since it is known to bi true for quadratics^.,) 

Suppose f is a convex function. Will the *Trape2^oidal'l{ule give too 

large or too small an ^tiraate-rftfr I f ? * j 
- • J a 

TSie letter n 'appears in (3) and (8). How is each use of n^ related, to 
the number of points jised in the estimate? 

« 1 

How large should n be taken in Simpso'h^s.Rule to give = I ^ dt 

}^ V .J, J 0 1 .+ t^ 

accurately to five decimal places? . 

663 , > 



Use either Simpeon's Rule or the 
correct to four decimal places, 
computation. 



Trapezoidal Rule to estimate^* log^ 3 
Use the Reciproc'als Table to aid in 
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^ ^ 9-5 • Taylor Approximations 

In (6) of Section 7-5 we noted that * > 

(1) * ^(t)dt < • g(t)dt if f(t)<g(^), a<t<b. 

--J a ^ - J a - \ ^ - 

^ This Inequality c^n be u^ed to obtain the Taylor approximations for a giv 
function vlth remainder estimates . 

We first illustrate .this process for the exponential function x -> e 
on the li^terval [0,M], that Xs, for 0 £ ^ £ On this interval 

, . X 
1 < e . 

^ In (1) ve take f(t) = 1 and g(t) = e^ vlth ^ = 0 and b = x. (S^e 
"Figure 9-5a* ) ' 




Figure 9-5a 



Then 



• • -JO 

Cariylng QUt the integrations, we obtain 
' . ' . 665 



e* dt; 
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1 



9-5 



or 



X, < e 



1 + X < e 



Nov ve apply (l) to these resulting functions, again vith 
b = x,» and ve obtain 



(l'+ t)dt < e^ dt. 



}»0 



(See Figure 9-5^. ) 



Thus 



J 




Repeating this procesVi^ve obtain successively 



1 + X + ^ + < e 

x^ x^ x^'^ y. 
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(2) 



n 

3C . X 



All of those approximations to e afe too small. To obtain upper 
approximations, we use the fact that for 0 < x < M, 



e c e 



(recall that f : x ~* e^ is an increasing function). 



We use (1) with f(t) = e^, g(t) = e^, and;) as before, a =^ 0, b = 
(See Figure 9-5c. ) ' ' 




We have 



that is.. 



Figure 9-5 c 



e^ dt < ^ e^ dt, ) 



e^ - 1< X 



or 



<1 +e"-x. 
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.With ^.(t) = and g(t) = 1 +'e" • ^(l) -gives (see Figure S 




« or ^ 
tha't is ' 



Figure 9-5d 



e/ dt < 



(1 + e • t)dt 



M X 



2 ^ 



e - 1 < X + e 



.e ^:dKb + X + e 



n M ,n+l 
:x .ex 



If ve continue in this fashion we have 

2 

(3) ' .e^ <-^+/ +lr.^ ••-^51^ tiTTTT 

From (2) and (3i) 

• . ' 2 
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i ■ ^ . * , . 

w&ere ^" , • 

* Ve \ised this result in Section 6-6 to estimate values of e^ vhere ve 
chose the interval -[0,1] so that M = 1 

* , n+1 • ' 

R (x) < ,^ ^ . . 

, n^ ' - (n + 1)1 

Ihe procedure used vith f : x ^e , can be applied to other functions. 
The essential idea is to start vith information ahout the derivatives of the 
function on an interval, [0,M], say. In the case of f : x ->e"^/ all 
■derivatives f", f"», are the same Ss f itself, so that to say,, 

for example, that 

(h) a < f(x) < p on [0,M] 

is the same as to say that 

(5) . \ « < ^^""h^) < e on [0,M]. ' 

The generalization that 've require is not (k) but: (5). 

To illustrate the general procedure let us take n = h. We "begiri^ the^e 
fore, vith 

a < f^^^('x) < p on [0,M]. 
}/e work first with the left inequality 

\ a<f(^\x) 



and integrate from 0 to x, (O < x < M). Then 



a dt < f^^^(t)dt 
0 0 



and ax < f«»(x) - f««(0). 

Hence, ' , . ^ f^(^\^ha^<f*^^{x). 



Integrate agdln from 0 to x 



X 

(f"»(0) + at)dt < 

0 



X 

f«(t)dt 

0 



* ibo >obtain 
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f«t(0> + ^ < f"(x) . f"(0). 



and 



r(0)-^ f"»(0)x + ^ < f"(x). 



Continuing 



2 _3 



\ ^ ^ (oy + f"(0):c + f"(0) |r + 3}- < f '(^). 

. .^Stnd finally, • . 
i6)__ f (0) . f^o). . . ¥^ < f (. ) . 

If we vork with " 
I in the same vay we pbtain 

(7) f(x) < f(o) +^f»(o)x + f"(OK|T + ^'"'(o) 31 ^ TT • 

Hence, from (6) and (7) * 

(8) f(x) = f(o) + f'(ok+\.. + f«^0).|r + R^Cx) 

vhere . ' - " 

• 

The ]f)olynomial - ^ ^ ' 

P3(.U'f(0).f.(0)..4?)£.£^ 

is the Taylor approximation to f of degree not exceeding three as it satis 
fies . . 

P3(0X= f(0), p»(0) = f»(0), p^(0) = f(0), and p^» (o) = f « (o)/ 

The Inequalities ^(6^ and (7) can theft be written as 

^< f(x) - pj^(x) < ^ for 0<x<M. 
In general, if * ' ' , \ 

* ' .■ ■ a''< f("*^)(x) < p, 0<x<,M ■' ■ ^ 



!9) , p„w.f(o)»r(o).q?fe!V...*4^>.° 

then is the nth Taylor apprqpcimant to f and 

For nonpositive x analogous results can be obtained. For example, if 

If^'^-^Cx)! < K for 0 < lx| < M 
and p^ is the Taylor approximation (lU) then "\ 

(U) |f(x) - p^(x)l < K (^^1 for 0 < |x| < M, 

Of course, all thesi results assxame that f^"*^"^) satisfies- the conditions of 
the Fundamental Theorem of Calcu'SSs '(see Section 7-3)» 



Let us look at another example. 



apt 



Example 9-^a > Find the third degree Taylor approximatipn to 
f : X "/l + X and an error estimate for 0 < x < 1, 



Writing f(x) = (1 + x)"^/^ and using the pover rule (Du^ = au^""^Du) 
with u = 1 + X w^e otjftiin the successive derivatives: 



f»(x) =1(1 +xr^/2 



f(^)(x) = . g(i . .r^i\ 



In particular 



f(0) = 1, f(0).= i, f"(0) J, f'««(0).= |, 
■ so the third Taylor approxii^nt to f : x -> (l + x)'''/^ is 



1 1 x^ 3" x^ 
(12) 53^^) = 1 + 2 ^ " F 2T H ' IT 



1 1213 
= 1 - ^x + ^x . 
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According to (lO) the error in p^fx) is determined by." * 



3' 



Since f is decreasing- on the interval 0 < x 



f('^)(l)>f('^)(x) >ff'^)(0). " . 

Substituting ve calxiulate - %t ^ * ^ 

We conclude from (lO) that • , . 

(13) . g ^ < (1 . x)V2 . p^(,) < . 1^ ^ , 0 < X < 1 ■ 



In particulaj?', if x = 0.2 * ^ 

= 1 + 1(0.2) - ^(b.af .+ 
^1.0955, 

vhich indicates that Is approximately 1.09^5 i The error in this 

approximation may be found by substituting x = 0.2 i^(l3): 

15 (0.2)'* rr-^ ( s 15^ (0.2)^* 

r • 



vhich vorks out to be 

' * f 

' -.00006 < vTr2 - p(0.2) < -.000011 

from vhich ve conclude .that ' 

or t/TTs a 1.095^> correct to h decimal' plac&c. 

The Logarithm and Arctangent Rinctions ^ , 

^ The above methods can^be applied to give the Taylor approximations to 

X ^ log (l'+ x) and x -*iarctan x 
e * ^ 
f ^ 

vith remainder estimate!. These results can be obtained in sharper form by 
noting that • 



9 ^ 



^ « * 



and 
(15)^ 



^- ^ 9-5 



1 



V 



* arotan x. 



dt 



and finding suitable expressions 'for 



0 1 + t 
1 . 



^ 1 + t 

for the suiu'of a geometric prggressio/i, 



and 



1 .t^ 



2 3 o n-1 1 - x**^ 1 
1+x+x +a +...+x - ^ 



From the formula 



'1 - X ~ 1 - X 1^- X ' 



^e" obtain 



(16) 



1 - X 



^ 2 3 n-1 X 

I+x+x +x+..,+x + 



1 - X • 



If^x 



t, (l6) becomes the desired expansion of .^^ ^ ^ ; 

* * 2 ^ " ' ' 1 

If X = -t , (l6):t'e comes the desired expansion of 



j 



1 + t 



2n 



/no\ 1 -^i. ^2 h -^6 , / . vn-l;;2n-.2 / n \n - t 

^(l8) 5- = t + t - t + ... + (-1) t + (-.1) ^ 

X ^ \r ^ * 1 + t 

Using (17)> we obtain for x > -l) ■ 



log^Ol + x) 



1 + 



dt 



(l - t + t^ - t^ +^ 



... + (-i)"-V"bdt + (-1)'' 



X n 



1 + t 



2- ^ 

t ' t-^ 
t - + 



-J- + ... + (-1) — 



+ (.1)" ! - 



dt 



\jsij3g (18) ve similarly obtain 



X x^ X . / T \n-l X / v\*^''r 

+ ... + ,(.1) - + (-1). rrr'^^- 
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0-7 



/ 4 
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arctan 3^ ; 



dt 



X 



X X X / ^ \ 

= X- -,.r + -7= =-+•.. +(-1) 



We conclude that 



> - 0 1 + 
.211 'fx ^2n 

J 0-1 + t ■ 



7 



(19) . 


2 3 

log^(l + x) = X - ^ + 1- 




R 

n n 


vhere 


V 






(20) _ . 


n ^ ' 






and 








(21)- 


x3 x5 
arctan x = x — --+_- 
^ .5 « 




2n . . 
2n n 



wile re 
(22) 



R' = (-1) 
n ^ ' 



fx 



.2n 



dt. 



0- 1 -+ t 



In Section 6-9 it vas sho^n that 'if 



f : X Ipg^ ( 1 + X ) 



and ^ 



then 



1. 4- 

2 3 



3 / 



p.. : ^ -> X - -TT + ^ +^ • . . *+ (-1) 



n-1 X 



n 



n 



/ 



^(%= pjo), ;'(o) = pjo), f"(o) ='p-;;(o), f(")(o)- = 5(7(0) 



'ts ^jue n|::h degree JTaylor approximant to f. Hence, (19) ^d 
an explicit f fi;g;ayj. a for the error R involved in using p (x) to 



so that 
(20).giV'i 



approximate ,f(x). Th^^'S^^Df can "be easi].y estjimated from (20). 

For-^exaaple, if 0 < x < 1, . and -we put 



^then 



1 +X 



9-5 



g(t) <-t'^ if 0<t<x' ' 
Csince 1 + t > 1 if t > o) so that 



g < 



and' hence,- 
(23.) . 



fx 


dt 






"> 
_; 




[: 






1 + t 



n + 1 



dt 



n+ 1 



Therefore, the error 'in using P^(x) to approximate iogg(l + x); 



0 < X < 1 is. at most 



n* 1 
X 

n + 1 



»V This will be small if n is large. 




Other intervals for x are considered in the exercises. In particular, 
it -will be shown that if x > then • will ngt ap^proach. -"0 as* n 
bevcomes lar^e, but in fact / , ' ' ^ 

lim R = 00 if X, '>1. c 

n ^ 

n CO ^ ' « 

Hence*, for x > 1, the approximations p (x) differ substantially from 

n f - 

log (l + x) when n* is large. 

ihe methods are easily adapted to show that (21) and (22) give the Taylor 
approximations to the arctangent and an 'explicit formula for the error. 



Exan5)le 9-5b. Use i^=.5 in (19) tV estimate log^ -2. 



Fonnula (19 ) gives * 



wheie 



Usi: 



ni (23) 



we have 



S 



^ t5 



1 + t 



dt< 



Thus, the estimate 



logg 2 \-\^ 0*783 



ERLC 
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276- • 



is vithin ^ bf Jbeing correct. This is not very good, in fact, if ve \^sh 
to use (19) tp estimate 3.og^^2 ve must choose? n very large to obtain much 
accuracy. Clearly, Simpson's Rule is a much more useful method** for approxi- 
mating values of log * * , , 

A 




V 



-1- • ^ 



Exercises 9-5 



!• Start with the inequality -1 < cos x < I*, and cy repealed integratic 
f'rom 0 to X, X >.0 obtain - * \ 



(a) 
(b) 



-X <'sin X < X 

2 . .2 
< i - cos X < ^ 



- jr £ X - sin X < ^ 
rj^cos X - (1 --^) < Jj- 
(e) - |5-£ sin X - (x - 2^) 



(d) - 



2. Establish the inequalities of Number 1 for x < 0. (HiAt: Rather than 

repeat the integrations use the odd and even function ideas, ) 

> . . f ^ 

3« Find the third degree Taylor spproximat^ion zo x ^1 + x and an error 

estimate for 0<x,<l.> 

^) Estimate the error in the^ third degree estiniate for* x /l + x 

S 



in the interval -1 < x < 0, 
(b) Do the same for the interval -.5 < x < 0. 

1 



5« Consider the function f : x -> 



1 + X • 



(a) Sho\* that the formula (l?) gives the Taylor approximation to f*, 
[J.e.,^^ p^_^(x) =.1 - X + x^ (-l)""-^x^'^ is the (n - l)^^ 
♦ 'Taylor approximation of f • ] 



n 

il + 



(b) ^Assume that the error |r , 1 < -rr^ 

[ n-1 ^ - i 1 + 

(c) ^ 
(d) 



Find a statement for R 



n 



If X = 10 what is* the error using p (lo) to approximate rr: ? 



Hov does 



r— — differ froih p ,(x) i^N x > 1 'and --n' Is large?, 
1 •+ X t n- 1 , * 



6. Find the 'p^ ^{oc) ' Taylot approximation^with an explicit remainder 



formula for f : x 



]• For ;viiat values 



S 



of x will the remainder' approach 0 as n — > oo? 

7. Do Number 6 for the function f . : x ~> log (2 + x^, 

e^ A 



677. 
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8/ Recall that 



(a) Shov that 




JT 



tan g + tan g 
1 - taA a tan g * 



1 . 1 

= arctan + arctan ^ . 



10. 



(b) Find corre'ct to tvo decimal places by using (^) and formulas 

(21) ania (22). How many terms do you need to'use^. 

(a) Sh05?tkat ^ 

^ , 1 * 1' 

J- = i+ arctan r- - arctan — . 

(b) Use (a) zo find jt correct to two decimal places. Hov many .terms 

do you need to use? 

* \ M 

Using. this method n^has been claculated on high speed computers to 
more than 100,000 decimal places. 

.1, 



(a) Show tha^^^ ^ ^ 



log.^ 2 = -7 log^ ^ . 2 106^ ^ . 3 log^ ^ . 



25 



81 



(b) How many terms o 
' need to use (a) 
Tjlace^? 



^the ' 
to call 



Taylor approximation to log (l + do you 



culate log 2, correct to 5 decimal 



ll. Find the Taylor ap-cfe-o^imants to 



with remainder estimate for ix\ < 1. 



en 
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Appendix ^ 
KATKEiViATICAL INDUCTION 



A3.I, The Principle of Matheratlc a."^ I:4x^cVov^ 

' ^ K T ^ 

The ability to form general h;y'pothe5ef: fin the liehi of a limited -urr.b^r 
of facts is one of the most important signs ik creativeness in a r.athemaxician, 
Equally important is the acility to prove these gue3ses. Tne best vay to shov 



how to guess at a)general principle fro'-r lirlted ocserv^atigns 



co-'git'e 



examples. 

Exair.Dle A^~la. Son 



1 + 3^= 



Notice tha't in each ease the sut. i:: the sr^are'of tr.e nurler bf ^tef-s. 



Conjecture: The surr. of the first 
(This is true. Can you show it?) 



9aa positi 



VP i.nrprp 



ntegers is 



^Example A3 -lb . Consider th» following ineaualif^ es • 
- . 1 < ioo, 2 < 100, 3 < 100> 'h < 100, 5 < 100, ^tc. 

Conjecture: -All positive integers are less tnan 100. (False, of ^ 
course. ) ' * * ^ 

i Example A3-IC . Considerjthe numb eF of corr.plex E^ros, including tne 
repetitions ; f#r poliynomials 6f various! degrees. 



/ 
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Zero 'degree: a^, 

First degree: a^x -f a^V 



ao 



zeros (a^ ^ 0) . 



- ocie 2ero at x - 



* Second degree: b.^ t a^*x + , tvo zero, 



|/at 



2a^ 



Conjecture: Every polynomial of degree -n has exactly n complex 
zeros -when repetition? are counted. (True.) 

Exanrole A3- Id , Ot serve the operations necessary to compute the roots 
from the coeff Lc'. . _. Exa-^ple A2-lc.^ ^ ' 

Conjecture: ITic j;eroj> of' a polynoniial of degree n can be given in.. *^ 
terms of the ||^fficients. by a formula which involves only etdditio^; subtrac- * 
tlon_, rmltipli cation, division, and th^ extraction of roots* (False.) 

Ex/iniple A3-le. TaJce any even number except 2* and try to expressN^'t as 
the sum of as few primes 3.s possible: * . \ 

' . d 

i;=r2-2, 6=3+3, 8=3 + 5, 10^5 + 5, . 

12 = 5 T', 1^ = 7 + 7,. etc. 
J "... 

Conjecture: Bvery ever, number but 2 -can be expressed as the sum .of 
two primes. (As yet, no one has been able to prove or disprove this conjec- 
ture . ) « ' . ' 

Common to all these examples is the fact that we are trying to assert 
something about a-i the members of a sequence of things: the sequence of odd 



integers, the- sequence of positive integers, the sequence of .degrees of poly- 

'-'t--^* •A •'bi- 

nomials, the seauence of even numbers greater than 2'. ^^The sequential" char- 

acter of the problems naturally leads to the^^^ea of sequential proof. we 

know something 'is ijrue fol:^ the first ^ew membei^s of tte 

that ^-esult to prove its Itruth for the next member of 



e sequenc4, can we use 
the sequence? Having 



done that, can we nov carry the proof on to one more iiember? Can we repeat 
the, process inc^finiteiy? ' ; 

^ ' ' I 1 ' M • ' 

Lei us try tiie idea of sequential proof on Eiarrble A3- la. Suppose we know 
that for the , first k odd integers 1^ 3^ 5^. . . .* 2k - 1, ' ^ 



(1) 



1 + 3 rf. 5 + ... + (2k - 1) = 

680 



can we prove ^that upon adding the next higher odd^umber (2k + l) ve olDtain 
the 'next higher square? From (l) we have at once by adding 2k + 1 on both 
^ sides, 

f 

[1 + 3 + 5 + '..J;_(2k - 1)1 + (2k V l) = k^ + (2k + l) (k + i)^. 

It is clear that if the conjecture \t Example A3-la is true at any stage then it 
is true at the next stage. Since it is true, for the first sta^e, it must be 
» true for the second stage, therefore true f or ^the third sta^e, hence th*e 
fourth, the fjrfth, and so on forever. 



f * Example A3-lf « In many good toy shops there is a puzzle vhich consists of 
three pegs ^and a se^ of graduated discs as depicted In Figure A>la. The proulem 
posed is to transfer the pile of discs from one per to anoxhei^ ^ander the 
following rules; \^ - V 

1. . Only one disc at a tim.e may be transf errec^^from one pig to ano^ier. 

2. No disc may ever be placed over a smajller d!^sc. ^, • 



\ 

\ 



Two questions '^ise 



nktu3 



Figure A3-, la 



nally; Is 



\ 



it possible tp execute the t5.sk under 



tie stated restricticjns? If it is possiljile, hov many moves 'does i1 
congplete iftie tr'ansfer of the discs? If it were not for the i^dea o 
have difficulty in attacking these questions. 



proof, one might 



take to 

seqi!!^ential- 

I. \ 



As it is, ve observe tl^at there is no pj?oblem in transferring one di>^c.- 

. ^ • * I - \ ' 

If we have to transfer two discs, ve transfer one/ leaving k peg free jTor 

.the second discf we then transfer the second^ disc and cover withx^e first. 



* If we have to transfer three discs, we transfer the top two, as a^ove. 
This leaves a peg for the third disc to which it is the| moVed, and the first 
xvo discs are then transferred to cover the third disc. ^ 

The pattern has now emerged. If we know how to xransfer* k discs, we 
can transfer k + 1 in the following way. First^ we transfer k discs 
leaving the (k + l)-th disc free to move to a new pegj we%move the (k + l)-th 
disc and -then tracisfer the k discs again to cover it. We see then that it 
is possible .to inove -any number of graduated. discs from on« peg tg, another with- 
out vix^latlng the rules- (l) and (2), since knowing how to , move one disc, w^ 
have a-n^le which tells us ho\^ to transfer two, and then how to transfer, three, 
and so on. \ ' 

To determine the smallest numl:>er of moves it takes to transfer a pile- of 
discs, we ol^serve that no disc; can be moved unless all the discs above it have 
been transferred, leaving -a free .peg to which to move it. Let us designate by 

the minitiium number of moves needed to transf^ \ discs. -^To move the 
(k + l)-th disc, we first need ra^ moves to ti^ms^er the, discs above it to 
anoth^ peg. After that we can transfer the (k + l)-th dt3C»;to the free peg. 
To move the (k 2)-th disc (or .to conclude the game if the (k'+ l)-th disc 
is last) we must now cover the (k + l)-th disc with., the 'pr'^ceding k discs; 
this transfer of the k discs cannot be accomplished <in le'ss^ than m^^ moves. 
We see then that the ninimum number of moves for k+1 disc sis ^ ' 

Thi*s is a rec^orsive expression for the' minimum number of moves, i- that is,*" 
if the minimum is known for a certain number of discs, we can calculate the 
iTtinimum for one more di^c'. In this wa>}, we have defined the minimum number of 
sequential* moves: by adding one di^c we'increase the tiecessary number of moves 
to one more than twice the preceding number. It' takes one move to n^ove* one 
disc, therefore it, takes three moves to move two discs, and-jo^"*bn. 

Let us make a little-table (Table A3-I8).- • 



Table A3-la 



k 


1 


2 


3 


k 


5 


0 






1 


3 


7 


15 


31 




12? 



k = number ox discs ^ 
TUj^ = minirmm number of rnoveo 
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Upon adding a disc we ^ughly double the nuruber of i:.oves. Tnis leads us 
to compare the- nutnbei* of * moves vith the po^^vers ci' two: 1, 2, ^4, 5, l6, 
32, 6h, 'a.2S, ...J and we guess that ni^ * 2 - 1/ If this is true for 
some valu^ k, we can^ easily see that it raist be true for th^^ next; for we 
have , t ' 



2(g" - 1) 



= 2 



k+1 * , 



■ J. 



k + 1. Wfe know that the formula 



1, for 

^but now we 'can prove in sequence that it is 



and this is the value of 2^ - 
for it valid when k = 1, 

true for 2^ 3^ k, alTd'so on." 

According to persistent rumor; thgre is a puzzle of this kind in a most 
holy monastery hidden d^ep in the Himalayas. The puzzle consists of (jh 
discs of pure bea^t^n gold and t-he pegs ai*e diamond needle's. The story relates 
that the game . of transferring the discs has been played night* and day by the 
monks since the beginning of ^ the worlds and ha^ yet to be concluded. It 
has been said thaiir when "the 6U discs are completely trsaisf erred, the'^wojrld 
will come *t.o an end. The physicists say the earth is about four billion V^^J^s 
old^ give or take a billion or two. Assuming that the monks move onef disc . 
eveiV second and play in the minimum number moves, is there any>»cause for 
janic? (Cf. 3all^ W. W. ^ Mathematical Recre sitions . New York:' Macmillan Co.; 
9hl; p. ff.) 



lici^ly, is thi 



this ( First 
be, a sequence 



The j>rinciple of sequential* proof , stated explicitly, 
Principle of Mathematical Induction ) : Let 'a^^ ^2^^'^2^ * * 

of assertions, and let H be the hypothesis^ that all of the^ are true. The 
hyi^othesis -H will be a,ccepted as proved if * * ^ 

1.- 'There fs a -general proofs to show that if any asserirTorT* A^ i's true^ 
^. ^ then the ' next as.sertlon A^^^^ true; 



A5-1 ^ — ^ ' 

*' 2.- There is a-special proof to shov that * A is true. 

If there are only a finite number of assertions i^the* sequence , say ten, 
then vfe need only carry^ odt the chain o*f ten proofs explicitly to have a com- 
piete proof. If the assertions continue in sequence endlessly, as in Example 
; 1; then ve cannot possibly verify directly every link in the chain of proof. 
It is.^-ust for this reason--in effect that ve can handle an .infinite chain of 
'proof without specifically* examining every link--that the concept of sequential 
,pro6f becomes so valusMe. 'It is, in fact, at the heart of the logical deyel- 
* opmentir of mathematic s . . ^ 

Through an linfortunate association of concepts this method of sequential 
proof has been named7^mathematical induction."^ Induction, in its common 
English sense, is the gue ssing of general' propositions from a, number of' 
observed facts. This is the vay one arrives at assertions to prove. *'Mathe- 
m^tlo&l induction" is actually^ method' of deductiop or proof and not a proce- 
dure^f guessing, although to use it-we^^ordinarily must liave some guess to 
test. Thi's usage has bee^n in the ianguage for a long time, and ve would.-gain 
nothing by changing it nov. '^Let us'K'eep it then, and remember that mathemati- 
cal Msage is special and often does hot re;^emble in any respedt the usage of 
common English. v ' ' ' 

In Example A^^iia, above, the assertion A^' is * . 

2 

1 + 3 + 5 + . . + (211 - l) = n . 



( 



We'lJroved-t^trBtT^ that if.^-A^ is true (^h'at,is; if* the- -sum of the ftrst k 
oddtambers is k^) then is 'true, -so that tBe sum of the first k + 1 

odd jnumbers is, (k + 1)^. Second, ^observed tjiai/ i-A^ is truej 1=1/ " . 
Th'ese tvo st^ps complete tha. proof. . * ' ^ 

^thematicsLl inductiori.^,is a method of proving a hypothesis about a list 
or sequence of a^fertions. ^Unfortunately it ,d6esA't -^ell' us hov to make the 
hypothesis in "the.' first place. In the^example Just considered, it was easy to 
guests from a few specific instance^ \hat the j^um of the first n" p[ainum|>^s 
-5= but the next problem (Example A^lgjlmay not be so' obvious. ^ 



Examplfe A3-lg . Consider the sum lof -^^''squ^es of ' "the fifsf^^n positive 
integers, ♦ 

• * ♦ '222" 

. , l"^ •+ 2'' + 3 + 

Vte find that vhen n = 1, ^the sum is 1; vhen' 'rii^. ^, - the sum is 5;, when 




:RIC 
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n = 3> the sum is Ik; - and so on. let us make a table of the first few 
values (Table A-^-lt). 



Table ASrlb 



• n 


1 


2 


3 


k 


5 


6 




8 


-1 

sum 


1 


5- 


14 


■ 30 


55 ■ 


91 


ll+O 


20lt 



Though somb mathematicians might be immediately able to see a forrmSia 
% that will give us the sum, must of us would have to admit that the situation 
is obscure. We inust look around for some trick to help us discover the pat- 
tern which is surely there; what we do will therefore be a personal, individ- 
ual matter. It i^ a mistake to. think that only one approach is possible. 

Sometimes experience is alTseful guide. Do we ^ know the solutions to any 
similar problems? Well, we have here the sum of a sequence, and Example A3a 
also dealt with the sum of a sequence: the sum of the first n odd numbers 
'is n . Consider the sum of the first n integers themselves (not th^r 
squares; — what is ' . 



1 + 2 + 3 + 



+ n? 



This «eems to be a related problem, , and we can solve it wit)h ease. The ,terms 
fornv an arithmetic progression in which the first term is 1 and .the common 
■ difference is "Ulso 1; the sum, by the usual formula, is therefore 



n / ^ ,N 1 2. 1 
■5(n+l)^=-n + -n, 



So we have 



1 + *3 + 5 + 
/ 

1 + 2 + 3 + 



+ (2n l) 



12 1 
n = - n + 2 



Is there'any p^tteYn here Ti^ich' might iLlp with our present problem? 

These two formulas have one common feature:- both are quadratic poly- 
nomlals in n. Might not the formula we want here also be a polynomial? It 
seems unlikely that a quadratic polytiomial could do the 'job in this more 
complicated „problem, but how about one of higher degree? Let*s try a cubic: 
, ^assume -^hat there is' a formula, - ' ^ ^ ^ 



-.2 ^2 
1 + 2 + 



2 2 
+ n = an*^ + bn ^+ cn + d. 



A5-1 • • ' ^ 

where a, b, c, d are numbers yet to be determined. Substitutipg 

n = 1, 2, 3, and k successively in this formula, we get 



^ ^ \ 1^ + 2^ = 8a + iib + 2c + d 

1^ + 2^ + 3^ = 27a + 9b + 3c + d 

1^ + 2^ + 3^ + = 6ha + l6b + kc +^ d. 

* » 
'^Solving we find 

1 V i o ^ ^ n 

J " * J ^ ^ 



2 2 '213121 
l^+2 +...+n =:-n-' + -n 



We therefore conjecture t^at 

- \ 

' / = I n(n + l)(2n + A.) . ' ^ 

This then is our assertion A^; now let us prove it. 
We have A^: 

1^ + 2^, + ... + = ^ k(k + l)(2k + 1). 
Add (k + 1)^ to both sides, factor, and -^implify : • 

1^ + 2^'+ ..r + k^ + (k + = ^ k(k.+ l)(2k + ir + (k + if ^ 

- = (k + 1)[^ k(2k_+ 1) + (k + 1)] 
= |-(k + l)(k + 2)(2k + 3)-. 

and this last equation is Justf. A^^^, which is therefore true if Aj^ is tjue_. 
^4^re<2v■e^, A , which states - „ ',yQ>i^ ' ■ ♦ 

l2=|.(l)(2)(3), 

is true; ani - A is therefore true for each posUiv^ integer n. ' I 

^ T ' n . 

' . Th^e is another Tormulation of the principle of mathematical induction 
which is extremely \iseful. 'This form involves the assumption in the sequeh- 
tial step that every assertion up to a* cert^^n point Is true, rather than jus^ 
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^ the one assertion immediately preceding. Spepif ically, we have the folloving 
^-( Second Principle of Mat] iemat leal Induction ): Again let A^, A^, .'. 
be a sequence of assertions, and let ^"^e the hypothesis that all of'thes^ 
are true. The hypothesis H will be acc^(>Eed as proved if - ; 



1. There is a general pi:oof to Gh\w that ifxejipry preceding assei-tion - \ 

^1' ^2^"*' ^k^' true, then the next ak^tion A^^^^ is true. 
2{ There i^ a special proof to show^hat A^ is true. 

. *^ 

It is not hard to show that either one pf the two principles of math'e- 
matical ididuction can be* derived f rcH the other. The demonstration of this is 
left as an exercise. ^ * . ' 



The value of this second pi^inciple of 'fnathematical induction is that it ^ 
permits the treatment of many .problems whicii would be^uite difficult to 
handle. directly. ®n the basis of , the first principleiT Such problems u^sually 
present a mpre complicated appearance than the kind which yield directly to 
attack by the first principie. , \ ' ^ / . . 

. Example A3-lh . Ever;>^ nonempty set & of natural numbers (whether finite 
o^inflnite) iiontains a,ieast element. ' ' ^ ^ 

^TbofJ The induction is based qn the fact tlfat ^ S conWns some natural 
number. The 'assertion A^.dsthatdf k is iii S, then S contains a 
least element. ■ ' ^ ' ^ - *'% ^ * * 

Initial Step : The assertion A. i-s* that if S contains 1, then it 
contains a least number, ^is W(?ertainly true^ since 1' 'is the smallest 

* r - 

natural number and so ic smaller than any other member of S. * . 

Sequential Step: We assume A^ is true for all natural numbers tip, to' 
and including k. Now let ^ S be a set ' ^T^ntaining k 1*". ^herl are two 
plausibilities: . ' . . ' 

1. S contains a natural number p less than k + 1,.. Ih that case* p** is 
less tiian or equal to k. It follows that q contains a least ^element. ' 

I 2. S contains no .natural numper less than k + 1. In, that ca^J 'k + 1 i^ 

least-. ' \ ^ \ ' - I ' J, ^ 

This exajT^le is 'valuable because it is allthirj^principle of matliefr^atic'al 
induction equivalent to the other two, aAhK^u^Ppot an ojsvious on^ to, be sure.' 
An amusinfe example of a "proof" by, this principle ,1s ^ven*by geckenbach in 
•^He American ^lathematical Monthly, Vol. 52; 19^5- ^ \ ^ ^ ^ 
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^ I liSfeOBEM. Every- natural' number is interesting-.' ^ 



^ Argument , - Consider the set S of all uninteresting natural numbers. 
This set contains a least element. tWhat an interesting number, the smallest . 
in the' set of uninteresting numbers! So S contains an int^esting number 
^tef all. (Contradiction'.) ... .... 

%'^The troufcle with this "j?roof"^ bourse is that we .have no d€?finition of 
"interestfng"; o1i'e'man'',s interest is' another man's boredonr* 

One of tbt most impor-tant uses of mathematical induction is in definition 
by recursion , that is, in ^deKning a sequence of things as follpws: a defini- 
tion is gWen.for the initial object 6f the secjuence, and a rul^ is supplied 
*so that if any term is known the rule provides a definition for the sUccee'ding 



one < 



. - For exai^^le, we co\:ild.have defined a^ (a / 0>). recurs^ijeiy in the 
following way:- . '^^ 



Initial Step : a =1, ' ^ . . ' 

\ k+1 • ' k \ > ^ 

Sequential Stepi \ = a • a (k = 0, 1 , 2, 3 , . . . ) 

Here is, another useful 'definition by recursion: 'let nl denote t\ie 
pj^roduct of the first n positive integers. We can define nl ^recursively^ 
a^s follows:' , . • ^ 

Initial Step : 'll = 1 ^ ^ 

' Sequential S^: ^ (k + l) ! = (k l)(k:) -De = 1, 2 , 3, * 
Such definitions are convenient in proofs by mathematical induction. 
Here is an example which involves the two definitions we ha^e ^ just given. 

* * ^ n 1 ' 

Example A3-li . ' For "all positive integirol values n, 2 " < nl .The 

proof l^y mathematical induction is direct.^ We have^the following steps. 
I nitial Step : 2^ = 1 < l^t = 1 ' ^ . ^ * 

— ~ ' \ ' , N . . 

Sequential Step : Assuming that the assertion is true at the k-th step,' 
we seek to prove it for the (k +' i)-th step. By definition, we have 

. ■• • .., ;(k + 1)1 = + l)(kl) . ■ • ' , 

m - k 1 ^ 

J^rom the hypothesis, kl > 2 , and consequently, 

(k.4. 1)1 = (k ^l)(kl) > (k + 1)2^-^ > 2 . 2^-^'= T 
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^since g >1 (k is expositive integer). We conclude that (k + i)l > 2^ 
»!EEie proof is corapletfe. ' ^ * ^ . - 

^ i.Before ye conclude these remarks on mathematical, indue tioft, a word of 
caution. For^^a complete proof by mathematical induction it* is important 'to 
showithe truth -of both the initial step and^he s^uentidl step of the induc- 
tion principle ^^"5 ^sed. ITiere are many exeunples of mathematical induction 
gone liaywire because one of th^se steps fails, . gere are two examples'. 

Example A3-lj\ . ♦ * • 

Assertion ; \ All natural nunibers are even.y # ^ 

Argument ; .Ibr: the proof ve utilize the second princxp»Le o'f mathematical 
induction ^d take for A^ the assertion that all natural numbers less thaa 
or equal to k are ^ven. New confer the natur^J. number k + 1. Let i . 
be any natural nu»ber with i; < k i The fiumber I sucii th^t i + j = k + 1 
^an easily be shora to be a natural r\umber wjth j < k. But it i <.k ,and 
j < k, both i , and j ane^even; and hence k + 1 = i the s\yn of tvo 

ev^en numbers/ and must itself be' even T ' . 

»"Finc3 "^e hole in this argument. ' ^ ^ ^ * 

ExaiTiple A3- Ik . * ^ ' ' k ^ — , 

Assertion ; All, girls are the same.* 



/ 



Argument ; Given girls designated by a and b, , let a = b mean that 
a ^and b are the sam^^^ , Cons-idel- any s«t S containing just one girl'.- ' . 

Clearly, if a and b denote girls in then 'a = b. Now suppose it is 

^* - « 

true for any sgt of k girls that they are all the same.. Let S be a set 
containing kVl girls .g^,.g^, ^^^^^^^V By hypothesis th^ k 
girls, g^^ g^^ are m the same^ but by the, same argufttent_so are 

the k girls g^, g^, ^, g^^^. It follows that g^, = g^ = . . . 

^ ^Jk ' ^k+1* 4 conclude that all girls o^ a* set cpntaining any positive 
integral number of them are the same. S^nce there p.s only a positive integi^al 
numbeif of girls in the whole world, the assfe2rtion is proved. / ' ' 

. Find the flaw in this argument. , • . 



We are not trying to express an overly bla^se'' attitude about girls. The 
original of tlris example .(attril)uted to the famous' logician Tarski) had it 
that 'all positive integers are the same^ however, isnH it more interesting 
to vrite about g'irls? 



* • • ' - > ' » *. 

* , *' Exercises * - * ^' 

1. '.grove by mathematical inductio.n*that 1+^ + 3*+... + n =. l) • 

2. matjiematical iridij,ction prove the familiar result, giving tlr^ sum Qf 
an arithmetic^ progression to. n terms: . . 1 ^ 

.'•*/# • 

an- (a + d) + (a + 2d) +^ ... (a ^ (n - l)d) = | [2a + (n - \)d] . 

■ • ' ' ^ ^ ' ' 

3. ' mathematical irfduction^ prove the familiar result, giving the svttn of a ' 

geometric progression to n termg: . i 

2 ^ n-1 a( r^ ■ l) 
a+ar+ar+<... + ar • = — r— . 

^ ^ Prove the following four statements ty" mathematical ind.uctiop. 

'i^-. 'l^+3^^p? + (2n^- 1)^ = I (^n^ - n). ^ " ' ' 

5. 2n <.2^ ' ' * " ■ 1 

6. ' If p > -1, then, for ev.ery positive integer -n, (l + p) >'1'+ np.. 
'7. 1 + 2 • 5 + 5 • 2^ t + n v?^""^ = ^ - 

Prove the f dicing b^' the second principle of mathematical induction. 

8. For all natural ^ numbers "n; the number n + 1 either is a*prime or can 
f • " 'be factored anto- p2;^itn3's. , - * ' - 

.9. Fpr each natural number ^ greater than^one,- let U^^ be a r^al number 

vith the property th^t *for at least one pair, of natural niimbenrs l^j' 9 ' , , 
. P - ^ = n", =Up + p^. 

'When, n = 1, we define' 'U, where' a is some given real number. 

Trove sthat na for all n.' ^ * $ 

lOu Attempt to prove' 3 and 9 from'the first principle to see what "difficulties 

arise^. * • ^ 
" , *) 

Irt'the next tferee problems,- first discover a foimila for the sum, and then-* 
-'vo'- prove ;by mathematical induction that you are correct. ' * 

•iH^'" FT^^'.T^TT ^ ^ n(n'+ l) . ^ ^ 
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' 3 3 3 3 ^ * ^ 

Ig. 1 +2 +3 n , (Hint:.^ Compare the sums you get Jier«^vlth 

Examples A3-Ia and A3-l-g in^the text, or, alternatively,^ assume, that the 

.required rfesult is a polynonual of degree, k .)* ' * 

43. 1 • 2 + 2 . ,3 + 3 . 1+ + . + n(n + 1) . (Hint: ^ CorHpare this with 
Exan^le A3-lg in the text..) * - . ' [ 

lif,. Prove for all positive integ'^ers n^ " - • 



a 4. + ^)(i +|) ...;(i + 



<n 



15, Prove that (l 4. x)(l + x^)(l + x^) 



2'' + l 



1 - X 



16. Prove thar n(n + 5) is divisible by 6 for all integral "ti. ' 

17. Any infinite straight Ixhe separates, the plane into two parts; two 
intersecting straight lines separate .the plane intC) four parts; and- 

/ three non- concurrent liiles, of which no two are parallel, sepa^a1^*the 
plane intp seven parts.' Determine the number of parts into which *the 
plane is separated by n . straight lines of which no three meet in a . 
single common poinl^ and no two a^e parallel; then prove your result. 
Can -yotnjbtain a more general resultywhei^ parallelism is permitted!? 
If concurrence is permitted? If bot^ are permitted? • • ' j \ 

18. Consider the sequence of fractions ' ' , * ^ \ 



^ 5/ n 17 
1 ' 2 ^ 5 ' 12 ' 



whe»e each fraction is obtained from the preceding by the rule 



p = p + 2q , 
•^n -^n-l ^n-1 



^n = ^^n^l ^ Vr 



Pt 

Show that for n silfficiently large, th^ difference bet-ween — arid 

/- ^ * n I » 

v2 can be mad!f as small its desired. Show ^Iso'that the* approximation 

to V2 is improved at each successive stage of the sequence and th^t 
the error alternates in sign. Prove 'also tiat p and*^ 



tively prime, that i«, the fraction 



q^ ^are rela- 



is in lowest terms'*. 
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•19. *If6't p be a,ny polynomial- degree* xcLy<het q(n) '''denote th? sum 

/{l) ' ' q(n) i: p{l) + p(2}../p(3) + + P(n). ' 
^ ^'^^ Prove that there i& a polynomfal' q of degrefe m + 1 satisfying '(l)^ 
/26/ Let the function f (n)^'be^llef ined recursively as follows: 

/ ■ 



Initial Step : f(LK= 3 
Sequential S%e^ f (n + l) = 3' 



f(n) 



' In parti^elll^ ve have f(3) = 3^,^ 3^'^^ 'etc. 
Simi-iarly, g(n) is defined 



\ 

/Initial ST^p: g(l) = 9 



:.g(n) 



^" Sequenti-al Step : / g(n ^4- l) ^ 9^ 

Find the ndnirnuil value m for each n such that f(m) > g(n). 

' * \ / (1 + v^)" - (1 - 

21. Prove jpofs. all natural^ numbers n, that — 

' . ' ' ^ ' n - n 2^ 

ijg"-faii iziteger. (llint: Try. xo expj-ess x - y in terms of 

"n-1 n-1 n-2 " n-2^ ^^.x * ' ^ 
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' Sms and Sxim Notatipn ' * ' • ^ 

(i)/ Sum Notation ' . , ^ ► ' . _ 

/ In*the preceding section we maQe frequent use of extended .sums in which 
^the terms exhibit a repetitive structure. For example, consider the stim ^ ' 



■•(!)■ 1 -.1 + 2,..--3"' 3 • 5 +. ..>..+ n(2n - l) . ' • 

\ 



We l^opt a^ concise notation which indicates the repetition instead of spelling 
•it out.'. In this notation the sum (l) is written ' \ 



'Thi's s^ymbol means, "the sum of all terijfis^ oT the form k(2k - l) where ' k 
takes on the. integer val-ues from 1 |o n * inclusive." T^je. Greek/Capital 
"2" (sigma) corresponds to the J^oman'; '"S"' ^ and is intended to suggest the word 



"sum/" 



|| * The notation dan be us^e^d more' generally to ejcpress the sum of any qudnti- 
t-ies (p wh^re k -takes on consecutive integral values; we may begin with 
aiiy* integer m and^end with any integer n where n >m. ITius 

^ flw n . . - ' ^ . ^ ^ 

/ ^ ,Tl, ^k ^m ^nH-1 '^m^2 ^n ^ 

• " . » * - n 

(Note the trivial special ca^e, n = m, a "sum" of one term: ]C = ^^*) 

' E?taiqple ^ A3^2a ; If each of the regions R^^ in (l) is a rectangle with 
height 'and width w^^, the sum of the areas may we witten ^ 



.Here are other typical examples: 
J 3^ . 



_ 0 . ' 1 . 2 . . . 

2" ifo i + ir m 1^9 



1^2 ^ 

•6 - . . 



5i.s^.",s' ' " . rr 



5 . 

]^(j + 3)«5 + 6 + 7 + 8 = 26. 
j=2 ■ , .• 



'9- •• 



.combination "of n 'functions: 



A polynomial of degree no greater than m: ' fT* ' ' - ^ 

• > c.x = + c-x + c-x + . . . + c X . ; J\ 



n 



Example A>2b , ' A simple but important sum is 2^ o , where .c is ♦a 

^ ^ ' — ^ ' . nu, ' 

constant, that is, a quantity independent of the index ^ J of summation. The 

^ • . *• 

fc-quantity 2^4 c is fthe sum of n terms''each ofvhich is c; it therefore 

A has the value nc. ♦ » v » 

In any summation the values of the terms and'the total stre not affected 

"by the choice of the/indsx letter; thu?^ / 

n . n' / • 

' : ■ ■ ■ ■ . EA = E^r- - •■ ■■■ 

^ k=m > ^ j=m ^ ' ^ • . 

We are free to choose the index letter' a^id Its initial value^ ir^ suit our own 

.'con^enienQe. • ^ - i * • - - , ^ ' 

;a / « . ^ * ' • * ' 

f> • * - - # * 

Exainple A3~2c >» , ' - , ' 

, ' 2 ' . 3 ./ 2 ^ . 

£^jr'^0'*-^'*-^2=I] Vl=X]^2-n . 

n ' * n ' 

. (b) 2^a. . =aQ +a^ a^ 2^ ^ Vj^ , ^ ' 

^ i=0' " ' j=0 

^ : r . ' * . ' 

' • Summation, is ^. linear proQess; the -proof is l?ft as the first excercise 

b^lov. , ' ^ • ' • ( » 
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1. -Prove 



Exercises A3>2a - 



n > n 



2. Vrlte feach of thp folloving* Sums in expanded i"orm and evaluate: 



'(A) ■ ^ m(m - .l)(m 2) 
m=2 

•■ 10 ' ' ' 



3v Which -of tlie i^i;io^!fi:ng^ sta.temej)^ are true and vhich are false? Justify 
' YO^j\, -cpfleiusion s . 
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, . . n • , , n-1 

(h) ^ i)'(n - i) i(T -.l)(n_- i) 

• ra' f , -' ' . 

♦ t 
• \ . ,\ n ■ n - ^ / 



k=0 k=0 v^=^'' 



k A' , 
m-k 



k=:0 * ' k=0 k=0 ^ 

n . • ' ' , / 

1;. Evaluate.. f(|)-^^-^-^ i.f ,r{yi) = x^, a = 0, .b. = 1, "and ' 

(a) 'n =^ 2 , ^ . • 
■ ,(b) ^ . ^ ' r ^ ' . 

' (c)Hn = 8 • ' ^' ' ' ' ' / 

$. Subdivide the interval* [0,1] into n equal parts. In each sub"^ ' ' 
interval^ oblJaln upper and lover bounds for x ^ Using si^feia notation 
use these upper and'lover bounds to obtain expiressions for upper and 

• ' 2 r 1 " 

flower estimates of the area under .the curve g = x on^lO^lK If 
you can evaluate • these sunis without , reading )plsewkere, do so.- 

6. •(^) Write out the sum of the first ? terms of an arithme^i^ic progression 
/ with first term a and coiTjnoru difference d. Express the same sum 

in Sigma notSjtion, 

(b) In Sigma notation, \}rite the exfj)res6ion for the^sum of the first n 
terms of a^ geometric progression with first term a and common 
ratio r. * « , , 

" i ^ 

► 7.* (a) Consider a function, -f defined, by ^ J 

\ , ^ ^' n . ^ , ' ^ 

• f(n) = ^~|tr - l)(r - •2)(r - -sJCr - l;)Jr -.5) + r| 



Find f(n) for n = -1.^ 2, . . , , 5, 



at in (a)') 
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(b) Give an example of a function g (similar -to that in (a)') such that 

) 



g(n) = 1 n = 1, 2/..., 10^, ' 



g(iO° + 1)'= 0. 
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8,^ Write each oST^ the , following sums in expanded f5rm and evaluate. 
■ JL /l3_ 
(a) 

n=l Vr=l 

N ; R 

,(b) 



n=l .r=l 

• N ; R s ■ 



• • .m n ^ » ^• 

9. ,The double sum' ^ ^ F(l,j) is a shorth^d notation for 
- • ' . . i=0 j=0 ■ • i ' . 



m ^ 

y^{F(i,o) + F(i,i) +..'.+ r(i;^)| 
i=o • ' ,^ 

- F(0,0) + PfO,l) + ... + F(0,n) 
^+>(1,0) ; F(l,l) + ... + F(l,n) 



# 

t 



• + F(m,0) +>.(nr,l) + ... + F(m,n). ^ 

" * ' 2 3 , -i " \ 

In particular ^^ ^^ i •3 = l^^l+l*2+1.3+''2.1 + 2.^ 

i=l j=l * r , 

+ 2 . 3 =' 18. Evaluate: " • ' 

^(a) y^y^ 1 • J .. ^(c) y^y^max(i,j) 

t=i j=i" ' : ' . i=i j=i 

m rt- ' ' ' (' I m n "» 

i=l' J=l ' , - i=l J=l ■ . . • 



10, (a) Show that- ^^^^ ] = 3^-^ - ^ , k-/ 0, 1. _ . 

... » 1000 ' ^ ' ' ' • . ^ * 

^(t,) Evaluate. ^iTTTT ( ' . ' 

k=2 ' ■ 

" • . . • ■ . ; 

If S(n) = /^f(l), determine f(m) , in Jerms of the sum functidn ' 
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I2. Detersjine «f(m) in the folloving summation formul&e: 

' n ' . - ' ' n ; 

. /(a) 1 =. f (ij i (e) cos nx = ]^-f:(i) 

n ' . . ' n 



n = 2^f(i) (f) sin (an + b) = f(i^; 

* i=l ' * i=l 
n ' n , , • 

' ' it=l • i=l 

n ■ • ^ 

• (d) an-^'+ bn -H* c = y^'f(i) • . ^ 



1=1 



13/ Binomial Theorem ; We defirus ( ) = n ' y , .-where r, n are integers 

su^b tliat- 0 < r < n, Also , 0! = 1 and ( ) = 0 if r > n. Sh9w that 



(a) = \ (b) <? = c^::,)' 



(1) = (n - 1^ = " • ^ V (r 4- 1) = (xv.. 1) 



/ ^ ' , . ♦ 

(c)*- festablish the $inomial Theorem 



n-1' n 
nxy y J V 



^ n a 0, 1, 2, by mathematical imuction. 

lif. Using the Binomial Theorem give the exp^sions for the following:, 
'(a) (x ^ ^(c> (2x1 '3y)3 ' ^ 

(b) (x - y)3 . ^- • (d) (x - 2y)5 • 

15. Evaluate the following sums. * ^* ■ 



■(a) (S)-(f)>...V(:;)=x;(;) ■ 



r=:0 . . 

n 



V 



698 
299 



' ^ n . n 

16.. Slim 2l/'^(?' . by' first^ shoving '^r(J) =^ ^ ( n - ri(p end: 

^' ■ r=p ' r»0 r=0 * * 

: using 15(a). • • , . ^ ; , 

17» If denotes a polynomial of. degl-ee n such that -P*(x) = 2^ 

. .for ic=*0, 1,2, n find 'P^Cn + l) . '' 

• * ♦ > • ' < 

(ii) SunSnation * . 

' Exercises A3ri, No. id illustrates a particularly useful Summation tech- 
nique/i.e., representation ^as a telescoping sum. It vas possible to write * 

1000 ^ ' , ^'"^ . ' : . 

E\ 1 1 , 1 1 

i^(k - 1) T 2^ rt- 



, . 1000 -999 

k=2/ 



in the form 



1000 I • . 



^995 ^999 ^999 " 1000 
ft=2 ' ' ' 

Each, quantity subtracted in one parenthesis is^added baW in the next, so that 

tbe^ffi'tst two' terms telescope fj^orrt' a -feum df four numbers to a sum of two num-' 

• • i^t^,y the first* thr^e terms telescope from a 5um of six numbers to a .sum*of 

^ ' two <n\infbers, etc. Finally/^the entire summation telesoopes (or collapses f 

'into^a'^vmpof two numbers— lihe first number in the 'first term and the second 

rtUmber the last term. Syjnbb\ically, a telescopilig sum has the fprm ' 



(1) 



k=m 



In the above exantplie, we have, m*= 2, n = 1000, ,and f(k) ,== - i so that th^ 
Slim telescopes to f(lOOO) - f(\) = - ^ + 1 = 

We now use (l) 'to Establish a^short diction^y of' summation *formulae"by 
corjsidering different funcUons f (k) . Also, we let m = 1 without loss df 
/generality. Let f(k) = then . * . ■ 

(2)_ ^- xil'^- (■^''--^^F=X^ = j^-^ . 

k=l ' k=l • - - ■ 



St;vr>'Ihis result^ is nothing new. Nov let f(k) = k , tfien ' 
h- ■ * k=l- . k=l* k=l 



5i « 



f;v%'^:or, equiyalently, 

A . n 



5-' , * ]^ HtteaxJly combining (2)* and (3), we obtain the sum of a general ari'tlunetic 
progfessign^ " ,4 



f 

1*. - 

pj^ ' ) ; ^* ' k=i 



') / ^* ' k=l ' ' . 1 

Oto obtainHhe sum / k^, - we let. f(k) = k^ Then, 

• • ; , k=l • " " 

' ^ n ' . / , n 

^^P- (k.- 1)^.}=^ (Sk^ + 3k +^l)^-n 



tel ' k=l 



|;,.- Using_(2) arid (3), ^e^obtain. '-^-^ -i * — J, , 

V ' - ■ 3n(n + 1) ^^j _ n(n + l)-(gn + l) ' % t . 



^r" - • fc=l ■ ■ . - ' 

;^ ^ We now ^an establish a sequential method of obtaining svms of the form 

n 



B(k) Jhose terms are values " P(k) '.of a polynomial function. Because a 
polynomial i^i a linear combination of powers, and summation is a linear process, 

' ' \ * - ' ' ^ . : 

it 'is suffic^lent to give a sequential method for . / k^, r a nonnegative 



\ 



^ - • ' 'k=l 

. integer • ^ 



• ^jChoosing f(k) = k in ^s^^^bif,' formula (l) gives us 

■< ' k=l " r , ' , ' 

'^i. /I ^sing the Binomial Theorem, we -obtain * , •- 

. 'ii^ ' ■ k^^i - (k - if^A = + l.):k! + P(ic) - 

lERJC" ^ . ■ ' ^vJi _ . 



where P(lj) is a polynomial of degree r -^1. Thus, the sum' ^ can 

'be e3«pressed in terms of sums 6f lower degree • Since ¥e 'already hSye the surti 
Jor r = 0, 1, and 2, ve can repeat the method sequentially;!^© pj^tialn the 
sum for any r (compare vlth Exercises A3-I'; No. I9) . . '"i^ 

i • ' 

We can enlasrge our summation tahle hy choosing pther functional forms , 

f(k), e.g., sini(ak+b). By (l), J ' * ^ . ' % 

(5) 2^ |sin(ak + b) - sin^a(k - l)+b^|= sin(an + b) - sin b.. * • 
* k=l . ^ . , ^ - 

. • * Using 'the identity ' ^ • 

' ' " • ' sin A - sih B = 2 sin ~^ cos ^^-^ ' ^ ^ '> 

.' in Equation (5)'> ve obtain 



' _ 'Sin -Tr- 
ee) ' ^ 2^ cos(ak + b - |) = 6os(b + . f . 

If * b = 2 ^ (6) reduces to ^ 

n . ^ , * an 

/ ^ \ s^in*— 

(7) ' > cos ak = cos • " » ^ 



((a..l)|) 



k=l . • • • I 



If b = I + I , (6) reduces to . . - ... 

■ n ._an ' . 
(8) • V sin ak = sin(b + f ) f . 

5y"/Ch96sing^other functions f(k),^ we can' enlarge our list of* summation ^ 
•formulae. We leave this for exercises. 
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> ^ ^ Exercises A3-2b * • 

* t ; ' 

* * J 

Write the following sums in telescoping form, i.^., in the form 

f . ... 
•(u(i) - u(k - 1)> and evaluate. 

lf=l."- . , . • 

•n ' n 

(a) '.2>k(k 4. l)> ,(e) ^k^' 

kni • • I ^ * k=l ' ~" 

/n^ n 

(b) \22^(2k - 1) (f) Z) ''k(k 4- J(k% 2) - 

^1. \ k=i 

' n ' , 

jc) "^2k(2k+l:) - .^^ (g) ^k-kl ^ 

k=l • • ^ k=l 

. n * . * *"'*^'"»--^ 

(d) ^k(k.+ l)(k + 2) ^ (h) ^^r^"''^'^ 

k=l > k=l ■ 

■ n , ■ ^ ' . ." • . , 

Using ^ ^ l^(^) " u(l^-\l)^= ^('^) - u(0)> establish' a short dictionary 

1^=1 - . ' '' / . '. ^* - 

of summation formulae i>y considering the 'f o^lowing, functions u: 



Ca) (a + kd-)^^t + (k + l)d^ 


+ (k'+ 




(b) The reciprocal of (a). 






(c) r^ ' . 






(d^i kr^ ■ V */ 












(f) k: v.. •, 






(&) (k:-)^ ; 






(h) arctan k 






(i) 'k sin k 






Sinfplify: 

\ / 






sin X + siA 3x + . . . 


+ s±r\X{2a - l)x| 




cx)t X + cos 3x^+ ^. . . 


cos l)xj 












1 






3U'3 


• 









Another method fpr summing, 1 P(k) (P ,'a polynomial) can he ottaiped t>y 
using a special case of problem 2a, i.e.,. • ' 

2]{(k+ l)'(k)(k - 1) ... jk - r + i). ■(k)(k - l)(k.- ?) ^,^<k.- r)} 

= {n.+ l)(n)(n - l) . . . (n - r + l), 

tr £ k(k - 1) ... (k - r-. 1) = in-.lK^ l) ... (n - r . l) 



ir + 1 



"til 

First, ve shov hov to represent^any polynomial ?(k) of r ^egree in 
the form 

^<>(k\- 1) a k(k ^1) ... (k Jv + l) 



r: 

* / 



If .k = Oy^hen a. = P(0) ; If k = 1, then a,' = P(l) /- P(0) ; if 
-k-ii^, than a = P(2),- 2P(l) +~P(0) ' "In general, it/can be shown that 



(ii) »^ = P(m) - (™)?(m - 1) +^P(m - 2) - ... + (-l)'^(O), 
-"ra = 0, 1, r. 

Sin9e botl^ sid^s of (i) polynomials of degree r and (i) is satisfied 

for* m = 0 , 1* ^ . . . , r.^ it mufst be an identity. - ^ . ^ 



-4Now sxirn -7/ ^'(lO- 

Using Prob. 4\ind/the' following sums: 

n / 



'C4 ^Ji?- 



k=?l 




^(a) Establish Equation (ii) of Number 4. 
(b) Shov that a^ /is zero'^for > r. 



♦ * ' '^Appendix k , 

FURTHER 'techniques. OF INTEGRAllON 

A^-l*' Substitutions of Circular Functiori^ * 

Although it is not alvays possible tq integrate a given function in 
ft > 
terms of elonentaijr functicg:is, there ^ are important "b^^oad classefe of explicitly 

integrable fxinctions. All powers- ari(l hentfe^ /clearly/ all polynomials are 

'explicitly integrable. It^is not so cl^ar^but it is, true that all* rational 

functions^ are explicitly integrable (see Section • It follows that all 

integrals whicla can be transformed by substitution ihtg integrals of rational 

functio,jis^ are ' explicitly integrable. In this section we shall show that an 

^integral of any rational combinatioi> of x Br>d' VQ(x) , jwhere 

Q(x) =Ax +Bx' + "C, * ^ ' 

>^ # ' * ' ' * 

can be transformed into an integral of a rational combination of cirxiular 

functions and further that an integral of a rational cdmblnation of circular 

functions can be transformed into an integral of a rational functipn. 

^ ' . ^ ^ ^ : * • 

We should consi(ier the substitut^pn of a ciiijcular function wenever an 

^ \ ' - . * ■ * " /2 2- 

tlntegrand is a combination of x ^nd one of the expressions /a - x 



/a ^+ X , YX - a , (a > O) suggestive of the Pythagorean expression for 
one of the sides of a Tight triangle in term& of -the other two.^ 



Example 'la * Consider v ' ^ . 

J 0 



^ ax 



/2 ? 

/a ■- X 

We utilize the substitution 



X = a sin 9, /a - x = a oos e (- 2 - ^ - 



. • dx = alcos -e de: 



(See figure Aii-laO'^-Observing that fox' x = | , e = we obtain by the 
Wbstktution rule, \: V ^ - - 

\ ? J 0^ ^ Jo ^ 
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^ Figure Ail -la 

I 

Example A^-lb , For the Integral • - 

dx 



(x^ + a") 




x'^ a tan»6 



dx = 



2- ^ 
cos e 



y a + X = 



cos Q 



Thus ve obtain 



. Figure 1^l|-lb 

4 



cos-^ B 



^ 2 
a*^ cos B 



Y a J 



= -?r I cos e d6 



sin B 



+ C = 



Example A^i-lc The integration 



2 /3 2 
+ X 



a /a 



I = 



X yxi - a 



dx 



706 , 



"is, perfottne'a with th^ aid of the substitution (se> Figure Ak-lc) 

<x 

6 




X = 



COS e 



= a sec Q, 



dx = ^ ^ d0 ^ a sec' G tan 0 6.9 
cos 9 



n 2 

Yx - a = a tan 9. 



We h€fve 



Figure A4-lc 



* a 



^ ^« sin 0 ^ « vx - a 
cos 9 69 - rT- + C = 



2 

a x- 



Ebcample AUAd . • ,Consider the integral 



dx . 



X - a 



Using the Substitution of Example A4-lc ve otttain 



I = 



f 1 / a sift 0 \ ,^ f 1 
I a tan 0 I . ) " J cos 

y \ cos 0 / 



de 



We can vrite 



cos 9 



cos ,0 cos 9' cos 0 

" ^ ^2- " 2 
cos 0 "'1^^ sin 0 



^1 - sin 0 1 + sin 0' 



With this much as a hint ve leave the integration as an exercise, (See also 
Section - 



J^er^take <^0 < | f or x > 0^ and | < 0 < n for x < 0. 



\T07 



> ' ^ ' ^ - ^ ' ^ : : _ 

fjTHEORgi A^'"la > An integral of any rationar combination of x aiid^ 
"~~ ' 1} . / > • , \ 

iX) ' ' • Q(^) = Ax^ + *Bx + 0,. (A.?^ .0) 

yean be transforai^d by a substitution .x = f(0), "where f *is a 
\circular furjctioh, into an 'integral of a rational combination _ 
Qf sin 9 a n^' cos 0. • 



' Pl»<^f. We are concerned witti'*integrals< of the form 



j'0(^x , Vq(1^) dx 



* where 0. is ^ rational Expression and Q(x) ^ given by (l) . For the proof 
&r«liiiiinarj[_^ineajr transformatic5);i to replace Q(x) by one of 



we first* i 



thfe standard fo^s of Examples A^-laT^'bT^cT^^^A^-^ 



We "complete \the square" to obtain 



We set 




Q(x) A 



f - b = ^ , 0 = /]A\r and x = u' « b in {3)., and 



separate the problem inip three cases, 

' Case (i) . • * ^ V 

1 ' 2 * ' ' 

If ,A'< 0 and ^ ^ - ^ <0 we have 

^ ^ 7Q{x)» = c^^ - u^. 

Sines' dx' = du,, the substitution = u - b yields 



' J* b , c f/a^ - u^)du* 



Now,, employing the substitutfon u = a sin 0 of Example A4-la, we transform 
the integral into the f.prra 



(5) 



I = a 



J'^Ca sin^0 - b , c a cos O) tcos' 0 d0 , 0 = arcsin ^ ^ ^ 



r 



^ince \jZ5 involves only rational operations, we have established the theorem 

in this case. . • * 
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Case ii^i . ■"r. 

C • 

^ J[f . A ^0 and" jr ^ < 0, the . s^ubstitutiorr , " - 

X + b = u =s a tan 0, . 
as jLn. Ex^ple 'Alf-lb, confirms the theorem- «f or this case. 

^ / * 

Case (ilj.) , . ' 

■ ' a ^ ' ' ' 

If A > 0 and t- - — ^ >^0/ the subslTitution 



X + b = u 



cos 



as in Examples Ak-lc, yields the desire<i result. 



f Hhe integral (2) can be also' transformed into an. integral of a r^tio^al / 

^combination of sin^ t ,and cosh t by. an appropriate transformation .x = fCt) 
where'; f xS~^a--h3^e?bolic_iimcU is 'left, as an exercise, ^ 



.TSiEOREM AU-lb, An integral of a rational combingCtion of sin x.\ 
and cos x can be J?i*aaiB formed into an integral of a rational * 
function by a suitable substitution. "'^ ' "j >\ * 



Proof* We consider integrals of the form 



(8) 



^lyCsin X , cos x)dx 



where f is a rational expression. We, observe that -sin x and ■ cos x are 
rational expressions in t = tan r- 5. namely, 



.(9) " 

Furthermore , 



4;. 2t -I * 1 - t"^ 

sin X = — - — , cos X = 

* ' 1 + t7 1ft 



2 • ' 



dx^ = d(2 arctan t) =• 



dt-. 



1 + t 



Consequently we may transform the .integral (8) into the integral of rational 
function by employing the substitution * . *- « r > ^ 



.(11) 



.X = 2 arctan t; 



709' ^ 

" 309' ' •' 



thu§, entering (9)^ and (ip) in \Q) we obtain, the integral' in'^the form 

, J \1 ^^t"^ 1 t'^/-5>+ t"^ ; ^ — ^ 

Theorems 10-3a and 10-3b do not necessarily point the way to the simplest 
method of integration for a function of one o"f thp. types considere^ ftere; they 
simply indicate* a line* of approach which is sure to work but'i^y lead to" 
enormous complication. Often some special device leads t.o the soluj^ion Tar 
mpre^ s4m|)ly and* directly. / ' • <^ . ' ' , . ^ 

^ • 

\ \ Exercises AU-1 ' \ ^ 

1. Integrate the follojjing functions, the numbers ^a and b being .positive. 

(a> — 



^^^^ ■•■ . 



vm, I K 



T" 



,2n5 



(.c) x2#T7 ■ ^ ■ (i-) 



/2 2 

Id)' '^--^ : ' a)'- 2u±ax4i 

, ' X 7x. %a ' 

(e) . . I' (J^) V^^x + x^ 

, 2 ^ 2^■7 2 " ,2' - - ■ 

. / • » ' > - 

"'(f) ■ ' 



Let *R(x,y) denote a rational function in x and y. Reduce the ' 
following integrals to integrals of rational functions. ' ' 

(a) l4?(x, -Jok + b)dx, a ^ 0. ' ' 



(b) |^(^^ '/ ex t,d )^^> " an integer,' 



ad - be ^ 0. 



UsingHhe result of Number 2, integrate 



v'ax + b + /(ax + b*)^ 



^ Reduce io rationale form 



dx 



V 1 +fx 7 1 + X 
JS^X^ss as elementary functions 



(a) 

i 

(b) 
(c) 

(a) 

-"ft 

(e) 



f dx 



dx 
+ sir^x 

o 

1 - Qos 2x 
dx*-"'' 



•x^vT^ 
dx 



(a) The integral 



J /ax^+ 2bj> 



4 

dx, where P(x)<^ is a polynomial _of 

/ax^+ 2bj>-.+ c 

degree n and a ^0 can be reduced to^a ra-):^onal trigonometric 



form as described in the texti. It can be al^o redtuced to the 
1 



integration of 



/a: 



; namely for some polynomial Q of 



/ax + 2'bi(^i: c 
^ degree » (n - l) and. constant k, 



P(x) 



/ax 



Show how to 



D(Q(x)/a 



^ax + 2bx + c-) + 



- ^ - ^ ^ Ax ' + ^loi +' d ^ 



.find Q and k . 



(b) ^Jsing (a), integ3rate 



^5 _ ,3 



t^ + t 



(c) Caloulate th^ntegral of (b) by using.trigonoriietric substitutions, 
and. compare the merits of the two methods. ' ' 



7; Integrate 



(ay. 
(1?) . 



sin ;c 
1 

tos X 



(by a method other than 'that of Example A4-ld). 



7 



J- 



n ' 
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A4-2. Integration by Parts ' ' ^ 

^/ (l) The ^ b&ala formula . tThe ^''thQd 5f 1-htegratlon by part^ is used to 
^tegrate certain kl^nds of proiiUr^s. ^he method corresponds to the formula 



for the 'derivative of $ i)roduct. 



THEOREM A^-2a ,. If .f and g have cor>tlnuous derivatives over 
a common interval cpntainlcg i and b then " • 

fb ' * r 

'<f(x)g'(x)d^ = [f(b)gTb)-f(a)g(a)],- ^ f'(x)g(xldx. 
. ^ . ^ : la 



^The^theorem follows directly from the product- rule {{k) of Section 8-ii)^^ 

and :th6 Fundamental Theorem of Calculus. 
> / * ■ » 

In Leibnizian notation, for* u = f(x)., du = f*(x)dx and v = g(x),' 
dv = 4*(x)dx we Obtain f or thedefijiii^^ 



.(2)* • » ' Ju dv = uv - j*v du. ^ . ^ 

Integration by means of (2^ is called integration b^ parts . - - ' ' 

^ Example A4-2a . To integrate x ^^6^:^^^®^^® ^^^^ "^^^e ^ 
especially sibiple , derivative a^d.set u = log^ x and dv = 1 * dx^ For v, 
then, we t^He ^ = x. , Consequently, from (2) 



\ log^ X dx = X log X '- 1 - 



dx 



- X Iq^^ X X 



the formula we have already obtained. 



In application, (2) is us|d as*above for the integral 'of a product where 



is use 

the. product of the integral of onk factor and the derivative of the other is 
formally integrable. ^ • i ' 

^The teibnizian notation in (2) was introduced a*s'*^ shorthand for, the'* 
explicit formula, But the notation suggests that we might interpret u as 
.a furtttion of v, and v as the inverse function of u. This idea yields 
aj^ iSj-luminating geometrical interpretation'of integration by parts. ^ Sdppose 
that u = f(x) and 'v = g(x) where, f afvid g have inverses.' Jhen we can 



write u ss'0(v) and v = \|f(u) where 0 and t are inverses^, (The proof " 

is l«f1> to 'Exercises Al4-2, Nb. 2)7/ Set = f(a), u^' = f(b) and = g(a) 

' \ " fe{^)- We ha-O^e = 0(v^) and, inversely, v^* '= \|^(u^) for i 1, 2. 

Now suppose 0 and \|f are increasing and nonnegative. Then, from the 

familiar interpretation of integral as area (see Figure AM-2a) ve immediately 
* . , *■ < . 

have 




Figure'''Ai|-2a ^ 



V, = I ' uT'dv + 



V du + ^0^0^ firom which we at once obtain 



f-i ' . • ' {"^ ' ' 

\ u dv = [u£V^ - UqU^] ^ \ V du. 

Jv ; . ,Muq 



From the Substitution Rule we immediately recognize this equation 'as a^ f orm 
of (i). A like geometrical argument gives, the , same result when p and v 
are decreasing. 

' Jn general, this interpretation of integration by parts gives the formal 
'integraj. of any function which* has a formally integrable inverse. 



' AJi^gb. Co^isider . ^ 



■1 



x"^ arcsin x dxr- . (n integral,- n -l), 



Since the arcsin has a simple algebraic deritative we set u = arcsin x,. 
dv » X dx and take v = j-jgr..'; For -the domain ' 0 < x < | ve have 
.= arcsin ^(n + l)v and v = -_i_.'sin°'^^ u. From a?heorem A^-lb we know . 
/that yAn can be transformed^ liito the integral of a rational function. 
As ve^sha^ see (Section AU-^), rational fimction&^a^e always formally integrabl 
It follows that sin^"**-"- u is formally integrable with respect Ho u * and henae 
that X arcsin^x is formally integrable with respect to Reduction to 
thd integral of a rational function' is not necessarily the most efficient way 
to carry out the'se integrations, but integration by parts can be used more 

effectively In other ways to execute the integrations. 
•* * . * 

, ^ The idea of Exaa^le M^Sb^^ for u = f(x)dv' = x". dx , estaftishes :the, ^ 
formal iiJtegrability of x°f(x) where f is any inverse circular 
function, and, in view of Example Ak-Qa, if f(x) = log x'. 

-^ Example A^-2c . ^Censide^F 



1 



X lo;p X dx, • ' (r real). 



, Since log x has a aiigple derivative, we set u log x, dv = x^dx. If 

r+1 ' ' *4 ' ' * 

r -4. 'we take ' v = —jry to.obt^in ' ^ . ; » 



Jx- i«l X dx = log X : i:^:^ j 



x^ dx 



If r = we may take v = log x to obtain 

^r^iop ^ (^^g^)2 . jiop dx, 



^hich yields 



a fesult vhiclwis obtained more directly from the sUbstitjition ^log x = t, * . 

.... ' ' 

^^•tSL ^The- method of Example All -2q/ for u = fix) and dv x'^dx, exhibits 
the formal integrability of function of the form x'^ f (x) J when n ^ -1, ♦ 
vhere f*(x) is any rational combination of x and /Q(x) and ^(x) is a 
quadratic polynomial. Integration by parts expresses, the give*n integral in, 

terms of the integral of — -t f*(;ci vhich may be transformed into the 
integral of % rational function b^ Theorem Ai+-la» From the assumed 'integrability 
of .rational functions,. jDhe result follows.- It follows as a flight generalisa- 
tion that P(,x)f(x) is formally integrable for- any polynomial function P» 
Prom this argument we observe again that if f -is a logarithmit: or inverse 
circular, function, then x'^f(x) is for^nally integrable. In addition, for 
h(x) = 0(x, V'Qf x)) , a ralioi^ combination of x and. /Q(x) , th^ expressions 
x^ ioglifx) and arctan h(x) and ar,e all formally integrable since the 
derivatives of log and arctan and ajre rational functions, 

r 

Example Al4-2d . Consider the integral . ' 



■J 



x e^ dx 



We integrate by parts. Set u = x dv =- e^dx and v' = e^. Then by (2) 



!'^' , • Ix e^^^dx = xe^ - /I e^ dx 



X X 

= xe - e 



Integration by parts may be used to"p5:oduce A simplification rather than 
a final complete integration as dr^Exanple Al|-2c when r = -1, " 



<v4 



^ Example Consider 

• ,1=1 e""^^ sin ax dx 

V* J 



bx- 

1^^^ sin ax dx ^ 



, < 



bx 

^ For u = sin ax, dv « e * dx, v p ~- , ve obtain 



I = ^ e 5in ax - r I e c6s ax dx 



1 ibx . a 



= ^ e sin ax - - J, 



vhefe 



bx , ^ 

e cos ax dx 



• ^ ^r'fesents the same diff iciilties of formal integration as I . Hovever, by the 

^ ^ same technique, ve can express J in terms of I and hopefully* may obtain 

, an equation vhich can be solved for I , Now take u « cos ax and 
^bx - ' , . 

. V =x -r- in (2) to obtain 



b 



T 1 ^X a I DX 

J f ^ e cos ax + - I e sin ax' dx 



a ( bx 



1 bx ' ^ a ^ 

^ = ^ e cos ax + - I. 

Entering the expression for J above in the expression for I' and solving 

for 1 > we obtain . ^.' x 

«* / ^ * « ' , 

' I = -5-^= — 5- e^^ (b sin ax - a cos' ax). ^ - • • 



(ii) Recurrence relations , The idea here is'^to express an integral of 
^the general form -* J'f^(x) dx in terms of Jf ^ ^{x) dx , 



i 
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Examplfe A4-^> Cons ider 



Set u = (1 . x^, dv ^^^dx, y=^-^^/'Then 

4 

^n = r^-l ^ J ^ - ^ 



dx 



where, -for i> = 0, the result yields, correctly, I = — — . .Ifow, observe 



n r + 1 

..that ♦ 

X (X - X) = -X [(1 - x) - (1 - x) 
whence, * 

. . n r + 1 r + 1 n-1 n-* 

This equation" may then be solved for I in t^rms of I 



« 



n-l- 



r+1, .n 



n n + r+1 n+r+1 n-1 , 

or 

How tHis formula may be applied recursively to express ^ in terms of 

n=S^''^-2 "terms of ^^^y etc*/ to yield ^^"^ ^ , " ' • • 

n~n + r + l|^^-^ ^ n + r (n + r)(ri + r - i). • 

. . n(n - l) 1 1 . 

- ' (n + r)(n + rVi) , . . (j, + l)J ^ ^ 

Sometimes it is necessary to prepare for integration by parts by some 
preliminary rearrangement, as ve show in the following useful example. 
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= I COS X 



l^,-. We vrjte- pos"x =' c^s""! x 'cos x, . set u'= cos'^"^ x, dv = cos'i dx, 
l> • ■ = sin X, to obtain ■ » ■ 

(.?' ' • - t . ■ .... 



^ <^08^"^ X Sin X +' (n - 1) I cos''"^ x sin^ x dx ' 

r . = cos""-'- X sin X + U - 1) Jcos'^"^ X, (1 -'cos^ x)dx. 

.Thus, ' 

"» ' . ' 

C n-1 ' ' ' ' 

= COS X. sin X + (n - l)[l ^'--^ ]• * » 

n-ii I ; n 



Solving for ,1^^ have 



J _ cos X sin X ^ n - 1 



even 



Since the subscript Is lowered by 2 at each step we observe for n 
ttet the recj^sivfe^ reduction of the integral terminates at n = 0 vith 

r ?o ^1 ^ ^ odd, at n «=1 with . , 

. ^ =^f* cos X dx = sin * ' ^ * 

Otten the principle -use of a recurrence relation is not to obtain the 
r.^. V integral in terms of Elementary functions (vhich may not be possible) • 

but -to Obtain the original integral in terms of a simpler integral. 



Example Ak-2h . Consider 



2 



. ' • 2 '2 

From u = x""^^, dv = x e''^ dx, v.= - | ^."^ we obtain ' 



, . -^n • 2 ^ 2 J ^ , e dx 

•or ' ' \' - 
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V 



1 

If n ii oda, the recurrence relation 'gives-; in terms of elemental 

functions and I^^, but \ = is elementary and is ' \ 

formally integrable in terms of elementary functions. If n is even, ihen' 
•Qie integration of 1^^ is reduced to the integration of 

This integral is not'^elementary,^ HoWer, it. is well known and much used^. 
In terms "of the errCrr function erf ^^ (the area und'^r the normal prolDalDili| 
CTirve) given by " . ' 



t^ 



we have 



j( 



The common tables of the error function enable us to work, with It numericalljr 
just as conveniently as the circular functions. ■ \ . ■ I 





* 
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Exercises AU-2 .^4 






1. Integrate the folloving. 




•J • ^ 




k ■ ■ h 


(a) X sin 3x 
> 


(j) 


arc cos x/m 
A + *m 
















. (b) X • 5x 


' (k) 


X sin X ^ « 






. ^ , : 3 -2x 

^ fcO. x-" e . : , 


{I) 


2 , 
X V sin X 






(d) >^ log ax 


(m) 


2 

X arcsin abc 






2 

(e) ^log "bx 


Cn)' 


cos*^ 2x 






' (f) log^ X 


.(o) 


sin^ X 






^.^(g) -arc cos 7x 


(p) 


sin (log ax) 






(K) arctan^^K^c 




X tan ^ . 






(i) X arc tan x 


» _(r) 


(arcsihx) 




U ; ' . 

w 


1 , 


' (s) 


sin ax cqs bx^ 
1 


• 
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Support the geometrical inter^etation of. integration "by parts by 
shoving for u ^ f (x) and^ y = g(x) vhere f and . g We inverses^ 
that ji-x: jzi(v) and Tv = *(u) vhere . jZi and ^ are inverse functions. 
Verify as alleged after Example Alt-Sb thkt the method of the example 
does deaonstrate the reducibility of Ix" f(x)dx to the integral of a 

rational function if f is anyjiiverse Circular function, or if f ig 
the. logarithmic funct 



Establish- recurrence relations f6r^Jach of the following {in each case 
m and n are positive|^ntegers) . 

(a) Jsin"xdx ^ _ _ (e) Jx" e"^ dx 



(b) . 
(c) 



arc sin x dx 



dx 



(&) 



jx°^log%dx * (f) jx" 

8in^ X cos" X dx ' (g) ( ^jj 

"* ' sin X 

f n ' fx 

J X arc tan x dx (h) .V — -djj 



(i) J x" fcos X dx 



(Note the difference between n 
odd and' n even) . ^ 
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Ak-3'. Integration of Rational "Functions _ . 

The proUems of- formal Intfgratrion In the preceding sections of this " 
appendl:;, were often recast In the form of the problem if Integrating a rational" • 
function^ For a rational function there always 'exists a formal integral in _ 
terms of elementary functions. The formal integral is obtained by reducing - 
the rational function to a sum of a polynomial function and functions defined 
by the elementary forms 



(l)i 



(x - c) 



[(x - a) + b J 

It can be proved that such a reduction is possible, either.. from the 
Fundamenl^al Theoren* of Algebra which requires the theory of functions of 'a 
complex variable, or directly by new algebraic techniques. In either _case 
a complete proof would take us outside the frame of this .text. 

The reduction of a rational function into the sum of a po]j^nomial a^d 
terms of 'the form (l)'and (2) is called a decomposition into partial fractions. 
We give one siTfiple example. ----- • . 

Example Ah-3a . A common case ip givep by the rational expression 



(3)^ 



1 _ . V a- b. 

(x - a)(x - b) ■ b - a yx - b x - a J> 



Fr<A the decoil^osition (3) ve immediately obtain the Integra 



7 ^7 vTT = >r^(^°8(x - b) - log(x - a)) 

(x - a)(x - b) b - a 



1 ^ /X - b 



log (^)^ 



\ b-a °':?-a 



• Let R be any rational function. By long division it i^ always possible 
,to put R(x) in the form . ^ * 

" ' ■ ' ' H(x) = S(x)*|f}^. ^ ■ 

where S, "P, Q are polynomials and the degree of P is less than that of 
Q. Since the polynomial. S is immediately integrable, we may omit it frpm 
consideralfion. It follows from the Fundamental Theorem '6f Algebra (Appendix 
2) tha-t every polynomial Q(x) with real coefficients has-q unique f&ctoriza<^ 
tlon of the form 
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Where the are the distinct real roots of Q, 'and . i ib^^, the distinct 
imaginary roo^s (b, > O)* ^ 

Now suppose that R(xO = where the degree of P. is less than that 

of Q, ^ and that P and have^ no conmon factors . Then we assert,^ that 
R(x) is the sum of e^^ryfessions oftrtwo standard forms; for each real root 
C, an expression- of -the^fora> -.i^^^^. ' / ' 



(5) 



^1 - ■* .r 



: (x - c) (x - c) 



n 



where n the multiplicity of c : foV each pair of conjugate imaginary 
roots a ± ib an expression of the , form - ' 



C6) 




Where, m is their' common fflultiplicVjj^We merely use this format as ^ ^ide 
without proof. In each pa^cular case it can be verified directly that, the 
decomposition obtained is correct. .Qnce we have obtained and verifi-e'Q t4e 
correctness of the partial fraction decomposition we have reduced the inte- 
gration problem to that of integrating the simple form (l) and (2). / 

Before we eiibark ,on the problem of integration let us see what is 
involvedj^in the algebraic problem of obtaining the partial fraction decomposi- 
tion. ThQ first pij^blem is to obtain the 'roots df the polynomial Q(x). In 
general the roots of a polynomial cannot be obtained from the coefftcients by 
^a formula involving only rational operations and rational powers. Ther.e are 
such formulas for the roots of polyiiomials of third and fourth. degreay-bu% -^-^v. 
these formulas are generally, useless . - For example, th^ formula- for the roots - 
of polyndmial of third degree may involve complex quantities even when all 
three toots are real. For computational purposes it would be sufficient .to 
estl&ate the roots numerically, but it is usually easier to estimate the ' 
/integral directly (see Chapter 9)* Nonetheless, the method of decomposition 
; is valuable because often the factorization of Q(x) is given by. the con,- 
ditions of the problem and often the factorization is easily obtained. 



9„ o2^3 



. . Next, wfr turn our attention to the problem of obtaining the partial 

, fraction decomposition oi?5&.Jhe denominator is given in factored form,^ 

* ' ' ^ Piiie^ ve consider the^ problem of obtaining the partial fraction decbm- 
W/f^' - -position of ' " * 

- ■ (X - C^)(X - Cg)'.,. U - C^) ' ' < 

'vhere/the root^of Q are all r.^al and simple (of multiplicity l) and the 
— , ^ ax ^^-aegree of P is less than that ^of Q.^ Prom the foregoing, there exist • 



•constants A., (k = 1, 2, n) such that j 

■ (7> • ^ ■ 14 = ^ - -^l ■ ■ M-^^S^- ■ ■ ' 

^ ^ our X - c^ ^ " ^2 1 % n 

For X 4 ve obtain on multiplication 3y^/(x - c^) d 

^ P(x)(x - oi)C-' -Jl 

where ^S(x) is the sum of all the -partial fractions but the firsts In a 
neighborhood of x = c^ this ^equation states th&t the ejfpressipn T(x) 
def ipe;^ 'the constant function T : x -> A'^H Therefore ^ 

S 1 • ' 'I 

= x'i\'(^-=2)(--V^- <=l-=n) 



whence, 



(8) - A, =. 



^ P(cJ 
. 1.. 



1 =-(c^ - C2)(c^ - C3) ... (c^ - c^} • . f 

This -last expression can be written tidily, if we observe that since, QCc^^) = 0 

lim 7-^^4^= lim -^=Q'(c). 

(x - C, } X - C- 1 f 

- X C^ ^ 1' X'-^ c^ 1 • , 

' Ho.) . .^ 

4%iU6 .= ^, / I . Since *c^ \& simply a symbol for any one of the roots, 
1* Q • ' ' * 

it does not matter which for 'the purpose of this discussion, Ve'have in general, 

' 72k ' - • 



Example AU-3b . *WS obtain the partial fraction decomposition of 

, • • ^ . . . (x + i)x(x -.1) • ■ 

Here jP(x) = x +x - 1, 'q(x) = x"^ - x/ Qt(x)*=: 3x^. - i ^ . The ,denQpiinator 
has simple zfros at -1, 0, and 1* Prom ' ' 

^ P(-l) -1 jiO)_-l' p(i) -1- --^--^-^^^ ^ 

' 2 ' 0^(0) - -1 ' ".2 .... 

^ * -^ - . . , ' * v^' ^" X'-.>- 1^ 

we have 

^ . , • . ' ' - 

P(x) . 1 1 ' 1 ' ' " . ' 

.QUT - 2(x + 1) X 2(x .1) : ' 

which is easily .verified to be correct. " -'^ ~~ ~ . : 

There ^.e general techniques for the case of rauitlple real roots '"or 
"Imaginary roots, tmt in such cases is often easie:^* to determine , the 
, deconposition by the method o£ equa-tea coefficieh'ts.V^' -"r " - , 



Example Alt-3c . From 



' . r 



xl-1. r , Pl^ * h V ^2 



x(x2.l)r"' x2 + l (x2..i)2 



we obtain on multiplying both sides by x(x^ +*l)^ 

x^ . 1 = r(x^ ^''2x^ + I) 4. p^(x^'+^x^) + q^(x3 + x) + p^x^ ^:ci^x ^ ■ 

= (t + p^)x + q^x^ + (2r + + P2)x^ + (q^ + q2)x + r^ ' 

'\ * * ' 

provided x ^0." Now the coefficiients of like powers on the right and left 

,must be. equal (Exercises No. 3). Thus we obtain* the equations 

: ^ r + = o-"-'''.' ■ ■ . ' : 

• - . . 2r + p^ + P2= 0 * ^ _ - 

+ = P 

from which r = -1, p^ = 1, = 1^ = -i^ 1. rphig yields 



Also called the method of undetemined coefficients. 
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- 1 • 1 ■ X + 1 , X - I . ^ 



x(x2 .1)^ " - 1 (x^ . U^- 



r -vhich is easily verified to be correct, 



Given the partial fraction- decomposition of a rational function we 
complete the work of formal integration, by showing how ta integrate the 
standard forms U) and /2) • 'For (l) the integrals are already -foxmd. If 
n > 1, we have ' ' " v 



(lOa) ' . --^dx = - : J - 

J (x'- c) ' (n - l)(x - c) . , / 



and if n = 1, then 
(10b) 



9 

l^j^dx = rn.og Ix -'l|^+ C. , 



For (2) we introduce the substitaition ' ' * . ' 

T ' - (x - a) = b tan u (-|<^<|)> 

» ' 

" ' ' b 

where we assvime ,b > 0 (compare Example Al*-lb) , Using dx^ = du * 

cos ^ ' ' 

we 'obtain - i ' ^ • * 

( px '+ q ' I p 'tah u + pa'+ q ' b 

' [(x - af . b^]" ^ J b2^[l\ tan^u]" coA 



2n-2* , 
cos u du. 



Of 



the last t^o integrals, t^ie first is imediatel/fg^iTrially "integrable and 
the secon^ is given bylihe recurrence relation of Example '•Al^-2g*/ We le^v^ 
as an exercise the problem of ccitnpleting the integration and representing 
^the forriial integral in terms of jc. The resulting integral is ja ^um of terms 
of the following types, > ^ ^ 

, \ , ^ ^ Ax f B ^ 

[(x - e^ilk.^ ^ i J • 

where k is a positive integer, k < n, ^ ^ 

■^^/f 2 2 • ^ 

(lib) . A log [(x - a) + b ], ■ • . - : 

» X a 

, (ijLc) *A arctan — — . , 
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Finally, we observe that if we know the factoriza'tion of Q(x)\ we know 
, the form of the integral of from (lO) and (ll). Therefore it' is 

sufficient to differentiate this form and determine the constants by the ^ 
method 'of equated qoefficients. 

, Example Alf-3d^ Consider ^ 

1 



f X + : 

J x?(x2 . 



(x" + U) ^ 
yhe integral must be of the form 

. a log'x + ^ +'a log'Cx^ + ^) + P alrctan ^ + C-* 
, , The derivative of this expression is . • ' 

' / . ■ 



. x^ . x^+\ x^+u"' xV,+ M ^ 

-Since the numerator of this expression should be x^ 1 'we have on equating 
coefficients c ' ^ . 

a> 2a ='0, 2p - b = 0, l*a = 1, -Ub = 1, 

whence Q ^ ' * 

' * 1' 1' 1 ' 1 ^ ^ 

a = , b =. - ^ , a-= - p . 

It is easy to verify that this yields the cor^red^* integral. 

^erci'Ses 



1. Integrate the following - , 

(a) ^L±2_' , .^.^^ 
» - X + 3x + 1 



■(x - a)(x -,b)(x'- c) ^ 



X + 3x - 10 ' • ' ' x^, 1 

(c) '-r-r^ ^ (b > |a.l) (g) 



X 2^ax + b , x^ + a^ 



(Consl;der the cases 
a j!^ b and a b) 



x(x -'1)2 



ERJC » ; * ^-^r^s^.' 



-:!£ -' 1 . X + 1 

^ K , - • 

X + X 

Prove fr.om Equation (s) that if 



(k) 



r.om EqaS^i 
Qlx 



(x - a^)(x - Sg) (x - .3^^), 



where 



< < < a , then t-t— r has a 'decomposition into partial 
fraction^ of the form ' ' , . ^ 



Prove if 



Q(x) jjc - a^ X - a^ ^ ^n 



- a + a nx"""^ + ,w +^.a^ = b + b nx""""^ + + b 
. n n-1 0 n n-i u 

for all^but finitely many numbers x, , that the coefficients of like 
jowers on ths right and left are equal; i.e., ^ = \ k = 0, 1,- 

• n. ' > 



Verify that \ ^ — 7^ ^'dx^ can -be express.ed as the sum' of terms 



of the forms (11a, c). 



/ 



YlAl*-^* Definite Integrals ^ - ' . 

4f ' ; ^ . ^ 

In Chapter 9. and earlier sections of tl\is appendix we addressed ourselves 

^'Igriifiariiy t'o ,the problem^ of finding th& indefinite integral of a .given function. 

in principle, this solves the problem of evaluating any defiUiite integral of the 

function. Jn practice, it is otten desirable or ne<:essary to evaluate ^a definite 

, integral, not by formal Tntegration, but by some other method altogether. 
It may be impossible to obtain an explicit representation, of the indefinite 
integral in tferms'of elementary functions, yet ' sonie, special symmetry may 
-yield the value of a given definite integral, effortlessly , Ev4n if the formal 
.expression for the indefinite integral is obtainable, the use of a symmetry 

, concittion may be<a worthwhile shortcut. Often the idea of integral remains 
appropriate when the Riemann integral*, as, strictly defined, does not exist ' 
because the range or domain of the integrand may be iijnbounded. In these 
cAes, we U^vTtB^^kend the definit^of integral in a meaningful way. All '/ 
these, problems a^e treated in this secCTon. ' ^ ' " ' - ^ 



^ (i) Symmetry. Watch for- symmetries; the observation that a symmetry 
I • exists often: provides a direct solution' to a problem.or an important simpli- 
^ fication* We have already pointed out one useful symmfetry in Section ' 



^ If f i&*an odd function and integralble pn [-a, a], then' 

(1) ^ ^ \ ^ f(x)dx = 0. 



/; ' * . ' ' Example Ah-ka > Considei' ' 

i. ■ ■ ' ' * f" 

;. ■•' . \o '**'■'■"*• I • X dx. 

I-' ' J'"" 

; It is- hopeless; to find the indefinite integral, and it ij„?i^tneeded, ''since' 

»; . - f is an integl-able even function on i^f^], then 

f 5, f : f(x)dx-= 2p f(x)dx. 



5 f 



> Example AU-^Ub , Consider 



The odd povers contribute zero and for the even* powers 'we obtain >i 

I / ^2 . 2n , 

I =-2 \ (a^ + a^t + ... + a^^.t dx . , 



— 3 2n+l, 



Often an integral which exhibits no obvious symmetry can be 'transformed 
into a symmetric integral. OJiis is specific for each case and no general rule 
for discovering such symmetries can be given. 

Example Ai^-^c . Consider ' ^ ^ 



2 dx • , ^ . 



Since the graph y = -Vx - 2 has a center of symmetry at x = 2, ve set 
u = X - 2 and find ^ - 



^ I = \ du = 0. 



Another important syinmetry of a' function is periodicity. 

^ If the function f is integrable and periodic with period 
p, ^ then the integrals of f oVer in-tervals of length p are 
pll'^he same; i#e., ^/ ' ^ ■ ^ 

' p f a+p f b+p 

^(3) I ' f(x)dx = \ ^ f(x)dx 

for all/ a and 



The statement Is gepmetrically obvious. The graph y = fU) ov-er any 
interval of length |p represents the comp).ete graph in the sense that the 
picture, of the funct^ion from a to p is identical to the picture from 
at+ kp to ^ + (k 'i l)p where is aijyfnteger. The entire graph can be 
thought of as a sequence of identical pictures of width p, ^ laid ^nd-to- 
end (Figure Ak''k^).'f If a frame of width p is laid over the graph (the 
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. jLnterval. + p] in the figure) then, the part of the totaL graph within.' 
the frame may be cut along a line a + kp and reassembled to -form the ^' 
original picture by interchanging the two piece formed by the cut. This 
geometriceuL discussion is exactly paraphrased by the analytical proof. 
The proof is left to Exerdses Ah-^, Number 12* ' ^ 



Example A^-Ud . Consider 

In- 
fa^ + a. cos 2jtx + + a cos 2kjrx)dx.' 
. 0 ^ ^ ^' ^ ' 

s pejjiodic with pei;tt.od 1, / 
^ ^ a^'cos 2VJTX dx + I 



Since the inte'grand is periodic with peitLod 1, 

7^ 



.'1 k 



.1 =n' 



a^'cos 2VJTX dx + 



ft 



Is' 

% 



For V > 0, 



and 



v=0 



i: 



a^ cos '2VJTX dx. 



0 v=0 



cos 2vjtx dx = 



cos 2VJtX' dx ;? 



sin 2vffx 
2vjt 



sin (f ) 
2^5t 



^Consequently/ 




1 ®1 ' ®^ ^5 



(ii) Special reductions . The general form of a recurrence relation'^- , 



for a 'definite integral is 



^1 



(x)dx = g„(x) 



, (x)dx. 



Quite, often specific problems lead to integrals fp? which the" ".boundary" term 



is zero for. n > 0 , say. -If so, we immediately have 



Ah-U 



|;/- :Thus Itt'Example AU^f , we coulS conclude at once from * 

m+l 



^ fb 



m: 

Br 'fir 



that' 



' pjj' + n + 1 ' 7 n + m + 1 J ^ 



1 ^ x^l - x)" dx 

Jo i (jn + m + l)Cn + mj ... (m + 2) | 

I 



X dx 



« ! h(n - 1) 1 

. ~ (n + m + l)(n + m) ... (ra + 1) * 

Thus we obtain an important c^)nnection with the binomial coefficients: 



Example Ah-ke . a case cff special interest is 

• f«/2 ■ 




.From? (5a) andi (5b). there -can be obtained a graceful represeri- 
^ tation of ^""^ known as Wallis's Product, Observe that 



♦ 2 .2 
« 2"^ i*"^ 6 



(2n)^ ' ^2n 



2 " 1 • 3 ' 3 • 5 *^5 • 7 -•<;^(2n- U{2n+1) I^^^^ 

Now, since 0 < cos x < 1 on {0,|*] we have cos^^x < cos^ x for 
^ ail V so th^t- I^, < I^. It follows that I^^^^" < I^^ < 1^^:^, 



and since - 1^^ = I^^^^, that • 



"1 



1 < 2" < 1 4. 1 ■ 



^ 2n 
Taking limits we obtain lim = 

" » h^-)oo •^2n+l 



L, ^( 



ence 



/ 



2^ U2 g2 



2 1-3 3-5 5--7"* 
' where by this infinite product, we mean siraplj' 



•lim 
n -» 00 



Jil. A- ' (ga)'^ 1 

[l • 3 '.3- 5 '5 ■ 7 (2n - l)(2n + 1)J 
+ 1 L (2n)I J 



lim 
' n ->«. 



The verification that the two expressions in tl^ese limits are equal 
is left as an exercise. « . ^ = 



'•John Wallis (1616 



r?ngiish 
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Exer cises kk^k " " 1 / 

- » r ' 

Evaluate the following defipite integrals: 9 

1 , I iLi dx b. I . — . . ^ ^ a >«b > 0 

I ^-p , .P . ^ . I ^ "a + b cos X 



fl ■ 2 - / ' ("1/2 _ , 

e"^^ dx ' 7. I , X. 6in X cos^ x dx 

0 ^ . ' . Jo. 4 



< 



I sin \x clx,(m,a positive 9» .1 ' 

J 0 , y . integer)' '"^ ' JO 

f^/^ m f"/^ sin^ 0 /l . '.7 

I •/ sin^ X (fop X dx , . 10. I ^ p 2 — ' 

J a ' - ^ j-:rA ^'^^ ^ ^ cos 0 

a>^0,b>0,/ 



(m, a positive integer) 



)-a f ^ - 

f(x)dx with I f(x)dx ^when f is even or ^d to 
0 i -a . _ 

derive the reswlts (l) and (2) of the text by a method other than the 
one you employed for -Exercises Number 4* ,1J 

12. Prove if f is integrable and, periodic of period p, then for all 
a- and b * ' " < , 



Ia+p ^ f b+f ' . 

f(x)dx = I . f(x)dx; 



13* Prove that if n > 2 then ^ ^ 



•Jo 

that 1 , ' 

* \y% 1 + CC 

2^ g2 . (2n)^ ^1'^ r ^'"(nl)n ' 

15* Show • 3T5 : 5T7 • • • (2n - l)(2n-+ l) 2n + 1 [ .(^hjl J 



.500 < -^^< .521*. / • . 

\ ' Jo / 

/• As ' ' '^ 

I i^^v J. ^ sin x) . 2 - ^ '^1 

. 1^4. Prove^ that .1 , — ^ ^r-^ dx = « . . 

cos X - . 
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Determine the value exact to tvo decimal places of 

• '■ .^36.1 

1 ■ sin(n log x) 

1 



Evaluate 



J 



2 - cos 2t 



dt. 



(Hint: Express the integrand as the sum of a s^^^etric part and azi 
integrable part.) / 




i 



, Appendix 5 
THE INTEGRAL FOR MONOTONE, FUNCTIONS 



A5-l» Introduction 

Area, as we treated the idea in Chapter 7, was not defined analytically 
but accepted as a geometricall;y understood ^concept . We did not question the 
idea that a region with a curved boundary has a definite area but began with 
the implicit assumption that it does . Our intuition did lead us to the 
Fundamental Theorem of Calculus enabling us to calculate areas by finding ^ • 
integrals.- In this appendix we shall take the concept of area arrived at 
intuitively anr' express it in precise analytical terms. 

Underlying our method for determining the area of a regioh, there are a 

few elementary ideas. These ideas are commonly accepted properties of area 

which we postulate as the basis for the fomal analytical definition of area. 

The area function a which associates with each region R of the plane a 

real nvunber, the area of R, should satisfy the following properties. 

r ^ - ' ^ 

' Property 1. . a(R) > 0 , ^ ' 

Property 2. If S ' and T are two regions and if S is contained in T 
->■ ' 0t ^ ' 

(every point of S is also^ a point of T) then a(S) < a(T). 

Property^ 3* If R Is the union of two nonoverlapping ^regions R^ and R^ 
(ev^ry point of R lies in R-^^ or R^ and only the points on 
their ogjimon boundary lie in both R^ and R^) , then ^- 
. a(R) = a(R^) - qCRg). - . • ^ \ 

Property If R . is a rectangle of height 'h and width w then a(R) = hw. 

Property 2 is called the order property of area .and Property 3 the 
additive property . Properties 2A are illustrated in Figure A5-la, 
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Property 2 




Property 3 
Figure A5-la 
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^ Exeroises A5-1 ' . , 

Prove from Property .3 that if a region R is the uniorxj^^ n nonover- 



lapping regions then 



a(p) =a(R^) + aCR^) + ... +>a{Rj. W 

^ ^ ' ^ " ^ / / ' 

Show that. Property 2 is actually a consequence of Property 3 ^iven that 

* ' , ' > . ] ^ 

area is nonnggative. I^n^forpobrate the, Rotioa of complementary regions. 

(a) Using >he given J^bcfperti^s^ of area obtain the arefi^^Of a ^t:|'i€^jgle , ^ ,^ 
by elementary geometrical arguments ^ 4] ' ^ ' • 

(b) Do the same. f;.or a' trapezoid. / ^ * . ^ * ' ' ' 

, • ■ • • - - C . \&'^ ' ■ -'V . . 

If Property k is replace^ by.^*"^ ^ 

• - ^fc V ' V ' -'^^^ ' ^ \ ^ 

Property h^. The. area of a ^ffiit "^qiS^fe ^is 'ori$,>. ^ J' n . . ' * \ 

' " PrQi>erty^ J^|I|^C6ngruent regicms have ^.fie sanfe ar^a^ 

show tha^^^^rea. of a,squar^wh^^^lple ^s of length ig 

Dying the previous exercise, show i^at tb'Q area of a J'rectang]^ pf, height * 



h and width w : is ^ hw 
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•Evaluation of an- Area 



This s^ctioti describes, in general terras, the estimation procedure of 
Section 7-1. Let f be a nonnegative bounded function defined oti [a,b]. We 
define the standard region R under th e graph of f on [a,b1 as the. set of 
points bounded above by the graph of f, t»elow by x-axis, on the left by 
the vertical line x = a 'and on the right by x = bJ that is, 

R =' {(x*,y) : a < X < b and 0 < y < f(x) ) 

(Figure A5-2a) . To estimate the area of R v% subdi'vided the standard region 
into smaller standard regions by subdividing the base interval [a,b]. 




We subdivide^ the interval into n parts, setting x * = a, x = b and 

' * ^/ 0 ' n 

x.^ ^ such that 



choosing points of subdivision x^, x^, 



X^ < X^ < X^ < V . . < X ' ^ < X . 

0 12 n-1 n 



On each inter^^^al ^^^^^""i^^^j where k = 1, 2, n, we have a standard 

region where ^ 



^ {(x,-y)^: < x^ and 0 < y < f(x) }. 



We then estimate •^he'^arearpT^ea^l^ su^reglon R^ from above and below by rec- 
tangular approximations. .In e^ch interval y ^[x^^^,Xj^l_ we obtain a lower .bound 
m^^ and an> upp^r bound *for f(x): - ^ - , 



This^ process is^pmetimes referred Jbo as establishing the net. 
• • 739- ' ' ' • 
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The region is therefore contained in a rectahgl^e of height and/ in 

|J . _ turn contains a rectangle of height m^^ on the ^mmon base [^^ ^® 
conclude from Property 2 and Property k ( Sec'tio^JA5-l) , t^iat 

V 

Using t^ie additive property, Property 3, we then have 

I a(R) = a(R^)^+ aCRg) + ... + a{nj. , ' ' ' . 

It follows that *. . ^ 

a(^R) >TT^(x^ - Xq) + m^ix^ - x^),+ ... + m^(x^ . 



and , 



In abbreviated sum notatio'n._(^ction A3-2j we have' 

' k=i . • , 

Let us review this method for the function x x" . 

j-rA^ ' ♦ . ' ♦ 

f*^^"'^ ' ^ * 2 ' 

Consider the region R under the graph y = x on [O.lh (the shaded 

^?.?->; ^ • . _^ * 

region in Figure A5-2b(l)). Since f is an increasing function on . [O^lj it 
Iv^ ^ * ^^^^ ^® ^° -approxima1>e a(R) from above an^ belov in the manner of 

1$ ^ SfiiJtion 7-1. . . ^ ' 

^ We use a subdivision of [0,l] into * n equal intervals by means of the 

subdivision points = oT^r = ~ ^ •••^ x , = " " x = - = 1. *0n the 
0 ' 1 n ' V ^ n-1 n e.n . * 

k-th interval of the subdivision, ^ ^ < x 5 ^> have' 

^^^-1^ ^ ^^^^ - since " f is increasing. ^ 



f?: 





2 '^a 
(3) 



Figure A5-2b ' . ' 

< 

We conclude that the standard region based on the interval l^^^^^i 

contains the rectangle Sj^ of height f(x^J^-) and is contained in the rec- 
.tangle ' T, of height f(x, ), both on. the same base. The union of the noQ'- 
bverlapping re ct singles S^^ forms a region S which is contained within , 
and tfie union of the rectangles . contains^ From the properties^ 
of area we may then obtain upper and lower estimates for the area a(R). 



W f 
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.We have a(S) <*(l(^>'c<a(T), where 




a(T) 



n 

k=l, . 



We recognize the second sum in the braces within the formula for a(S) 
as the s\im o^f an arithmetic progression, the first' n odd--natural nOmbersi 



vhose sum is n 



The 3um 



k of the fiVst n squares appears in both 



the formula for q:(S) and* that' for a("T); A general treatment of such'su|is^ 
is given in Section A3-2. For this particular sum we have (Example A3-lg) _ 



dpnsequen^tly, 



" k=l. 



a(s) - ^ :l. . I 



,1 



2i 1 wl\ 1 



V ' "1 rn"^ ^ n . nn 11 l.-/ ^ , 



Since S is contained in'^R,' and. R is con^ain^ln Tj_^ Property 3 of 
area s1iat,es that ,' ' 



3 42 • 



-til" I 



a(S) <a(R)' <a(T)> 



As we increase the number of subdivisions n, both a(S) and' a{T) become 
jsteadily better approximations to the number ^ , and we conclude that' 

- "pCR) = J • Pofm^lly, given any tolerance * € > 0 we choose n to satisfy 
the inequality « ' ^ 

2n ^ 2 1 >^ 

then a(R) differs from a(S)^ oh a(T) by ax mdfet' e/' B^d the estimate' 
.a(S) from below and a(T)^ from^ above differ from each other by af most '2e . 

•-Special summation' techniques can be used to obtain the areas of standard 

"^^fegions fhr other functions. In Section A5-3 such summation techniques are . 

♦ ' n ' 

used for the power /function x -> x and the circular function x -> cos x»-- 

Often it- is not convenient, sometimes not possible, to represent the area as 
''a* iimit of sums which may be easily evaluated. The Fundamental theorem of 
Calculus offers simpler and more general techniques but these, too, may fail. 
The idea of approximation is the fundamental one, and if all else fails we 
can always resort to obtaining approximations from above and below by the 
Trapezoidal Rule or Simpson's Rule to find the area of a standard region. 



\ 



v- : 
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1 



Exercises | 
1. . Use ttte summation method to find the area of the standai^d region defined 



! (a) ' f : X o, 0 < X < b, c > 0. 



1 



(b) ; f : xo-^ cx, q < X < b, c > 0. 

(c) ' f : X x^ + 2x, 0 < X < b. 



(d) f : X sin (ax + b) ; 0 < x < c; a, b, c such tjiat 
^in (ax + b) > 0 on [0,c]. 



(e) 



X -> 



COS X> 0 < X < c. 



2» ^Determine the area of the standard region fQr f : x >6c on [0>1]* 



(The summation encountered will ]?e similar 
section.) 



the one encountered in this 



IS 



3» , ^Iqtain fhe result of Exercirse 2 using only the fact that the area under 
"the graph- of f : x x^ on [0,1] Is ^ ; together with the basic 
^properties of, area, without resort to sixmmatlon techniques. 

Show how the upper estimating sums for ^ afe related terto-by-term* to 

^ ^^^^ 2 

the lower estimating sums <f or x * (H4.nt: Sketch a graptf of y = x . 

» >/ * 

Use this ^raph and the y-axis to represenj^thie stan^aig regi6n defined * 

by >^.) ' ■ ' ' . . • 

If S -= vT + + -/n, show that . , 



5. 



3 . . n 3 • 



.L. 
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1:^^?;- ; A5r3« lategratloh W SiWrr 



A5r3« lategratloh W Suqjmatlon Ofechnlques i> - ! ' ' f' 

' Intejgral of a polypomial , | 



In Section 7-5 ve noted that integration is a linear operation, that the 
Integral ^of, a linear combination of functions Is the same linear combination 
l^i. of their jititegrkls:^^^ . , • * ' ^ 

0' ' h ^ 0 ' ^ ^ ' 

1^:; f [v,(oc) ^ c^f^cx) . ... ; c^v-)i^^ I — # ^ 



= c^J . f^(x)dx + CgJ *f2(x)dx + c^^f^(x)dx- 



In particular for a polynpmial, we have 



n n 



{ c x^ 'dx =5 c r x^ dx* 

r=0 r=0 



In .order to integrate a polynomia^l, then, it is sufficient to )ye^ble^% 

|V; * integrate jpositive integral powers, ^ \ < • 

t ' ' ' . ' - - 

s "; . We haVe ^ 

-b . rb * * ra 




Jo . /-D 

f(x)dx- =.1 , f(x)dx - , f(.x)dx ^ ^ 



provided that f is integrabl^ over an interval containing the poiijts ar, 
bj cT (Seethe discussion '^eCeeding'^Exaniple 7-5eO. JEn particular, -for a'^ 
polypomial ye have *. " ^ , ^ 



^ f f (x)dx 
Jo ' 



i 

-a 

We need therefore consider only integrals of the type • J f(x)dx. 



Cohsider!'in particular, the integral of x over ^[O, a]. Since 

* ' ^ * 

OtCx<^^ the-function -x is increasing on the interval. W^, take.^a 

mrtition a which subdivides the interval into n " eqUal, parts of length 

\, ' • • j« 

^ ^ 'rh = via) = ,^ . We forirf the upper sum U over , a using th^ : maximum of x 

in ©€Peh subinterval; thuV- • ^ 



4-' 



i a) 



'U = 




k^l 
n 

^ (kh)^h 
k=l 



A<icording\o Equation (4) of Section A3-2 (ii)'^ have 

where P is a polynomial of degree r -'l. It follows that 
.(2) . . ' . 

k=l 



r+1 



where . 



(3) 



Q(h) = h^^^^P(k) 



k=l 



and ^ P is a polynomial of degree r - 1. 



recognize the sum in (2) as 'telescoping (Sectionyi^=2^i) ) and obtain 



r+1 



~>^- .-.J,;. ,^ ,u = f^[-n^'^' -,0],t4(*). ='-^f^^ Q(h) 



/(nh) 



r+1 



ffr-.^ ' Since hh = a, we have 



r+1 



■"'p + l S >■' 



. . ^ *We can show that Q(h) , car> be made closer to zero than* any given error 
^ . ti^erance using only that -the degree 6^^ PC^T is a-£ most r - 1. Wa set 



r-l 



. P{k) = 2j ^i^ • Since k < ti it follows; that ' ' ' ^ 

i=l . * ' ' ^ " 

r-1 - r-1 \ ^ r-1 i # . r-1 T ^ 

i=i itl • \n i=»l ' ' • . i=l 



;\ 



^45 



^5- 



'(5) 



In shoyt;^ ve have found 



:|p(k) t < cn^-^^ 

3f the absolute- values ; 
It of (?)Xr. (3), ha 



where the constant C is simply the sum of the abso^^ute- values ,of the 
coefficients of ^ P(x) / Enterirjg the resuH 



r % 



(6) 



lQ(h)'« fh"*"^ ^ lp(k)|. 
k=l 



/ 



< h 



r+l 



k=:l 



r-1 



< Ca h". 



. \ where agaiYi we use the fact that nh = a . it follows at 
* lim Q(h) = 0. ' - 



once 



1:hat 



h-0 



^ We^uld also form the lower suml-L.-^nii:er / p- by taking, the minimum value 
$ of as lower bound in $acl:Kinterval'^ [ic^^x^^^^^j . In this way we covdd 

obtain B restilt for L similar to (^0 and so prove 



(7) 



1 

:t • Jo 



a j»+l 
a* 

X dx = 



' the details aye left to the- reader. 



r +, 1 ' 



(ii) cosine ttftegral. 



Let us attempt to find the integral of cos x over [O^al^ where we » 
» suppose a <* jt^^so that pQs x is_ dec;reasing on the interval. We take a sub-, 
diyisj^on'^ the interyal ^nto n egual parts o'f length h = ~ . Setting " « 



r 



{k=r,2,,...,n), 



we obtain a lower sum L over o 

n 



L = 2^ (cos x^)(x^ - x^^^) * h ) cos kh 
k=i y *' k=l 



. 4 
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^!0f[ and] an upper sm U jpter a 



U « -h ^ CQs('k - l)h 



1 , e L + htl"- COS a]] ' 

Proia Equation (?) of Section A3-2(ii), on setting 

n(a + l) . na Ir ^ / 1\ j 
"COS "^-g sin — = ^sin(n + ^)a - sin p 



we obtain 



(2) 



^ COS Hz = vi(n) u(0) = 
k=l 



sin(n + 
2 sin I 2 



Equation (2) permits us to evaluate the limit of the lower sum given 



in Equation (l):' 

. r. 



lim L = lim- 



h-0 sin ^ h 



2" . , / ^ l^s h 
sin(a + ^h) - ^ . 



Using the f%ct that- lim ^ = 1 -we ^ave 
u~0 ^ 



/ 



lim L = sin ia, 
h-Q 



Since the difference between L and U has tlie limit 0,, we. conclude that 



) 



f I cos ,x 



dx = s-in a. 
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f 



/ 



, Exercises A5-3 

In subsection U] of this section state that it follows "at^onc^" from 
the inequality (6) that - ^' 

lim Q(h) = 0. . , 
h-0 

1 ^ ' 

Actually, vhat theorems on linaits are beihg used? ^ 

Show simply, without repeating the argument of the text, that the lower • 

n . • ^ \ " 

sum L over cr,^ L = ^ x^^^ (x^_^ . x^) also has the limit (?). - 

k=l 



Employ Equation (8) of Section A3-2(il) to obtain 'slK^ dx for 

o<.<|. ■ J° ■ 




|A5-^. The , Cdncept of Integral > Integrals of Monotone Functions ' . ^-^ 

'l(i) beflnition of integral . • - ' \ ; ^ - 

In the computation of the area of the standard region under .the graph of a 

bounded function f on a closed interval we gave upper and lower estimates of 

the area in tenns of upper and lower bounds, for f on each interval of a siib- 

dlvislon. If the functiQn f takea on maximum and minimum values on each 

subinterval, as it would if f wer^ corrtinuous or monotone, then, these would 

give the sharpest* possible bounds . When f is continuous it may be easier to 

use "slacker bounds than to attempt^ deterjnine the extrema. For monotone. 

functions, however, the situation is especially simple: The extreme values 
« J, ' 

on an interval are taken oa-at thjp endpoints". 

We may allow f to take on negative, values so that the interpretation of 
the upper and lower sums as upper and lower estimates of an area may not be ' 
iiftmediate . Still these upper and lower sums may serve as upper and J.6wer 
estimates for some unique number which lies below all upper estimates and above 
all lower estimates; if such* a unique number exists it is called the integral 
of f ovei^ the base interval. The idea of integral has f€g-reaching appli- 
cations, and^-its interpretation as area, although useful for visualizing the 
concept of inffegral, is not necessarily the most' important realization of the 
concejjt. ' ' . • ^ ' 

We consider a bQundjed function f defined on a closed interval [a,b], a < 
A subdivision^'of [a,b] into n internals is defined by a set of points 

where = a, x = b and » • 

0 ^ n 



X < X^ < X <.••-< X T J< X . 

V — 1 2 — — n-l — n 



We shall call a^set o of points*^ satisfying "^K&se -requirements a partition 
of [a,b]. On the k-th sulDinterval' defined by the partition a, ' 

-let nij^ be a lower tound, M^.- an .upper bound for r(x), ' so .that 

\' < f (x) < \ 

for all X in the subinterval. We define the lower sum over o for the lower 
bounds as ' ^ * ^ 



75p 



th^ upper sum over a far the upper bounds I*^ as 



If f is a nonnegati'fe |^mction then the lower and upper sums correspond 
to lower ^nd upper estimates, respectively, for the area under the graph of f 
^on [a,b]. ,More generally, without restricting the'^signof f, we use the,, - 
l(*er and upper ^sums to define the integral of f, if it exists. 

* ■* • ^ 

, ' DEFINITION A^A . Let f. be defined on [a,b]. We say that the 
number I is the integral of f' over •[a,b] if there exists 
Just one- number. I such that for each choice of partitions a^, 
02 and all lower sums over and upper sums over ' ' 



'we have 



< I< U - . 



We raise the question of existence of such a number I because it is 
not immediately clear. It is possible to prove that no lower sum is greater 
than any upper sum. Still, there^ay be a gap sepa^^ting the values of the 
upper sums from those "irf the lower sums. If so^ there is more than one number 
between-the lower and upper sums and the integral is not^ defined.. On the other 
hand, if for ea?ch e > 0 it is possible to find lower and upper sums which 
diTfer by less than e, there 'is -such a number I which these lower and ' * 
uppeTr sums approximate within the error tolerance e; in other words, we are 
able to d^lne I as the limit of upper and lower sums. We state the prin-. 
, cijple* result here as a theorem which we shall use. ^ 



TSEOBm A5'ha . Let f ^bS'a bounded^iHmc^^^^ [a,b].- Xf"foV 
every positive e there exists a'"partition a of [a,b] and 
lower and upper sums L and U over *a which differ by 'less 
than €, then there exists a number I which is the integral of 
f over [-a,b]» Conversely, if f is iAtegrable over [a.b] 
then there e:fists a partition a with lower and upper sums L 
and U such that U - L < €. • " 
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i.- < If , f thas,' an integral I over [a,bl w^'^ay that f , is tntegrable ^ 
over [a,b]. 

^.w^^vA«.WQ9i;Ao4t^e<^S?.^5-^ reqi^ires a verification of the con(^ions of 
Definition A5-i|. First we must have"" a demcmstration that ho uppewsum* is less 
than any lower .s^mi. "in that event, ther.e. exists at least one number which is 

'"^both a Ipwer bound for the set of upper sums and an upper bo^und for the *3et 

Sf lower sums (Separatioo Axiom). It must then be shown that there is Jt most 
one number I ' between the upper and lower sums,. This follows from the exis- 
tence oT an upper and a lower sum which are closer together than any prescribed 
tolerance e. Thus thq<; integral is determined by a squeeze between upper and 
lower sums. For the details see Appendix 8. f v 



(il) Integrablllty of monotone functions . ^ 

For monotone functions may choose m^^ and M^* as function vexues 
•at, the endpoints of [\^i>\] partidilacly easy to obtain an 

estimate of the difference between the upper and lover the erro*, 
of approximations to the integral. We picture the situation irr .terms 
of the area of a standard region for a nonnegative increasing function f . 




► 1(b)-f(o) 



'0=Xo X, 



Figure A5'-^a 



Iq Figure A5-iia,-the shaded .re<rbangle ove;r th e inl^jar val t!x^^ ^eight 
'm^ m^, where f{x^) and m^^= ^( Vl^' * 

.The tot^l ar^^ of the shaded rectangles is. the difference between the 
upper and lower sums for tfae given partition. 
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• Since the functipn t is monotone we ,can imagine sliding these rectangles 
f^'upar^lel to the 3t*-axis into an arrangement with their right sides aligned. In 
Z', ; aVrangement the rectangles are contained Vitho.ut overlapping in a single 

rectangle pf height' f(b) - f(a) and bage equal to the length of the largest 
p- 1^ interval of the subdivision^ , The, length of the largest) interval, | ; 

■^-■'^^'^ ^ ' ^ ^ Iv(a) « max{xj^ " \-l^'^ 



^.8 a measure of tho^ coarseness' of the subdivision and is .called the norm of the 
partition:^ o'. ^We hive 'depicted a bound on the difference between the upp6r 
and lower sums: . ' * ^ 

^ U - L < [f(b) - f(a)]v(a).. 

Clea^, we can make the difference betw^n U and L les^than^any error 
tolarance € by making the ^bdivision fine enqugh, namej.^^^ by choosing o 
so that . ^ - ' 

••■ " - • ^(°)'^ -f(b) -f(a) • : . 

,Sincfe^the aivea I must then li^. in the interval of iength at most € between 
U and L its value cannot differ from either by more than^ € and 'we have 
satisfied the condition of Theorem A5-ifa, 



Although, we have obtained ^the last result by a geometric^ argument we 

can obtain the same result analytically with dase. We npw*prove: 
a finite monotone funption on a closed interval is iutegrable. 



THEtBEM A3'hh . If f is toonotone on [a,b], then 'f' is integrable 
over [-a,b] , 



J J * J 



ilSSL* ^^^^ show^ that for each positive € ' it Is possible to find a 
^;7^''""""P^^tion ^^of {a,b] fori which the difference between- the upper ,and lower 
i sums on the partition *can' be- made less than €; ' 



U > L < € . 



X For thia^tJ ^Q se-Jwe-let---^ be the maximum, and m^^ the minimuni of f ' on^,*^ 

I ^^^^^ P^^^e *^at it is sufficient to use a subdivision a w^th 

(i \ tu norm satisfying. ' - 



^(^^ P |f(b) ! f(a)| 



when i;^b') f(a)* 
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The case f(b) ^ f(a) is trivial since the function t must then he 
constant function. In this case, we have M^^ = m^^ and ^ 

,U - L « 0 . « * 
for all su'^divisions o . ""T / ^ 

We consider the case of a weakly increasing functipn f (the weakly 
decreasing case is similar) . The maximum and minimum on [\.3^^\] 
given hy the endpoint values ^ 

^ ^ * 



S\amming over >t he intervals of the subaivision we have 
n 

1^ k=l ^ 

n n^ 

^ ^Z)^^'^^ ' "^^^ =2]'^(Vl)K - Vl^' 

Consequently, 

n 



' 7 

We observe that 



<v>a)^ Cf(x,)^- f(^.,)]:. 



jK; * k=i . 



a^d 



n / 
' Vf(x^.,) = f(xQ).f(x^)....tf(x„_,).. 

1^ • 
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Subtracting the second of these sums from the first, ve have 

» 




consequently, *• ' • N 

U - L < v(o)[f(b) - f(a)]. ^ , ' 

To make the difference less* than e we Seed only choose ^v(:a) as indicated' 
above. We have satisfied the condition of Theorem A5-l^ and it follows that , 
f is integrable over [a,b]^ . , , - 

(iii) Riemann sums . Notation. * n ^ . . 

We have employed a method for defining area by approximation from above 
and, below anfl^ extended our approach to define the more general cdncept of 
integral. This method has the gi*eat. advantage of logical simplicity in the 
derivation of pro^ert^es of the Integral. " . ^ 

A more dii^t method, but one which requires somewhat more complicated 
argument, is to utilize' values of the function in the irv^rvals'of a subdivision, 
instead of upper and lower bounds for approximating the area. Thus, for a 
function .f ^defined on [a,b] ^nd a partition a =' fx^ , x, , , . . / x 1 
of >,la,b] ve introduce sums of the fonn ' _ ♦v**?^'^'^ 

' ' . . . k=l . .^-^ ' P ' - 



* -where is any'value in t^i^^sufeihterval [^Cj^.^^^ij^]. ' These are called ' 

Riemann sums . For a general Riemann sum the rectangle over [x^ 
usually notr include all of the standard region under the graph and will usually 
^ include some region above the curve (Figure A^Ah) "so that there will be a 
' t partial cancellation of errors. Since m, < f(*|, ) < M, , no matter how |, 
_is c^sen, we see that the Riemann sums are sandwiched between the upper and 

• lower sms ' , . * - 



/ 



,< R < U , 



^ . " ' ^ 

After Bernhard Riemann, a German mathematicijan of the early 19th centxiry, 
, ^ a p^one^ in the careful study 'of ,the concept of infegral and. in o€her* important* 
areas,.-^' 



^ " ^ . 755 ' ^ ^ . 



-If f has an intejgral ,1, we can therefore approximate 'l. by Riemann sums* 
Jn fact, the approxiinatiorf to I by 'hiemann sums can be kept vithin any pre- 
scribed tolerance of error far every sufficiently fine subdivision a and 



corresponding choice of 

. a riev kind of limit, a limit of Riemann sums 



We shall then have dejiermined the int.egral as 




Figure A^A^i 



^^^^ 



» ,It is natural to suppose that if this limit of Riemann sums exists, then 
so do^s.the integral I of Definition "AJ-^^, and to suppose that ttie twd are 
the same. Thi^ is not an obvious proposition, but^ is true. These \renprlc8 
are -summarized in the following theorem. / : 



THEOREM A5^-h(^ . The vfelue is the, integral of . f . dve.X , 
in the sense^ Definition h^, if and ^nly if it is the limit 
of Riemann sums , - ^ 

' I = lim R. 



-f- 



*9 • 



The proof will be 'foun4 in Appendi-x 
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'The ihtegsai 1- of f over- [a,;b] is'iis^liy written in the elegant 

^" Leibniziah notation,- the Riemann siun" '(l) ' is written 



. / 



k=l 



J/';, vhere'i^^^ represents the/iffererrce - x^^^^.. In representing the ^ 
f x > ^9*^ Leibniz used yfonn, reminiscent of the JRiemann sums. 



J a . 



\ - -Afthough> as we havp seen, the ieibnizian notation for integral nicely 
^ ^canplements the Lelbnizian notation for^ derivative, it, stems from conceptions 
j^^d^hlHrh^are difficult to make prebise. In the thinking of Leibniz and most of 
the early 'u^ers of the calculus, the' integral sj.gn J yhich is an elongated 



Rqman ^'S"" is a special suction 'symbol which r^3aces the corresponding 



Greek symbol ^ "Z". The integral \ . f(x)dx w^thou^ht of as the sum** of 

the areas of thfe-^ini^inite set of "rectangles" having^^nfinitesin)g^" or ' 
"immeasurably small"^ase dx anj height f{^) for^ x k b^^^(the Roman 
"3'' in'J'dx" replaced the Greek "A" of the /TiS^lRiemann^sum) . ^ • ^ 

) . - / -\ ^ 
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Sxercises A^-U ' 
■ — ««i>^— « 

1. By^using upper and lower sum estimates evaluate the integral of each - ^ - * 
function f oyer the indicated interval. 

2 - X » ' 0 < X < 1 

x' - 1 < X < 2.5 



2 2.5<x<3 

5 - X 3 < X < 5 

v-S^' " , 2 

nd the maximum values of f(x) = 2 + 2x - x on 



* (a) 


f(x) 


• (b) 


f(x) 


(c) 


f(x) 




f(xj 


2." (a) 


Find 




the 



"below 'and -^dve the- vetiue of l f(x)^.dx. ^ ^ 

- • ft . ° 

(b) Check your result hy evaluating the integral. 

Find upper aft4^1ower sums differing hy less than. ,1 for the area \inder. 
the' graph- o^'^f ' ^-^Z [1,2]. 



V. Evaluate eaoh^of tSe following integrals, using uppe^; and lower sum 
estimates . 



> 



(a) 

r/2 



■f 1 #> 



-2 



. I 2 ''^^ 
(c) I X dx^. 



5.. Approximate4 V ' ^ g <3x hy Riema;in sums. .^l 

6, A fixnctipn f ' defj^d on the interval [a,h] is said .to he a ste£. ^ 
function on [a^h] -t*^fbr some partition a = (x^^x^, . . . ,x^} gf the ^ ^ 
interval, f(x) *is-con^ant on each open suhinterval ^ = 

2, n. Thus sgn x 'is a step function on [-1,11, where- ^gn x 



fi^^!^^ is defined hy -vv 

'-1 , X <p 



^ . * sgn X ^* 



0 , X =: 0 . 

1 , X >.0 



I -sgn X 



Find I -sgn x dx 



C - 
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7. EyaXuate each of^ the following*" integrals; The ^uncl^lon " [x] is defined 
in Appendix 1. , ■ .t 



(a) { . [3x + 4] djc 



8,^ Show that 



dx 



f(x)dx = 0- 




(d) •J'^ [v^] dx * 



/ t 



1 
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' i Blemenlary ^ Propei^es of Integrals ff . ^ ' : . * 

In Section 7-4 a f&mber of elementary properties of area 'were interpreted 
in terms of the-' ihjt^gral ^notation.* . These |rea properties are, in f»act, Simple 
\ consequences of the t'our propertied stated in Section A5-I . Our purpose in 
^ thi-s section is to show that indeed these tb:operties hold for the integral as 
^ defined by Definition A5-4. We shall make considerable use -of Theorem A5-i^a' 
in this discussion. ^ 1 ^ > 



Let 
if 



and g be nonnegatiVe, functions with - f (x) < g(x) on [a,b]. ' ^ 

Since the standard region under fhe 
graph of f is contained in the 
standard region under* the graph of g 
(Figure A5-5a) , from Property 2 of 
Section 6-1 the area of the former 
must be no greater than the area of 
the latter. A synilar inequality holds 
foi^ integrals in generals* , 

0 

Figure 5-5a » ' • 




on [a,bl then ^ 



'THEOREM A5-5a. If f and g are integrable and f(x) < g(x) 

\ 

fb ^ fb 

\ f(x)dx < I g(xOdx- ^ 
J a J a ^ 



' Proof/ Let ,1 denote the integral of f . over [a,b], and J the / 
integral of g. We know (Theorem A5-^^) that for eyery positive e there 
exist upper and lower sums^'^U and L for g such that U - L < Since 
L < J,< U (Definition A5-^f) we conclude that U - < Thus we can find 
upper Slims as close as desired to J- At *the same .time, every upper sum for 
^J. is an upper sum for I «ince f(x) < g(x) . We have I < J, for if we 
had I > J we could take € = I - JT > 0 and from U - J < I - J * Tt would 
follow that U < I, 'a contradiction, since \U is' an upper sum for i. 
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''•A5-5 



Consider the^decompositipn of the ijangldrd regic«a over [a,c] into the 

' two ' standard Tegions over [a|b] and 
^^,{>,c] where < b < ( see ^Figure- 
^*A5-5b), .Theladdijtive propert^^ of area 
' j^(Property 3 cif Section A5-l). stateB,^ 
that the sum. of the areas of the two 
-"-^ subregions must be the .area of -fehe 
^entire region. This corresponds to 
a general statement for integrals. 




figure A5-5b ^ 



THECgEM A^-^b . If f is integrable o>f^r [a,-^] then, for 



(1) ' :^ f f(x)dX + f f(x) dj^ =: (/' f(x) 



dx. 



Pro^. The proo^of this will make use of the following result, \hich 
vill be established in Appendix 8, , • 



(2) 



If a < c*^< d < b and f is integrable on 
ta,b] then f is integrable on [c,d]. 



Let us assume that ^f is integrable on ta,b] and that a < c < b, ' • 
Then (2) tells us that f is integrable on [aj^c] and on [c.b?, so far 
' ^ e >0, according to Theorem A5-^a, we can find subdivisions of 
[ajb] and , o" of tb,c] with corresponding upper and lower sums, U', 
and U", L" such that 

, ■ . . 

^ U' - < e and U" - L" < ^ . 

Clearly, - U = U« + U" and L = L« +X^e upper and lower sms over [a,cj 
for-the partition u oonsti^oted by taking the two petitions a' and ^' 
together as a partition of [a,c] . Furtbermore, ' ,. * 

U -1% (U' - L') + (U" - C") < 2€. 

, For the integrals I, l« , i" over the intervals [a,o], [a,b], [b,o],' 
respectively, we -have ■ • 

•. ' ^ . 

' "■' , .TJ - I < 2€ , U' - I« < e, -u" -!"<€, _ • 

* ' • * \ * * * 

' 'whence^ for every positive €, ^ ' • 
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In Exercise A5-'4,. Number. 8, we noted that | f =-0. By defining, for - 
t < a. 



ve then seo^that it a, b and c are any points of an interval over' which 
f is integrable, then , . ^ 

b 



f . 



Linee^ity of integration > 

For positive constants a and P integration is a linear operation: " 
• b ' 



1 . 
b ^ 



rb \ r 0 . r D 

\ [af(x)^pg(x)]^x=a\ f(x)dx + p\ g('x)dx, 

fot if U' and are upper and' lower sums for f, U" and"^L" for g, 

. it is i^ediate that U - oU' + pU" and L = odL' + ptf' are upper and lower 

s\ims for the linear combination Off(x) + Pg(x) . This result does not depend 
^ on the signs of a and p- as we now prove. 



^5 -5c'. If f and' g' are integ3?able over [a,b] then any' 



THEOREM 

.linear combination ar-+ pg is^-lntegrable over [a,b] and 
.•b 



[af(x) + Pg(x) 



]dx - a (' 



b . >b . 

f(x)dx + p \ g(x)dx, 
J ft 



To simplify the considerations which depend on the signs of a and 
P we divid!e the proof into two part^. 



* 
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PS£tj[i^i If J ; is integrable over [a,b] then f or any constaat- -a^ 
the function of is integrabl^. and . 



^__^,,-^af('x)dx'^= a j f(x)dx. 



Proof. Let o be a partition of ['&,b] and take upper and lower .sums 
over o , ' ' 



n 



k=l 



i 

for which U - L < €. 



If a > 0, then 
n 



n \ 
k=l ■ 




■■ ■■■■'/ r ■ 



are upper and lower sums, respectively, for of'. It follows that • - - , ' 
. ' . qU - oL <a€ ^ .V . ' 

and hence that the difference between upper and lowef sumi' f or oi^ .can^W 
made l^ss than ahy desired tolerance. It follows that of is integrabje* , 
Further^re, for the integral I of f and J ^bf of over . {a>b] we ^ve 

U-I<€, QU-J<a€ , 

■from whlcli it f^iaows that ' ^ 

|J' - al| = |(J - QU) i a(U'- 1)1 - 

< |J - ctU| + aju - l| 

• r y - . . . ■ 

Since this resixlt holds for all positive €, ^/e conclude that J = al. 

If a < 0 then qU is a lower sum and oL an upper s\m for of 
The prdof is fhus reduced topJhe preceding 

If a = 0, the lemma follows trivially. 
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' Part (il) > If f ana are integrable over [ayb], then f + S is 
integrable over (a,b] 'and 



rb ' » 

I [f(x) + g(x)]dx = J f(x)dx + J g(x) 



dx- 



^- * * We make use of? an auxiliary result (from Appendix 8): Given any fixed 

toleran^ce, for any/ integrable function all suf fi^ently^fine partitions have 
-upper ^nd low^r sums^ closer then that tolerant . Thus for eadh positive €, 
/ there ixists^ some 6 such .that any partition a will have an upper sum U 



' and fi Ibwcr s\^ L sati's^ 



I whenever 



fu - Ll < € 



v(a) < 8. 



f 

• Let 5^ an^ 6^ be the controls qorresponding to the giveij € for f 
£ind g, respectivel^^and taHe ' 6 i^minfS^^Sg} . Let o be any partition 
with v(a) < 6. There then exist upper and lower sumk over a, and 
L« for f, and U" .and L" fbr g such that 



|U' - lM < € and |U" - L"| < €, 



itecall that 



and ^ 



1, 



U' = 



n n 



k==l 



k=:l 



where 



\' < < M^'- and ^m^' < g(x) < \" 



. it follows that U = U» + U" is an upper sum and-> L = L' + L" a lower[5um,, 
for f + g over c. We conclude that i 

* ' U - B = (U' ^L') + (U" - L") < 26, • . , 
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and it follovs that f + g Is inte^jrable. ]^rther«ac|re, for the integrals J 
V, I" and I of f, g ^ and f + g, respectivelj/t, we have the estimat<| 

\v + r - ll = Id* - UO + (I" - U")^- (I -'u)| ' * ^ 



< 6 + e t 2e 



for eacli positive €. It follovs that 'lf= I' + I'V 



The derivation of Theorem AJ-Jo- from the p^^eceding is simple and Is 
left as an exercise. 

In one of the exanQ>les of Section 7-1 we used sums to find the ^rea xrnder 
2 ' ^ 
the graph of x x . Employing Theorem A5-5c, we can ^integrate any quadratic 

function without resorting to estimates by. upper and lower sums: 



J ^(Ax + Bx + C)dx =, A j x'' dx + B j x dx + C j"' dx . 

. An immediate application of Theorem A5-5C ^iVes the^area between the ' 
graphs of two functions 'f and g on [a,b], where' f(x) < g(x),, as the 
integral of their difference. If f(x) > 0 as in Figure then the area 

between the two graphs is simply the area of the standard region under the 
graph of g less the area of the standard region under the graph of f, 
, that is, ' •> ^ • • 

( g'(x)dx --'P f(x)dx = C [g(x) - f(x)]dxf^ 

There is no reason .to restrict these considerations to nonnegative functions, 
for if f(x) <-0 for some x in [a,b] , and m Is a lower bound of f(x) 
on (a',bl, we translate the x-axis vertics^ |m| units in the negative 
direction so that ' • • ' 



(x,y) -* (x,y A- |m|). ' 
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y ' Figure A5-5c * 



^^-^ Since g(x) -X(x)'= g(x) - f(x) the definition of the area of the region 

N r between the graphs of f and ^g' as the integraj. of .the function g~ - f is* ' 

I.. • ^ clearly appropriate whenever f(x) < g(x) oxi ta,h]. Thus, tHe area of the 

t ^ standard region under the graph of F : x g(x) f(x) on [-a^b] (Fi,gure 1 

t A5-5d) is equal to the area of the- region between the graphs of f land g on 

tl> ' la,bj. (Figure A5-5c.) • ^ ^ ' . 



\ 




,V . Figul-e A5-5d 



' I Example. A5"5a > Consider the ai>ea of the region between the graphs of the 
fe 'V- • functions f : x eos^ x» and g : x -» -sin^ x on [0,4]. (Figure A5-5e.) 

]^r.^, of axeas of rectangles. 0n the, other hand, we know that the area is given by 

( '[f(x) - g(x)]dx, 



^ We might • attempt to represent the area of the region as the limit of sums 



since' f(x) > g(x) for all x in the interval [O,^*-] , ' 

k 



But 



'( . [f(x)'- g(x)]dx = ( 

Jo Jo 



dx = k} 



since 



f(x) '-*g{x) = cos^ X - (-sin^ x) = 1 -for aU"* x, (The graph of 
F : X f (x) - g(x) is shown in Figure A5-5fO Iri concluisipn we note that 
the area of the region -shaded in Figure A5-5f is equal^to the area of the 
region shaded in Figure A5-5e/- 




y=-sin*x 



Mi 



Figure A5'^e 



Figure A5-5f 

9 f ^ 



'y= F(x)=l 



-.X 
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Exercises 



I 

' - ^* Exiriblt the details of the proof of Part (i) of wlien a < 0. " 

^•^ (a) If the graph of f is symmetric with respect to the origin, then 
' f is odd. Prove that if f is'odd and integrable on [-a, a], 

then / * ^ 

I f(:i^dx = 0 . 

' (b) If the graph of f is symmetric with respect to the y-axis, then 

f is even. Prove for 'an even function f which is integrable on"* 
t-a,a] that ^ 

I f(x)dx = 2 \ f(x)dx, 

J -a Jo • ' * 

Inter]^ret this result geometftcally. 

- 3* Prove Theorem A5-5c as a consequence of Part (i) and Part Hi) • Con- 

y versely, derive the^^s corollaries of Theorem A5-5e. 

^. Prove: If f and g are integrable where g i^x^-* |f(x) | ^on [a,b], 

. •■ ■ I J f(x)dxi<r if(x)idx. 

• a a 

^' 5* ^Compute the values of the given integrals using Theorem A5-5c. 

' - _ 2 * • * • 

V ' * (a) \ (3x^ - 5x + l)dx 

f 2 • . ^ ' 

f '•' (b)' \ (x - l)(x + 2)dx 

J 0 ■ 



(c) J (x + 2)(x - 3)dx 




^ / 6. (a) Find the area of J:he region below the parabola y = x - 3- above* 
-the X-axis and between the lines x = -3, x = 3. 

(b) Find the area of the region between the'^raph of 



-,.f : X ->x^' - X - 6, th^ X-axis, and the ]^nes' x « -2, x = 3. 



I? '. /' ^ region whose area is to be computed. , 



^ First draw a rough ske^h of f and indicate (by shading) the 



Find all values of a for which 



0 



(x + x^)dx = 0 
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t^"" ' 8, .Compute \ f(x)dx where 



f(i) 



2 - X €> < X < 1 , > ^ 



5 - , 1 <x<3.. 



ii^ ' 9» Verify Jbhat the following property holds for f : x x 

^J-;' • . * * f b • ^ c-a , ^ ^ 

I f Cc - 5£)dx = \ f (x)dx-. . * ^' 



b • « c-a 

©cplain the property geometrically in terras of areas. Do^g^ think that 
the property holds for other functions that are integrable? Justify 
your answer. - - ^ ' ^ ^ ^ 

10. If a function f is periodic with period \ and intfegrable/for all x, 
show thap^ * ' ' . 

Ja+n\ #a+\ 
^f-(*x)dx = n \ f(x)dx/ (n, integer), 
ay J a ) 

Interpi'et geometrically . ' 

11. Evalua'te' (without using the .Fundamental Theorm of Calculus) 

lOOit 



V 



(1 + sin 2x)dx . 

*0 



12. Prove that if f is ifttegrable on [a,b] and if f > 0 for all 
in [a,b]^ then , 

Ib ' , ^ 

f (x)dx > a 
a c ^ 



\ 



,13. Prove that if- f and g ar^ intiegrabl.e over [a,b] , then 

I {g(x) - f(x)Jdx| < |g(x)|dx + P |f(x)|^. . ' ' . 
J a . J a ; J a . . 

Lfet f and g be integrable^and suppose that f(x) < g(x) "on [a,t]. 
V - , — . 

(a) If the strong inequality f(x) + ^ < g(:^), for .some €. > 0, holds 
? on any subinterval of [a,b], prove the strong inequality * 

• b ' .b 

f(x)di \ g(x)dx. ^ ' 
* ' J ^ J a . T. 

(b) If f and g are continuous at x = u in [a,b] and 

■ f(u) < g(u) j)rove that strong ijiequality holds as ^bove. • 
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'KJ" * XJ.^'^If functtions f and g are^integrable. an* f^jc) < h(x) < g(x)- > on 
\. ^ ' ' , U,b]. odqjfs it follow that • / ; 

* * ' r f(x)^x < I h(x5dx< g(x)dx? 

M a ' • r J a. " J a 

Illustrate by an example. • . ^ 

• ^9* (a») Prove the>Mean Value Theorem of integral calculus: If f is con- 
tinuous and integrabl^ on [a,b],, then there exists a value u in 

{the- open -interval (a.b) such that 
e> ' ' / 

. \ f(x)dx = f(t.)(b - a). ' > 

(b) Shov that the value f(u)^ in (a) satisfies v 



f ^ + f + , , . + f 

- = 1- ^ — hn-i — ^ 

h-0 ^ ^ . ^ 

♦ vhere h = " and f, = f(a + kh) for k =.0, 1, 2, --C^" 
n. Thus ' f(u) can be interpreted as an ^extension of the idea of 
mean or arithmetic average to the values of a function' on ao^ interval. 

' a- a^ a _ a ' ^ 

17. ' If — ^ + — +^"^ + ^ = 0, shov that 

n+ln* d 1 ' 

a^x +aTx'"+...+a,+a=0 
0 1 n-l . n 

*• 

has at -least one root in (0,l) , 

, l8^ prove that if f(x), is integrable c»;er [a-;b], then |f (x) | "is 
• integrable over [a,b]. (The converse is not true^ See No. 19-) 

19. Suppose p ^ " 
' X , j 1 if X is' rational ' ^ ' 

I -1 if X is irrational 

Show that if U 'and L are upper and lower sums fox* a partition of 
[0,1] ther^U>r and L < -1. Is f integrable' on [0,ll? 

20. If f and .g are integrable pver [a,b], then both^x {fyg] 'and 
Araifi {f,g} are also integrable over [a,b}. ^ - 

• . 21»^ l^) Let f ^ and g be bounded and integrable ovfer [a,b]. 

P^ove (a) The function f 'g is integrable over [a,b]; 

(b) If g is bqunded away from zero, then ~ *is integrable on ta,b]. 
, I g . 

, • / ' ^ '^^^ 

770 • ' ^ , ^ ^ 

O Oi\J , . , , 
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If . f and g are boifndj 



led and integrable, then \' (a f(x) ^+ /3g(x)) dx 
exists and is ' > 0 for, all constant' a and fi, ^' 
Show from this *that ' i ^ - ^ - , 



'^^H(x)^dx • J^.gW^dx > ^ • S 



g(x)dx 



23. 



vith equality if and only if (for f and g continuous) 
* ^ '£{x) = cg(x)*, a < X < b . 

If f is* integrable and its graph is 



shou that 



convex on an interval [0,al, 
P f(x)dx >af(|5 ' * , 

Jo • 



'Interpret geometrically, 



2k. y§hov that 



• • . Jo 



. #25. Show^hat • 



r 

> * 



(b) 



« ^ 



*^ This "i5 known as ^the Buniakowsky-Schwariz. Inequality . 
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Find a continuously different iable function F (i,e,, F* is continuous 
in tO,l] vhich satisfies the three conditions 

(a) F(0) ^ O", F(l) =*a , . ^ 

3 ' 



ih) j "F(x)^dx = ^, and 
^ 0 



^ f 1 - p 
(•c) M F'(x) dx is a miniifium* 
•J 0 



4/ 




r 



112 
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Appendix 6 
INEQUALITIES ANf) LIMITS 



^, ' ^A6-1, Absolute Value and Inequality, 

The absolute value pf a real number a, written laL is defined by 



a , If :a > 0 
0 , if a ^ 0 
-a , if a < 0. 



If ve think of the real numbers 4a their representation on the number line, 
then |a| is the distance between 6 and a (Figure A6-1), In general, for 
any real numbers sf and ,b, the distance between ,a and b is ^ 



-(a - b| 



I 



~1 



I ^ Figinre A6^1 ' r\ 

jb - a| = |a - b| / If x" lies within the span -6 -< yiX € where € > 0, 
then- clearly x. is no farther from the origin "than, jr and we iRust have 
|x| < e. Gonvei^sely, if |x| < e, then --^ < ]c^^. It folloM&^mefd lately 

that ^ : " ' t---. / ' ; 

(1) ' ■ ■ -lx| <x < , , , 

(See Exercises' A6-1, No|. 13a. X | 
From the Inequalities 

-I a|* < a < |a| and '-|b| < b < |b| 



we obtadn 



S/hence 
c' ('2) 



+ < a < + |b|, 



|a^b| < lal ||b| 
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(Ihls relation is kno\m as the "triangle inequality/') In words, the absolute 
value of a sum of two terms is not grisater than the sum the absolute value 
of the terms^ . Since any sum can be built up by successive additions, the 

w * 

, result holds in general, viz,, ^ ^ 

la + b + c| = |(a + b) +* c| 
V . < la + b| + |c| ' 

' < |a| + |b| + |c|."- J 

^- ^ ^J^' , ' ^ 

• We s,ay that y is an upper estimate Tor x, and that x is a lower 
estimate for y i^^^/< y. In (2) we have found an upper estimate fo^ the 
absolute value of the sum a + b. *It Is 'often useful to have a lower estitnate 
which is better than the obvious estitha"ce 0- Such an estimate can be 
obtained from (2) by the device o$ setting a = x + y and then setting 
b = -X and b = -yj in turn. We then obtain 



|y| - |x| < |x + y| 



and 



< Ix + 



4rSince ||x| 
We have 



|x| - |yt < |x + • 
is one or the other of the values \x\ 



or |y| 




\ 



< |x 4^ y| 



(See EScercises A6-1, ^^o. l6,) ^ . * ^ 

\ r ' * ' 

Specljiiy Symbols : ^ 

The symboT^ max(r^, r^, , . . . , r^} denotes the largest of ^the numbers 
r^]. similarly, -the ^gymbol minfr^, r^^ 



!'S7 



smallest*''of ^^e numbers. 



J . 

^ample A6'-la 

-•max{2, 8, -3, -1} = 8 
toin(2, 8, -3, -iO] = -10 
ma5<{-a, a) = | a| . / > 



, r^) denotes the 



i 
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Exercises A6-1 



Find the absolute value of the following numbers: 



(a) -1.75 
T 



(b) 



(c) sin (j^) 

(d) cos (f ) 



(a) For what real nuinb$rs x does /x = -x? - * ^ 

(b) For what real n\iinbers x*iaoe's |l.-x[' = x-J.? 
Solve the equation's: ^» . • ^ 

'(a) |3 - x-l = 1 . ^ / ■ . 

(b) ' |l.x+ 31 = 1 

i 

(c) . [x + 2| = X 

(d) 'Tx + 1| '=Jx - 3l 

(•ej |2x + 5| + |5x ,+ 2]: ^0 " ' 

■ . « " - • 

(f) |2k + 31= 15 - x| ; 

(g) 2j3x + 1»| + |x'- 2| = i'+ |3+ x| ^ 

For what values of jc._.is each of the following^ true? (Express your 
answer in terms of inequ^ities -satis^ied by. x,.) 



(a) |x| < 0 

(c) |xl < 3 
<d) |x,-6i;<l-^" ' 
M |x-3l>2 

(f) •|2x - 3! < :. 

(g) |x -ra| <a 

(h) * |xl- 3| <1 

(i) * ttx -^2)(x - 3)1 > 2 

<J) |x - l! > |x - 3). 

• J 

(k-) |x - 5| + 1 = 'Ix t-5i 




(^f Ix""- ij + |x-- 2 1 =1 

(m) 0 < 1/ - a^ l 

(n) |x - a|'<5 -.^ , 

(o) • 0 < |x -^aj- < 6 

(p) |x - l| < 2-. an^ jx + l| <| 

(q-) |x - .l| < 2 and |2x 

(f) !x + y| = M + |yl , for, all 



I =0 
l>4 



(s) jsin X 

It) I sin x| 

(u) [1 /|| < 1 

(v) yi7F>| 



f f 



5.. Sketcl\;.the graphs of the following equations: 

.(a) |x - l| + |yl = 1 
■ (b) + y| + Ix - y| = 2 ^ 

(c) y = |x - l| + Ix - 3| 

(d) y = |x - l| + |x - 3! + 2|x - !jf 

(e) y = |x -• l| + |x'^3| + 2|x - !t| + 3!x - 5| 
'6. -(a) Show that; if -i > b > 0, then 

ab 



a + b 



(bh Thus, show .that for positive numbers a and b, the conditory 



ab 



6 < min{a,b) is satisfied* by 6 = . , 
— ' , » V a + D 

7. (a) Show foir positive a, b that ' 



^ r ^ < max{a,b) if a ^ b. 



* Prove for all a, b that 

max{a^b)^ = i{a + b + |a - b[0 
(cl Prove for all b that 



8. Show that 



iaLn*{a,b} ^= ^a + b - jff - b|) 



ma"x{a,b} + inax(c,d} >niax{a + c^, b + d}. 



'9. ' Sh*w that if ab > 0 , then 



ab > min{a^,b5)^ 



10. 



11 ► 



Show that 



Denote mil 



If b >d 
r 



p mi 

f a = inax{a,b,c),,. then -a = min{-a,-b,-c) . 



r = i, 2, 



n 



n 



by min [rr-] andj similarly for max. 



ra 



-r\ ^1 ^2 



n'*, prove that 
. . . + ♦a ' 



■J 



fj 



+ b^<'^?-(F, 

n r \ ry 
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12. Prove that 



13. 



15. 
16. 



17. 



• * ^ 1 ^ 1 + 2 -f /> , + y \ /' *\ r. ^ ' 

n . + (n - 1) + . . . + 2 -f 1 

(a) Prov^ directly from' the properties of order for € > 0 that if ^ 

' '"^*5^£'^ "^^^^ 1^1 < ^* Conversely, if |x| < € tbjen' ^ 
-€ < X < e. . - 

(b) Prove that if x is an element of an ordered field and if |x| <- € 

• for all positive values € . then " x = 0 . » 

* ""^^^ _ • »- ^ ^ ^ ' 

(a) Prove that |ab| = !a||b|. ^ ^ 



(fc) ' Prove that 



a 




b 





, V,^ 0. 



18. 



K:oye that |x - y| < jx| + |'y|^ 

Under what ^conditions do the equality signs) hold for ' 

-ibH < I a + b| < |a| H^|? ' \ ' ' 

If 0 < x < 1^ we can multiply both sides of the inequality < 1 by 
X to obtain x^ < x (and, similarly, we can show that x^ < x^, . 
X • <x'^, and so on). Use this result to ?how that if 0 < [x| < 1, 
t]ien ]x^ + 2x| < 3lx|.. ' . 

Prove the following inequalities: 



(a) 



X + 



- > 2 , X > 0. 
X — ' 



(b) X -i- - < -2 , X < 0 . 



(c) X 4. £ 



19-. 



> 2 , xV 0. 
Prove: >^x|x| for all real* x 
Show that if |x - 

r ■ / ' 



< I then 



«3 _ 

'31. Prove- for positive a and b, where a ^ b," that 
• - >lb - a| + b . ^^^|b'- al^ 



for all s, ^ 0. 



' 4(a + b) 2 
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A6-2». Definition * of Limit of a Function ' / 

We have used the concept of limit "of a function in defining derivative. 
At %hts poi^t we present a precis^ firmulation of the limit concept and derive 
the lavs which govern operations with limits . 

^^.ALthoxagh the concept of linjif of ^ function is more general than the^ 
idea Of derivative, our study of limits was initially motivated by the basic 
' example of the derivative gf a function* 0 a^ the limit of the ratio r(x), 



-which cah be written- 



where 



tn = lim r(x), 
X -> a 

tn = lim r(x), 
x-^a 



.(x) = 0(x)' " gi(a) 



In order to be sure that the description, of the deriVativ^ as the limit ^^of 

r(x) makes sense we must be sure that we haye an adequate set of approxima- 

liions, that r(x) is defined for numbers x arbitr^ily close to a. 

Usually ,^^he domain of - r will contain an entire neighborhood^ of a 

(excluding a itself) but either for theoretical or practical reasons it 

is often useful to analyze the behavior of r(x) on only on e- side of a. 

For example ;^he^e is a natural , starting point ir^ the motion of a rocket and 

it is essential to know the initial direction of the rocjtet in order ta^eter- 

^\ / ^ . - ^ * * 

mine -the rest of the *trajecto2ry. • * 

' 1 ^ • 1 ^ 

, In framing tht general, definitiorj/ of the limit' of a function f at a 

point a we theJvTrequire that we ha^^e an adequate set of approximations. 

Specifically; the definition may not includfi the value^^a) among the _ 

approximations, .even if it shoiii'4^ be^'iief ined, but it must involve jralues 

f(x) for X close to a. For this purpose we introduce the deleted 

-ir>h Inelghborhood ,.pf | a^ that Is, the s^t of all x for wrfich j^. 



0 < |x - ai < h'. 



As the set of approximations to^^W'used in defining /he limit of 
we take the set of values f(x) for all . y from the domain it 
deleted neighborhood, of a. 



tions of 



In some texts this important cabe i\ taken care of by separate ^efirti- _ 
of "righ-t-sided" 'and "left- sided" llWits; (See 'Exercises A6ikJJfo. lb.) 
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With these ideas 'in mind we are now able to express the itea of limit . 
completely in analytical terms. If f has a limit L as .,x . approaches a, 
then for any error tolerance € we keep f(x) within € of L by .restrict- 
ing X to be any number from the domain of f in a sufficiently 'small 
neighborhood of a. 

1 

DEFINITION A6-2 • Let a be a point for which every deleted 
neighborhood contaii^ points of the domain of . f , The function^ 
, f has the limit L , at a if (and only if) for each positive 
number there exists a positive number 6 such that 

' |f(x) - Ll < € ■ 

^ ^ ^for every .x *n the domain of f which satisfies the inequality - 

We then write lim f (x) = L ^ ^ 
x~a 

It follows from the definition of limit, siAce the value f(a) itself 
does not lie in the class of approximations considered, that any function 
vhich takes on the same values as f in some deletei ,neighbo2*hood of a 
c vould have the same limit at a. For example, the two functions f and g * 
defined below have 'the same limit" at every point a of the real axis. 

' " ' ^i^y - 1 • . ^ 

0 , for* any integer x 



g(x) = 



1 , fpr non- integral x.' 



Although we do not r^jly upon pictures for our precise understanding . o'fb^^. 
"tie concept of liniit, it is desirable to Kave a geometrical interpretation o^ 
the idea. - 

Bxampi^ A^-2a . The graph of the functip 

' f ; X — 2x - If 



The^definition^of limit can be recapitulated in terms of neighborhoods: 
the nuqber L is said to be the limit of f at a if everf deleted neigh- 
: borhood of a contains points of the domain of f and if 'for each 
*€-neighboi»hood of L there is at least one deleted S-neighborhcflb wherein f 
maps the points of its domain. Intb the €-neighborhood. 

"2 ' * * ^ * ' . ^ ' • 

We shall now make vt3€^ of this notation, rather, thaj> lim f(x) = L. 



Wc'-''- is ehowt in Figure A6-2a. In order to.shov that 



lim (2x . 1^) = 2 



mast show, for every €•> 0, that there* is a 6 > 0 'so 'that 

|(2x - h) . 2| < e 



fpr all X in the deleted neighborhood 0<|x-3|<5*^ It is easy to see 
from Figure A6-2a how b may be found. 



€ = 1 




. Figure A6-2a\ 

3t|li, 2e' centered on the line\ y ^'2,\ 

thkt th* graph of' f 



we can 



so 



Given a horizoV^tal band of vldt 
find a Vertical band of width 25 about .^x - 3 

lies entirely within- the rectangle wHere the bands ovelrlap. From the graph 

♦ 1 ^-^ 1 1 ' * ' 

w§-^infer that for 1 we may take 5 = -g ^ fon e = ^ , 5 = ^-jj- ^ and for 

e^= ^ , 6 = JHiere seems to be nq obstacle to .finding a 6 'for axi^f 

no matter how. small, .but we c]^arly cannot relSc.on pictures to do^^so^ ^ 

proce^ analytically. - If we l-equire .0^< [x - 3| then 
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= 1 v2x 


- if; - 2 








- 3)1 


=r 2|X - 


31 


< 26, 





Consequently, if we teike ^6 ~ - , then 



|f<<x)-- 2| < 6, 



^ 1 

The preceding example vas made especially simple to reveal the bas.ic 
picture. We nov" explore the concept of limit in a variety of situations. 

Example A6-2b , Figure A6-2b preseuta $Jje graphs .of the three functions 
given by 'f^ix^^ sjgn(-^), f^(x)'= sgn x^ytA^) = 1 . ^ y 



f^:x-* ?gn(-^) 




sgn a = 



if a > 0 ^ 

0 if a = 0 

-1 if a <*0 
« 



y 










. y = f 2^^) * • 



















^. f^' : x> 6ga IX 



.X. 





Figure A6-'2b>|M ' 

.. ... " . ■■ ¥ . 



r 



1/ r 



•78x 



38 r 
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*'Ob:serve that x = 0 is a point of the domains of fp and f but not of 
f^^. For each of these functions. we» wish to consi<3er the limit, if it exists 
as^^ approaches ^ • - . 

Ipince the thre^ functions coincide wher^ ^ ^ 0, and the value of the . . 
limits does hot depend on how the function^ are defined at x = 0, it is 
clear that all three functions, have the same limit. In each .case 1 is the 
^ obvious candidate , for the limitY Verify that the conditions of Definition A6-^ ^ 
are satisfied by L=.l at^x= 0, . 

. Obsenre that -there is a gap in the graphs of f^ and f^ at 'x = 0, 

and that the graph of.* f is continuous, it has no gap. The function f ' 

L \ ' ^ 

has a limit at ?c =yO but is not »def ined there, f^ is defined at x = 0 

' btlt fgCo) is not its limit, f^ has a limit at . x = 0 and the limit^ls 

the function value. 



Exampulg AjS-^gc . Figure A6-2c'' presents the graphs of the two functions 



given by 




4 



Th^ function ' is defined for all values of x/ The domain of con-' 

slstB only of those values of x for which x > a^^ and on this domain it has 

tlie ^ame values as it s«ema clear 'from the g^aph that there is no single 

number L which is approximated by the values g. (x) - as x. approaches a. ^ 

On the contrary, in any neighborhood 6f a it is i)ossible to find values:of 

^ for which ^ Si (^), approximates' a^ - 1 within any given error tolerance and 

other v^ues which ^approximate a + 1. Verify/ then, that the conditions of* 

Definition A6-'2. cannot be satisfied, that g, • has no limit at x = a. 
-' r • , , ^ 1 

For the func1>ion g^, on the other hand, it appears that no matter what 

the error tolerance, there is* a dele-t^d neighborhood of a wherein gAx) 

2 ' - - 2 ' ' ' 

approximates a + 1 within the tolerance for all^x in the domainjpf the 

function. ^ This is easily verifAd. In a deleted ,5-neighborbood of we hav« 



.g^Cx) = X + 1^ 



for a < X < a + 6. 



•We have for ^ the absolute error of approximation 

. |g (x) - (a^ + 1)1 = Ix^- a^l 



' ^ ■ ^ < S(|x| t laH -\ . • 

■ ' • ' ' - ' <&[(|a| + 6) + |a|] /. • 

' ■ •' '0 ' ^ _< 6C2-|a'l " ' ■ ■ ■ ' 

^Qiis absolute error can'be kept within any given error tolerance \ " by 
j^e^stricrfing x to a small enough 5- neighborhood of ^a. For simplicity, we 
first restrict oiorselves to neighborhoods , of , r^adius no larger fhan- 1. Taking ' 
§ < 1 in the inequality above, we obtAn % simpler bdund on the absolute error 
in terms of the radius 6: 'I- * * • ' 

• , , - (a^ + l)| < 6(2|a| + l).'^ . 



Nbw if we choose 6 



that 



V 

6 < 



f 



- 2 a +. 1 



then we have ensuredo that ' • 
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.^JT'"&V' that the error hUs been kept wlthi« the tglejrance e. ^ Since this is 
St-f - a prescription for controlling the error H^thin any tolerance e, we. have" 
SV / ' • accomplished our purpos^^ and proved ^ ' * 



lim g^(x) = a . 



' ';coiiit>letely' irjthe analytic terms of - Definition 



4 
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Exercises A6-2 



rlt -"'li Shov that if . 0*< |x 



aj <1, then |;c + 2a| <1 + 3|a|. 



2, Shov that'lf .0 < |x - a| < i; then - a^j <^(3|a^| 4 sfaj + i) |x 

3. Shov •that'i^.:/0-< |x - 2[ < 1/ then i y < 1. 



^ Hint 



then -j-i^ < 
Show that if / |x - a| < , then 4: < ^ 



2 " 2 • 

X a 



1 

X ^ 2 
... 1 



X 1^ 2x + 1| 



5. Show. that if .0 < |-x ^ i| <1^ then \kx + l| <9 and 

6. 'Show that jlf 0 < |x 2| < 1^ then Ix + i[ < k ani'* 

7/, Estimate how large x + 1 c&n become if x is restricted to the 
interval -3 < x < 1. . ' - * \ ^ ' . - • • 

8. Use inequality properties to find a positive number M such that 
' 0 < |x - l| < 3 for all X and^ . 

' Ca) lx^,+ 2x + ^|-<M^ ' * ' 

(b) |3x^ - 2x + 3| < M.. ' 

9., (a) ShSx^hat ^f . 0 < |x - 3| < 1 and <*|x - 3] <1 , then. 

|x^ - V < / . 1 ^ — - 

^^b) Show that tne pair of inequalities 6^<1 and 6 < f (or 
X - . 7 . 

.6 <min{l ,^)) ^satisfied by* 6 ^ ^/ 



< 1. 



opeti 



10, Find a number M > 1 »such\tiat 
0 < |x T 2| < 1. (See No^. \.)' 



X + 1^ 



< M for air such that 



:^that 



!!• For the given value of € ^ f:.nd a number 8 such that if 
' 0 < |x, - 3|'< ^, |x^ - 9i < 

\ (a) € = 0.1 

'(b) € = 0.01 

.^^6 your^^'choice of 6 in (b) atceptab'le as an answer in (a)? Explain. 



For the following functions, fiYid the limit L as x '.approaches 
For each valije^'of €, exhibit'a number 6 such that, ■>|f(x) - l| 
whenever |x - .aj < &• - ■ '» .. ^. . 

.(a) ^f(x) = 3x - 2, a = I , ' - ^ ' 

(b), f(x) = mx + b, (m O) . 

(.c'). f(x) =.1 a = 0. ; - \^ 



• ^ A6^3 . . Epsiloni c Teg^nique 

• ' , - - . 

' ^'^ is conventional discT^ssion.s, o£ approxiinaticns zo -a limit*/to use 

the Greeks letter epsilon for the errpr tolerance. * For th^s rea^n the sub- - 
ject devoted to techniques for the control of error is colloquial?/- called 
egSilonics. We shall make inunediate use of epsilotiic technique in deriving • 
^he limit theorems which follow this section. Eventually, in applications, 
skill in epsilonic techhiquev^will be extremely valuable for making estimates 
when i-t is difficult to work with precise values. Tp develop this skill it 
^i'B helpful to set up a routine pattern in which to' present an epsilonic argu- 
ment. We ^ shall first describe the pattern in general and then^ fpr several 
examples*, carry out the proofs as indicated in th€ .pattern. ' ^ 

Statement of the' problem , ^ 

, To' prove that lim f(x) = 1: ' 
/ s ^ , x-^a 

^'or ^ach tolerance e > 0 obtain a control 5. 

: Show: if 0 < [x -^a| < 6, then |f(x)' ^ L| < s.' ' * 

We have stated the problem in outline. The proof is b^sed on Definition* A6-2. 

We must corTtrol the esrror |f(x) - L| within the error tolerance s by 
^ restrictiilg the .values of ^ x. to a sufficiently small deleted neighborhood 
*of a. The paPof '15 completed by Verifying for a -suitable radius 5 thdt 

ii^ does give She d^s^red degree of control. The crucial open^questioh is, 

how do we choose^ a suit,able €>? ' ' » 

Step 1, Simiplifl^ation . 

Find a g(5) soich that if 0' < |x - .a| <:h\ thenr'']f(x) - L| '< g(5) . 

The idea here is'*^ obtain an upper boi^nd g(6)' for the absolute evVor where 
g(6) can be^held within the , tolerance e by taking sufficiently small values 

'of ,6.^ If we have ! g(6) < t^en |f(x) - l( < g(6) < e and our objective 
is^ achieved. In some of the following examples the work of simplification is, 
divided into^-Hwree stages: (a) f(x) is exi>ressed in terms of x - a; 
(b) from the i^quality" 0 <• [x « a| < 6 there is derived eg inequality of 

dhe form, |f(x) - l| < (c) a b is chosen for each ^€ in such a wa^ 

I that 'gCd) < In general, g is to be a simple function/ one for which it 
. easy^to find a 5 such that g(6) < More typically,, it will even 'be 

.possible to^ solve for 5 . in tlje equation 'g(6) := e. For most of the cases 
in ,this text i,t is possible to obtain g(6) = ca , with a pQsitive constant- o?" 
proportionality c. Manipulations yielding a's^imple expression for g(5) • 
are^ illustrated in the Examples below. ' . < - 



. Step 2. Choice of 6. 
\ Choose h so that„.*g(d) < 



This, Is the place' where the work of simplif ic/ation in Step 1 pays' off . In 
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the most typical c^se where. g(6) = cB - ye may choose 8 = |- . 

Steps^l and 2 show hoy the solution is found,v. -The nex;t step is the 
actual proof viere we verify that the solution, haf been foiind. 

. Step 3. Verification ,. ' - , 

^ Return to the -statement of the pr.oblem^ From the given expjression for 
6 deduce the conclusion* • - , ^ . , * . 

First ve tr>" out the method/* in a case where no jiomplications arise, the 
case Qf the general linea? fimction, 



ExajTxpIe A6-3a . • 

Statement of the problem. 

To prove that ,lim (mx +,b) = m^ + 
x-a . ' ' 



(m/ 0) 



^For each € > 0 ' obtain' a 6 . 

Show: if' 0 < |x - aj < then |f(x) L| <^€.^'. 
Step, 1 . Simplification . 

) ' , • " • 

(a) y f(x) - L = (npc ^ b) - (ma 4- b) 

ni(x - a) . ' 



(b) If Ix- a| < 6^ 



■ \ 



X - a| 

/ 



' , ' . ' |f(x) - Lj' = |m(x - a) 

■ r Kl 
< |m|6 

(c) Take g(6) = |m|6 , 

> Step 2. . Obtain & , * ' / 

To make g(6) <^ € ^ set 

(allowable, sinae |m| / 0 b/ assumption). 
' * Step 3. ' Verif icatior 

Enter the "result -Ar . in the statement of the problem. The verif i 

cation followjs the pattern of Step 1 with one additional step 
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|f(x) - Ll < \m\b ^ 



< m 



Since there is a strong inequality in this ch^in, we have ^ 

• |f(x) - i| <€.' , 

In the following examples we shall omit repetitious material. 
Ex6piple A6-3I? » 

Statement of the Problem. ^ - 



To prove that lici -= 1 — r = 1. 

. . x~0 V 1^1 . ■ 

For each e > t obtain "a 6 . 
Show: 'if b < jx - Q] < 5/* then 



1 + Ixl 



Step 1. 
(a)' 



1^1^ 



- ^1 =4 



1'+ list- 



1 + 



1 + 

1 ^ 



(b) If 0 < |x - Ot < 5, . . ■ j 



1 + Ixl 



1 + |xt 
Ix 



" 1 + 

< tx| 

< 5. 




(since/ 1 + |x| > l) 



(c) Take g(5) = 5: 

Step^2. To make g(6) < €^ set 6 = €,. 
/Step 3. Set 5 = 6 . in the statement of the problem. We carry out the 



verif icatioh following Step 1 where we set , 6 = 



€ at the last line." 



^ / 

/ 



erJc 
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The next ex^ple shovs that it i-&-no±^ always suffici-ent to choose 6 
^ proportional to €. ' . • . 

Example a6-^c , 

' Statement of the Pro'blem^ , ' - ^ 

To* prove that lim = /a. ^ ^ ^ *(a >'^0); 

x-a * . 

For each € > Q ofctain a 6 , • • 

Vy^ ' ' Show: if 0 < fx - a| <^6 then- | A - Taj • ' ^ - 

The choice b = ^ where c is a po'sitive constant/ c^hot 

Vork when a = 0.^ In -feijat case we observe that if 0 < x < 6 c€, 
then Vx < /c /€ , 

. * We must then maJge /c € for all no matter how 

small. * ^ ■ X • / * . ' - 

f.t 'follows that we must find a positive number c satisfying 
\ Vc < /i" or, equivalently, c < € for* ^l<posist:j^ve' e. No such ^ 
number exists; hence, 6 - c€ cannot work/ 

Step 1. From ' i . . 

ITx - Tal < I "/x + Taj (Section A6-1, Form[ula 3) 
we obtain ten -multiplying by |t/x - -/aj, 



l/i - v^l? < |x - a|, 



whence 



* ' \ < V|xf - a|. ^ , 

^us, if 0 < [x ^ a"l < 6, /tlien . ^ . ^ * * • ' • 

. ^ ^ . " * - / , » • 1 t/x - -/al < -/S. * ' 

' - Step 2.' Choose b = e , ^ ^ 

> Step 3. Take 6 in the sl^atement of "tihe problem. The verification 

^ is a recapitulation of Step*'l^ for this choice of 6. 

„ It is often expedient to restrict 6 by an auxiliary condition in 

-/ Step 1. The following examples are't^ical. ^ ^ . " 

, * • - 1 ' 

' E xample A6-3ci. ' ' , / 

statement of the Problem. ^ - . . 

' ." — :; ^T- ' ' / . ' 

To prove that" lim (k - 5x ->l) = -3. . i 

, / X'-2'. ■ ' . > . ' -~\ 

•• > ' . ' " 

. ■ ■ ' . • ' ■ • • .• ^' 
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. For each' e > 0 obtain a ^ 6. 
^ Show: if ,0 \x - 2^ < & , *then \{x^ - 5x l) - /(-3)| < e. 



- 1 - t-3 ) ? . 5x + 2 . ^ • • ' ' 

= [(x - 2) + 2]^ - 5.[(x - 2) ^ 2 

* . ' / = (x - 2)3 + 6(x -V 2)^ + 7(x - 2). 

(b) / |x3 ..5.x'- 1 - (-3)1 Kl(x - + 6(x -2)% 7(x - 2) | 

/ ; .= (x ■- 2){(x . 2r + 6(x . 2) + 7) • 

= |x - 2| . I (x 2)^ 6(x - 2) + 7| " 
- < |x - 2| . {|x - 2|^ + 6tx - 2| + 7} 

<6(6? + 6a +*7)/ 

(At 'the last line. we used |x - 2| < 5. )/ ^ . - 

I 

(c) For convenience' we restrict 5 by,*3teqi^':^ing •6,< 1. Under 
this conditibn < • ' ' 

|x^ - 5x - 1.- C-^ ^i^'aCa"^ + 66. + 7)- 

<^5(1 + 6"+' % ^ 

In orde:^ to get &i upper bound in the simple form. c6^ ve put a constant 

2 ' 



iDOunji on the second factor in 6(6 +.66 + 7) by /restricting 6. (The 

particular value 1 in 6 < 1 is inessential. We could have requii^d 
6 < K. where «K is any positive constant.) 

/ * ^ . •'• - 

Step ^8. . We now wish to obtain a value 6 /satisfying two conditions 

simultaneously: ^ S^J^ ^-S 1* ^^V satisfying these conditions 

^is to set * < ; 



■ where, we have chosen the denominator simply as a convenient value which -is 
greater than, either Ik or € . * (Se^ Exercise A6-1, No. 6a^ b.)^ , 

Step 3< Set 6 = ^ ^ in the statement of the problem. ^ The verific|L- 
tion follows Step 1 through ^(b) / In (c)' ^e use 6*< 1 and « 



to oliiain 



" .Kx^ - 5x - 1) i (-3)1 < s. 



Alternative Step 1. , ' 

. ((a) • , - 5x - 1 - (-3) = (* - 2)(x^.; 2x '- 1) - 

••...\. * * ■ . 

(b.) ' Ix^ - 5x + 2| = |x - 2l * jx"" + 2x - ll • 

* ' ' ' ' • \ 2 i ' ' * ' 

<-6lx + 2x - l| . • . 

V . where, atthe last line, imposing the condition 5 < 1 we 

utilize the resul't 1 < x < 3 obtaineci from 'Ix - 2| <-6 < 1. 

r . • f • ' 

9 • ^ ' , - ' 

.^Alternative Steo 2. Since we^ do not use the^forniula for 6 in t}ie 
verification a^jove ^ut onlj^ the cor>ditions 5 < 1 'and 6 5* if '^"^ natural 
(A^-1) tO'*set ^ ^ . • . *^ , ' - ' ' 

* Alternative Step 3^ Set 6 = ,1) in the statement of the prob- 
lem* The verification follows alternative Step l^aboye, »^ 

^ * ^ . 

From She 'preceding exampJ.e we see that we have great freedom in choosing 
o\ir control We can always*fee more stringent controls j than necessary: 

that is, given any deleted neighborhood of |x - a| < 6, ^^o ^chosen that 
|f(x)-- L( < £ for any x in the 'neighborhood, then for all x' in any sub- 
^set of the neighborhood a;id, in paicticular,. .for any smaller deleted neighbor- 
hood of. a, ve satisfy the same inequality. In other terms, given any % 
* ' I 

which keeps the error within the specified tolerance, 'any smaller value of b 
'will certainly have the same effect. 1% follows that we may impose the condi- 
tion' 6 < K where K is any convenient positive constant. Similarly., having 
found a 5 for a paxticular €, we know that , the same 6, will suffice for 
■any larger €. Hence Ue need concern ourselves only , with these e satis- 
fying, e < M, where M is any convenient positive constant. 

We. conclude the lyt of examples by applying the techniques of the out- 
line to find .some derivatives. For a given f, we -fiet 



*• • Example A6«3e « f 
, f^* ^ftfcatemfent of the Problem . 
To prove for a ^ 0 that 



X , X 0 



iim r(x) = llm 



x~a 



1 ^ 1 
X " a 
X - a 



For each e > 0 obtain a' 



^btam a 

Show: ^ if 0 < |x 7 a] < 6, then |r(x)*- E| i< ^ , 
(Observe that r(x) is not defined at x = 0 ^ or ='a/) 



Step 1. 
(a) 



i^Cx) \ L 



1 1 

ill'; 4: * 

X - a 2 
a 

" ax ' X - a* '2 
a . 

ax 2 ^ 

a = 

X - a >- 



t 

(x ^ a) 



a 



(Note that we used |x - a| > 0 in aett5.ng |^ " ^| = 1 for 



, X ^ a.) 



|r(x) - L| = 



X - a 



2| 1 
a X 



Our problem now is to obtain a constant upper bou^nd for th? factor 

— = — ?f It is sufficient to bound the demon imator avay* 

a |x| a'^Kx - a) + a| ' - , f 



from 0 or guarantee « 

' ' ' |x| = |(x - a)' + a| > C > 0, . ^ 

\ * * 

for some number C. We ha-^e (Appendix A6-1, Formula (3)) 
|x| = |(x - a) + a| >'|a|,- a| _ 
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Entering |x'^ a| ,< 5 in this relation, ve obtain 

* 1x1 >'Jal - |x - al > |a| - b. 



To obtain a coqstant lower bound C ve restrict 6*^ 



|x| > \a\ - 5 >i|L > 0 ' 



, and C ^ 



In that .case 



It follov8 from l^x - a| <: 6 that Ixl > and -i- < 

, . ' _ • ^ . ' ' -2 lx| |a| 

Exercises A6-1j No. 20) . Consequently; ^from we have' 

6 . , * 



:'(x) . L| 



a^lxjy 



< 6 



''2 

2| I 
a a 



(See 



Step 2. The value of S is^restricted by two conditions: 

5 < and' 



26 



3<-- 



To fatisfy -both conditions we take 



*0f couj.6e„ in general, we could have restricted 6^ In any convenient 
way so that ^bf |a| / For definiteness we took 



<¥ 



6 < 2*. 
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<» step 3, Enter the above value of 6 in tke statement br the problem. 
^"The verification follows the pattern of Step 1. At the last line we use- 



^ obtain 



/ 

|r(x) -;L| <'€, 



Example A6-3f , * f x >6c, x > 0*. » T 

Statement" of 7 the Problem « * ' • 

Tcprove foi a > 0 th^t lim r(x) = lim ^ " ^ = — = L, 



x~a . x~a 



\ Fdr each e > >0 obtain a * 8 . 



Show:! if .a.< Ix - a| < 8) then lr(x) -. l] <"4.. 
Co{se|rve that ' r(.x) is defined only for x'> o'.) \. 

Tx - -/a J__ 



Step 1. , 

(a) . ■ r(Jc) - L = 




1 1 



(Jc '/ a) 



" . • . -/x + Ta 2-n _ _ 

= V ' 

_ a - X • ° 

(Note 'that Tx is not defined for negative values, aod therefore 

ve guarantee 0 < x by imposing the restrfctions |oc - a| < a , ' 

For thii' purpose we require & < a,) 
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'J _^ , (from 'fx - a| < 8), 

♦ 

(from y'x > 0) 



2'y'a(y'a + ■■/x)^ 



2y^(^)^ 



2(v^) 



3 



1:1 



Step 2.^ Take 6 = min{2(>^)-^e, a). . • 

Step 3/ For the above value of 6 every expression used in Step 1 is 
defined for all x in the deleted 6-.^eighborhood 0 < |x - a|'< 5. (THis 
requires! x / a and x > 0.) The v^rif rcatibn. folfows Step 1. A% the 
last iine ve use 5 < 2(>^)^€ . to obtain * - . 

•• • . \r(x) - L < €. 

• . ) 

. ■ 'c ■ 

In the preceding examples ve have not always followed the . 
outlite to the letter but \ised it only as a serviceable guide. 
Special difficulties are likely, to appear in Step l and we canxiot 
anticipate all contingencies. The only absoluxely general pattern 
y^^ tt the construction of a Jion- decreasing bhain of expressions. ♦ 

■ where =, | r(x) - L| = g(5) and 0p ^g' ^^n-l ■ 

involve both x and 5. ' »To construct such a sequence in a particular 
' ^ . case may retjuire the greatest ingenuity. 

In the^se exanqples we have verified that a given value L ts actually the 
limit but have not shown Oiow the limit L was abtained. . In the next section 
we shail develop general theorems which ^ill enable us to discover the value 
^of the limit and to. pr&ve that the value is correct. Epsilonics will be 
, neoessary only to^rove the theorems, not to apply thero'. 1 



• • ' A6-5 

>/ ' Exercises'A6- 



. * ' I ■ . , * * 
Prove -lim x - 3) = obtaifr-aiuupper bound §(6) for the absolute 

error and find &,.in terms oJ € . ^ 
Give arguments th€tx prove ,^ * 
/a) lim c ='c^ c any constant* 



x-va 
Cb) lim X, 



■■(p) ' lim kjc = ka , _k any constant. - . , - 

(Use the results- of Example A6-3a for p&rts b and -c. ) ' 

Invoke the definition directly to prov«. the existence of the limits in 
Number 2. ' * • 

In each of the following guess the limit, and then prove' that your guess 
is co'rrect. * ; ' * . 

(a) lim'^^ ' .(e) lim 4^ 

^ X'.O 1 + X ; x-2 x^ - 8 ^ ^ :^ : 

(b) U,^-^"- V (f)' llm. ^^-3x-l . 

,(c) Ijmil^ " • (g) llm **^" - f -'^ *'■ ■ ^• 



lim -f^" 

X'-l X 1 



t 
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A6^k* Limit T heorem s 

If the epsilonic definition of limit vere required in every calculation 
with limits, the development of the' calculus vould be ao disjointed and so 
'overburdened with elaborate detail that it could only be mastered by a few 
devoted specialists. Ve need and ve shall derive theorems that broadly cover 
'most of the ^significant calculations with limits » In the end it will only be 
the •exceptional cases for which epsilonic techniques are necessary. 

^The fir§t general results apply to rational combinations of fjinctions^ 
that i^^ expressious formed from the functions of a -given set by the rational 
operations of 'addition, subtraction, multiplication, and division. , If each 
function' of the given set has a limit as x approaches 'a," then the limit 
of 'any ratioVial combination of these functions is the same rational aombinati 
of the corresponding limits (with divisions by »zero excluded). 

There are certain special rational combinations, called linear combina- 

7 

tlonj^, which rec;ir often in different contexts.* It is worth distinguishing 
them as a class because of their importance*. 'A, linear combination is built 
up byaddition of functions and multiplication of funct^o^s by constants. 
Such ^ linear combination can be put in ^ the form 

0 : X ^ jZS(x) = .c^f ^(x) +^c^f^(x) ^ . . . + J 

where c^, c^, are constants. , In particular, a polynomial of 

degree less than Ojrtjitjual to n 'can be written in the form' 

■ ^ ^ ' ^{x) = + c^x^+ CgX + ... + c^x , ' ^ ^ 

and may therefore be thought of as a linear combination of powers^ x, 

2 * n < ' 

X , X . , . . 

The evaluation of the lirrdt of a^^linear combination is an instructive 
instance o¥ the general method of evaluating the limits of rational combina- 
tions. 

. Example A6-Ha . * , ^ 

11m (6Vx + 5x + Jt) = lim 6Vx» lim 5x + lirfi n . « , 
x-h ^ ' ' x-ii x-ii ^ 

' \ ' , ^ = tlim 6)(lim Vx) + (lim 5)(lirn x) + lim r 

^ ' • ' x-ii • xA x~ii x-U . ^ x-^ 

, = 6 . lim Vx. + '5 . lim x + rf» , 

" ' ^ . . x^k x-lv ^ 
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Note, that in the example we have T\sed three limit theorems without proof; 
in essence 'these ai-e: 

(lH The limit of the sum of two fiinctiohs is the stim of the limits. 

(2) The li^iit of ythe product of t\ 
. ■ linilts, / 

(3) »!rhe^imit 0:^ a constant is tl/at constant. 



0 functions is the product of the 



' Gopsider^the statement 



■ > 



lim c = c , 
x~a 



Note thsit the interpretations of c on the right and left ot this equation 
are ^lightly different. On the left, c stands for 'f(x), where 

f : X c . " 

and on the right c^ is the particular 'value assumed by the function for each 
vaiue,of X. .With this in mind we have 



THECREM A6-^a > For a constat fuhction f : x ->-c, 

'lim f(x) =''c. ^> 



X'-a 



Rroof . We have 



•|f(x) .\c| = h - c| = 0 < €, 



for every positive e •and every choice of -5. '(The constant function is a 
trivial case, of'^course, but w^ include it for* completeness,) 



THEORM A6-.I+b. if lim f(x) '= L, 


then 'for any constant c, 


f X'-a 


t i 

> 


lim c f(x) = c 


lim f(x) = cL. 


* x~a 

' : f 


x~a . , ^ ' 



groof , We maoi:.assume^\ c / 0, for if c = 0, the problem is reduced to ^ 
that of ^Theorem A6Aa* Given any € > 0, we Vish to make * t 

' |c /(x) - cL| <^ € 

' * - ! 

hy restricting ^x to a deleted neighborhoo 
* ' . • 
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From the' hypothesis we know that for any -we can find a 5 so that 



if 



then 



and 



0 < X - a < 6 



|f(x) - L| < e 



. . ^ Ic f(x) - cL'l = |cl . |^(x) - |cie*. 

' ' ^* \ , , 

* e ^\ 
Accordlzigly, we choose e = TT' obtain the Wropriate value 5 for this 

e , and set = 5 . 

In the following theorems ve require that in some deleted 
neighborhood of a the domains of the fxmctions entering the , 
combination all coi.ncide. This requirement eliminates nonsensi- 
. cal combinations ^£h as f(x) + g(x)- when f(x) is defined 
only for X > a ^1 g(x) is^ defined only for x < a. The 
likelihood of evei^Sking such'' a mistake is extremely small and 
^therefore we do not mention this restriction on 'the functions 
.explicitly \n the statements or proofs of the theorems. . ^ 



THEOREM A6Ac, If'^-Um f(x) - L and lim g(x) = M, Then 



x~a ^X'-a' 

lim [f(x) + g(^)J = L + M. 
* X'-a 



. Proof . We must show. that for any given e > 0 there is some 5 su^h 



that 



jf(x) +.g(x),- (L.+ M)| < e 



for. all« X in the common domain o?^ f and g Satisfying 



0 < X a < 6, 



From the hypothesis- we know that for any positive €^ ahd e^, no matter how 



smaJl, we can find 6^ and 6^ such that 



But 



|f(x) - l|^ < when 0 <> |x - a| < 5^ , 
|g(x) - M| < when 0 < |x - aj < 6". 

|f(x) + g(x). - (L + «)[ = |f(x) r L + g(x) - M| 

. . ' ^ 

< \t{x) - .L| + |g(:ty - M| 
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!Po "keep' within the tolerance >€ 've can choose €. and to "be Any posi- 
tive quantities whose sum is ,$r. pfe^sconvenience/ we fix 



Taking jthe approp;;iate values .6^^ 5^ ^for J^hese values e^/ we set 



6 =i mln{6^;i Sg) 



For this choice of 6 , whenever ' 

0 < |x a| < 6, 



'then- 



|f(x) + g(x) - (L +^M)| <| + I <•€. 



2 2 - 

Since a linear comhination can he huilt i^p hy successive operations of 

< ' ' ' / 

addition of two functions and multiplication hy a constai/t,. we ohtain 

,^ ,porollary . The limit of a linear oomhination of- fvdictions is the/same 
line^ combination of the limits of the functions; ±*^*j if 



/ 



lim,f^(x) =:<L^ *, i = 1^ 2 , ••• , 



/ 



x^a 



then* 



x-a 



X'-a 



lim [c^f^(xy + Cgfgtx) + ... + c^f^(x)]''= c^ lim f^(x) + c^ lim f2(x) 
" - ^. X'^a 

+ ... + lim f^(x) =^C3_Lj_ + CgLg + + c^L^. 



'!Ehe proof is left a^ an exercise^- . ^ v 

' V ' * 

* For generetl rational combinations we have the further operations of 
multiplication and division. - ' 

Kxample A^-^h . ' 

/ — — — • 

lim [- - 2x^ V5]~= lim^ - (lim-2)(lim x^)(lim >/x) 



x-^ 



^ '1 



x-4 



- - 2(lim x)(lim x)(nm ^) 

IX'"" ""^^ ' 

= ^-2.1. .n >^, - 63 J . 

,801 4,01 



For ,^jx) = i - 2x^ vSc let us see in detail, how 0 can be built up in 



simple steps • We set 



f^(x) = 
f^(x) = xf^(x), 

f^(x) = -Sf^Cx), 




( mult ipli c at ion ) 
(multiplication) 
(multiplication) 
(division) 



(additioi[) 



8lnd 

and then. 



It^is, of course, tedious and unnecessary to decompose aiay rational combina- 
tion into its elemej^aryj building bloaks/ but' it is important tol realize a^h at 
it can be?* done and t5 kno'v^ how to do it, (For example, it vouldlbe necessary 
to do so in vAtihg computer prog]?amsjl ) In the process we have seen that to 
prove the general theorem concerning aimits of rational combtilnatipnfe we no;t 
need" to prove only the two special theorems for the limits of the\product and, 
qiiotient of two functions. 



^ THEOREM A6J+d, If lim f(x.) = L ^and - lim g(x) = M, then ^\ 
X'-a 



x*-a 



lim {f(^)'^V g(x)] '=-LM.- 



x^a 



: ^ ■ — ^ — T ' 

Proof . We wish to estimate the difference f (x)g(x) - LM,, using the 
knowledge of the differences f(x) - L and 'g(x) - M given in tjie hypothe- 
* sis. Nov , , ' 

' * f(x)g(x).-. IM = ^f(x) - L^(k) + L^g(x) - wj ' , • 

= ^f(x).- L^^gCx) - M^f(x) - LyL^g(x)-Mj 
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hence. 



|f(x)gCx)-LM|<|f(x)-Ll . |g(x)-M|+ |M| . |f(x)-L| + |l1 . |g(x)-M|. 

Prom the hypothesis we know that for apy positive numbers €^.^and there 
are corresponding controls 5^ and 6^ such that 

' . \ |f(x) - L| < €^ for 0 <- |x - a| < 6^, 

Jg(x) - M| <'€2^ for 0 < |x - a| < e^.^^ 

Thus if we cfhoose 5 = min{6^;62}, it will follow from (l) that when 
0 < |x - a| < 6 then- / , 

(2)- . |f(x)5(x) - LM| <€^€2+ |m|€^'+ iLle^. 

In order to keep from exceeding the tolerance € we shall choose t 



1 . 



* and 6^ so that 



this will then determine our choitffe of 5^ and 6^^ and in turn that oif 6, 
For convenience', we /-equire that = ^2 " ^ "^^^^ ^ 5 '-^^ "^^^ 

le^e^ + |M|€^ + \L\a^< v(l + |l| + |m|). 

« ♦ 

Tfe/are now ready io ehoose v and verify (sy. Let 

/ ' « 

/ * 



hoose ^he corresponding 6^ and and j^et 5 = minCS^^S^). fh^h it 

follows from (2.) and (k) when 0 < |x - a| < 6 that ^^^^^ 

; - |f(x)g(xr-;m| < v(l + |l| + |M|) < s 



as desired. 



' Since a polynomial p(x) is a linear combination of powers, and powers 

are themselves products, 
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'x^ ^\ • X ... x..-(k factors, > l) , 

we can ^tablish the foll<5ving corollary. 

Oojollary. 'For any polynomial fundtion i>, 

' . lim'p(x) = p(a). ' . 



The proof of this corollar,y is left as an exercise '(Exercises 'A6-1^, No, 

To prove the limit theorem for a quotient , it is only necessary to 

J prove the limit theorem.' for a reciprocal rule for general quo- 

tients then follows'^from / 

. ' • " ^ \ 

^(x) X./ \r 1 1 

First prove a useful preliminary result. . ' 

I^mma A6-i^ . If ^ lim g(jf) = and " M > 0, then there exists a neighbor- 
hood of a 'Where g(x) > 0 for x in the domain of g. 

; Proof .Since g has the limit M ^at a, there is a &- neighborhood 
of a vherein g(x) is closer to M "than to zero: 



In thi^ neighborhopd_, 



•_f_> g(x) >f >0. 



If the function 0 has a, negative limit at x = a then; upon a^pl^lng~~~~~ 
Lemma k6-k to the function -0, ve see at once that 0(x) is negative in some 
deleted neighborhood of a. As further consequences of Lenjma A6-k we have 
the following two corollaries. 

Corollary 1. If lim g(x) = M and M / .0,, then there exists a neigh- 
x~a 

borhoodof a where |^l>|g(x)| > ||| for x in the domain o? g. 

Corollary 2.^ A limit of a functiorf whose values are nc^^|jfive^is non- 
negative , 



The proofs of these corollaries are le'ft as exercises. (Exerci-ses A6-4, No', 3)' 



•J 



THEOEIEM A6Jjre. . If lim g(x) = M and U ^ 0,^ then 
x~a 



Proof, We have 



' lim 
x-a 



1 ' 



(2)' 



1 1 




^i- g(x) 


g(x) ; M 







Jg(x) - Ml 

m . |g(x)i 



provided g(x) / 0. However, from Corollary 1, to Lemma A6-1* there is a 
6-.neighborhood oJ5 a wherein |g(x)| •> , Furthermore, for any e the 
. , neighhorhood can "be taken so small that also ^ ' 



|g(x) - M| < € 



Prom (2), tl^refore, we have 



1 1 



|g(x) - Ml . 
I Ml . |g(x)j 

■X- 



< 



|Ml 



2€ 



JW 



vhere in th>2 last ^ine we have taken 



To complete the proof we choose the v.alue of 5 appropriate to this € , ^ 

Corollary 1. If lim f (x) '= L and liij g(x) = M* ,;^ere M / 0, then 
x~a 



lim 
x-a 



X'-a 
f(x) ^ L 



5 
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Corollary' 2. _If and q,*are^'poljTiomiala) and if ^q(a) / O^cthen 



x'-a 



In connection with these corollaries^ . we observe that if liHi,g(x) = 0 
' f(x)* 

the quotient s,tlll have a 'limit. Under these conditions, « 

lim'«f(x) =0 is a necessary "but not stifficient condition for existence of 

lim \ \ , The primary example -is tl^e derivative of a function expressed. as 

x~a.e(^- ^ ■ • _ \ ■ 

the limit of a ratio for which the numerator and denominator both approach ^ 
zero/ It is ;iot possible to make any general statement^ about the e^ci^tence 
of ihe limit for such 'cases; it->is possible that jlim f(x) = 0 and yei that 

the limit of the quotient does not exist (for example, lim ), ("See , * 



Exercj&ses AS-hf,' Nos.. ik and 150^ 



x~0 X 



A 



In estimating lim f (x) we c'etn often bound f below and above by fui^^^ 

'tions g and h which have limits as x approachesj a. In that case y% ^ 
expect that the limit of f is bounded below and above by the limits of« g 
and h. This result is a direct consequence of the following theorem. 



IPHEOREM AS^hf . If f (x) < g(xi in some deleted iieighborhood of - , 
a, and lim f{x) = L and lim g(x) = then L < 



x~a 



x#*a 



yyoof » Sinqe g(x) - fix) is nonnegative it 5^pK)ws that 

lim ^(x) - f<x)l = M - L > 0. 

(Tfi^orem A6-1+C and Corolla'ry 2 to Lemma* ) 
Corollary 1. [Sandwich Theorem.] If 



h(x) < f(x)' < g(x) 



in some deleted neighJ)orhood of a, .and if 



lim h(x) = K and lim g(x) = M, 



x-a 



^x~a 



8o6 

' 40 b' 



then-, if lim f (x) ^ exis'ts, 



K < lim f(x) < M. . 



Corollary 2. [Squeeze Theorem.] If h(x) < f(x) < g(x)* in some 
deleted neighborhood of a and if 



lim h(x) = lim g(x) = M, . 
' *x-a x-a 

then • ' 

/ . . , . . / 

• ' ' ^ ^ * lim f(x) = M. 



x~a 



/ 

/ 
/ 

\ 



Exercises A6-^ 



/ 



1. Prove the corollary^ to Theorem A6-i^c . - 

2. Prove the corollary to -Theorem A$-^d . 

3. -Prove the corollaries to Lemma A6r^. 

I*. Prove the corolla ries^ to Theorem A6-^e . 

5» Find the folloving limits, giving at each step^the theorem on linjits ^ 

which justifies.it. , ^* ^ ^ 

(aL lim (2 + x) . ^ ' 

' *x.3 " • 

^(b) lim , bx -,2) ... 

x^-1 . , . -^^ ^ 

(c) lim L 4.^ j ^ I ■ ^^1*^1 j»^ere a and b are constants. - 

(d) lim (x"^ + ax a x + a*^), where a is constant. 

^ a ' , / - ^ , i 

find the following limits, giving at each step^the tlieorem^ which Justifies 
it. ' " . ^ 



' x3 . 1 
(a) lim "2 

X'-l X - \ 



(b) lim % " ? 



x-3 x-^ - 27 



n • , 

7. Find lim — , for n a positive integer. Vetify first that 

IX ~ i ' ' V 



X - 1^ ^ \ ^ 

\ . \ ' , / 

Determine whether the following limits exist and, if they do 'existy find 

their values . ' ' i 



(a,) liim. — 



1'+ vGc 



Xfvl 



^^^im (x" - a");\ n is^a positive integer, a is /const ai/t. 
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(c) lim 
x*- -1 



72 + X 1 ^>* 
X +JL^ 



(d) lim 



(x-- 2){^ ^ 1) 



x^l X + X - 2 
/ X 1 - -/x 

• X~l I 



-858 



9. Usins the algebra of limits show fhat ' lim -^^l " = L 

if u„.f(x) - f(a)- L(x 



^ ^ - if and only 



10. Assuihe lim sin x,= 0 and lim cos x = 1. Find each of the following 

^ • limits, if the limit exists^ giving at each step the theorem on limits 
which justifies it. . * * i 



M lim sin^x (n) ' litn ^ 



(b) lim tan x (e)*" lim 



x-0 x-^-O 



^xn X 



' (cV lim sin 2x • (f) nm 

^ x^O ' ■ x^O ^"^^ X ^ ^in X 

11* (a) Prove -Corollary 1 to Theorem A6-i|f. ' i - 

(b) Prove Corollary 2 to Theorem A6-i^f . 

fHint: Prove ^im f(x) exists.) 

x-a p ■ * ^ J„ ^' . 

12. For what intHgrsct-ralues of m and n doe^^ lim ^ exist? 

^ ^ ' , ^ . X — a X + a- 

/ . ' Find the limit -for these cases. - 



13. Prove trhat'if litn f(x) = 0 $ind g(x) is bounded in a neighborhood of 

X = a, thfip lim f(x) ► g(x) 0. ' i. 

X'-a ' 

(a) Verify that if lim 4fl ' exists and if lim g(x)^=^d, ^then 

, ^ ^ , x^a ^^^^ V x^a ' - 

lim f(x) i 0. - ■ ' • 

(b) Describe functions f and g for which* lim f(x) ^ 0 and 
lim g(3c) = 0 yet theflimit of their quotient*^ does not exist. 

15. Prove, that if lim g(x) = 0 and' lim f(x) does not exist, then the 

x-a . X'-a ^ ^ ' --v^ 

limit of trfe* quotient does not exist, ' 

* gix; ' V, 
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,The riglit-hond limit Qt a point P(p,f (p)) Of a function is the Limit 
of the function at the, point P for a right-han4 domain (p , p + 5). 
Similarly,, for the left-hajid limi^t, the domain is restricted to 
(p - S,p), We denote them, symbolically, by lim f(x) and lim f(x) 



x-p- 



x-vp 



respectively... In particular, lim [x] = 2, lim ' [x] = 1. Determine 

x-2'^ x-'2" 



the indicated limit's, if they exist, of the following: 
(a) lim 



X 



x-2" 



x2 - 1* 



(c) lim (x -'2 + [2- x] - [x]) 



(d) lim (x - 2 + [2 
x~3" 



« '"Jill 

x~0 ■ 



(g) lim 



XT^ - 2 



) 



a > 0 , > 0 
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CONTINUITY THiX)REMS 

, A7-1 . Completeness of the Real Number. System , Tlie Separation Axiom 

Simple algebraic and' order properties do not 'alone serve to define the 
real Dumber system; the ratrional ^numbers satisfy the^ same properties and so do 
o't^er^ systems . Although na physical measurement requires anything more than 
the rational numbers, they ^re not adequsfte for either geometry or analysis. 
For« example, the hy^potenuse ©f a right triarlfele with legs of unit length has 
'the Irrational length v^; thus the Pythagorean Theorem would not be true ' 
if lengths were measured by rational values alone. In the rational field the 
concept of infinite decimal would be lim.ited to -terminating and periodic 
decinJals; an iTifinite decimal like "b. 101100111000. . . with chains of ones and 
zeros of lncree(9ing lengtTi is uninterpret^ble in the rational field. The 
system of rational nu^jibers has theoretical gaps, but thj real number system ' 
is complete in that'real numbers are^adequsfce to re^jres^nt all^the points on a 
line (lengths) y and all infinite decimals. At the same time, it is possible 
to represent a'ny real number by a 'point on a ,line*,or an infinite, decimal; in 
fact, we use the concepts of point, on the number line or infinite decimal as ^ 
synonymous with real number. 

^ * ' 

The con^jleteness of the real numb^ system, its lacK of theto^ti/cai gaps, 
• < 

is a, consequence of a geometrically plausible axiom. 

The Separation Axiom . If A and B' are non-empty sets of real- numbers 
for vhich every number in A is less than .cJt eqtial to each number, in 
tben there is a real number^ s which separates ^ A |nd B; that is, for each 
X t A and y t % ve have x ^ s < y* . * 

' In geometrical terms, if no point of a set A lies to the right 6f -any 
point of a set- .B, then there is a point s such that all poinlbs of .A (but 
s . should it happen to be a point of A ) lie to. the left of s , and aiil 
points of B (but^ if s t B ) lie to^ the right of s (see Figure A7-la) 



r 



811 



4 11 



Figure A7-la 

A simple exaraple of two 'sets satisfying *t1ie separation ajfi^m is given "by^ 

• 4 I 

'A={x:x<-1), B=:{y:y>lK * ^ , 

Clearly, any number in 'the interval [-1,1] serves to^separate these 
sets.' * * ^ : * ^ 

If tvo sets are separated 'by an entire interyal, as in the preceding 

example, then* it is possible to find a rational ' separation ni^niber s, because 

every interval on the nurpber line contains National points. The interesting 

cages are those for which, tnfere^are elements of the two sets A and B 

, closer together , than any g^ven positive distance. ^Gaps in the system of 

rational, numbers can be exhibited as fai^ui^es^^^;tlie separation axiom for 

such sets-.- For example, let A be the^let/ff-positive rational numbers a 

satisfying^ < 2, and let B' be the set of positive^ rational nximbers p 

satisfying > 2, It^is possible to find- rational'^values a ancL p * 

closer together^than any stated tolerance (see Exercis^es A7rl> No. l8) but 'a 

separation number s woiild have to satisfy s =2 and no rational number 

t _ 
> has that property (Exercise A7-1, No. 3c ,) . We can define V2 .as the unique 

'real nu^[B&r which separates A ^d B. In fact, any .real ntambfer dan be 

definedlas a separation .nuiKber for suitable classes of rationals. More 

generally; l"t ilill be convenient for somev purposes to determine a real. number 

as the unique separation number for two -J^ts by the criterion ot the following 

lemma. ^ ' , > 

Lemma AT-l i-^ Consider tijo sets of real njimbers A and B^ such that 
x<y for ea^h x, t A and eacli y t B. If for every positive € there 
exist a c A and p cF such that p - a < then the number s separ- 
ating A and B is unique. Conversely, if is Just one separatl^ 
nttaiber >s, then for every positive e there exist a an5 ^ P with ^ 
p - a < € 1^ * ^ - ^ ' . . . 

Propf . Let s and t be separation points for A and B, Given €, 
a t A , and p t^B such that p - a < €, it follows from the^f^ct that s 
•^d t lie between a and p (Figure A7-lb) that |s - t| <e.* Since this 



■ s 



' * Figure A7-lb 

* . is true tor every positive € it follows that |s - t| = 0 and hence that 
t (see Exercises A7-1, No. 13b). 

For the proof of the converse, let s denote the one number separating 
A and B. For every positive *€ there must exist points a e A and 
P e B such that 

o ^ a > s - ^ and P < ^ g ^ 

fbr should one of these inequalities fail, tl}en we would have s - - or 
s + ^ as a sep^ation number. We conclude that p ~ a < €. 

Next we derive an important consequence of the Separatton^Axiom. 
• t »* 

' The Least Upper Bound Principle . Let A be a set fef numbers which is 
bounded above ; i.e., there exists a v^lue M such that a < M ^fpr all 

c A. In the set of all upper bounds of A there is one upper bo\;nd whixJh 
is^smaller^han any ot^her, the least upper bound.* - 

^roof. Let B denote the set of upper boiAids of A. The sets A and 
B satisfy the conditions of the Separation Axiom. It follow^s that there 
exisirs at lea'st one separation number for A artd B. ;iet s ,be such a 
separation number. Since ^ s is a separation' number i'*tjis.en''upper bound of 
A and is by definition an element .of B. Since s* is* also, a lower bound 
for B it is the least element of B and therefore the «lea0t n^pqr bound 
of" A. . - ^ . \ 

The Least Upper Bourid Principle is also a way of expressing the 
^ completeness of .the real numbers; it is equivalent to the Separation- 
• Axiom in the .sen^e that eitheq may replace the axiom and that the 
separaJ;ion.JBr^grtyJ^^m Jlie^ . 



This number is also tailed the supremum of A and is denoted by sup A. 
The abbreviati^on lyb A ^is also common. , ' • 
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In order to verify that the Separation Axiom and the Leasf UppeV Bound^ 
Principle are equivalent formulations of the completeness of the^r.eal number^ <^ 
system it is necessary to prove that in an ordered field the least Upper Bound 
Principle implies the Separation Axiom. The proof is left as an ^exercise. 

Corollafy 1. If M i-s the least upper bound of the* set A, then for 
each positive € there exists, an a « A such that a > M - 

Coroll6»ry 2. A set of numljers which is bounded belov has a greatest 
loner bound. 

The j^roofs of these Corollaries are left as exercises. • 

There are, various ra^hods for constructing t>e ^real. numbers' fro^ the 
'rational numbers so that the usual algebraic and order properties and the 
Separation Axiom will hold. Thes^ vill be discussed in ^b sequent courses. 

Exercises A7-1 

1. trove Corollary 1 Jto the Least ,Upper- Bound Principle* 

Prove Corollary 2 to the Legist Upper Bound Principle, 

3.* (a) Consider the sets A of positive rational numbers a satisfying 
a < 2, and B of positive rational members P satisfying 
^ , > 2. Prove' if a c A -and p £ B that ' a < p. 

(b) Shov that a sejga ration number s for the sets A and "B ^must 
satisfy s^=2^i,e.,s=v^. 

4^ ' ' - ; ' ' ^'^^^'^ 

(c) Prove that ^ is irrational. . ' t 

U. (a) Prove for every real number a, that there Is an integer* n greater 
than a (Principle of Archimedes) • * , * 

(b) Prove that given any e > 0 there is an integer n such that 
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^(a) We define^4;Jie infinite decimal 



\ 

where is an integer, and c^^ c^, c^, are digits, by 

the number i;^ where ] ^ 

^1 ^2 '^n ^ ^ c + 1 

Show that the preceding inequality ,does, in fact, .define a unique 
real number. « . . 

(b) Given a real number r ^ve define its decimal representation 

recurs ij;'ely^in termg of the integer part fuiKtion [x] as follows: 

Cq"= [r] 



/ 



Show that the inequality in part (a) is satisfied for this choice 



of c 

n 



Show also that -decimals consisting entirely of 9*s from some point 
on are avoided, (Thus, we obtain 2 = 2.000 ... but not 
2 = 1.999 ...). 



.An' infinite decimal c^.c^c^c^ ..,~.is said to be periodic if for some ' 

fixed value p, the peyiod of the decimal, ve have c = c f or all 

0 n+p » n 

n, satisfying n > n^, where we require that p is the smallest positive 

integer satisfying this condition. In words, from some plac€ on, the 

^decimal consists of the indefinite repe-^ition of the same 'p digits. 

IThus- 

, ' J = 0.33333... 

r| = 0.31*090909... 

. » 

are periodic decimals. It is convenient to: indicate a cycle of p digits 
tijF; underlining, rather than repetition; e.g.," 

22 ' 

Y = 3. 1^2857 . 
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IfV)* Prove that every periodic decimal represents a rational number. 
(Hint: Consider the decimal as a geometric progression •) ^ 

(b) Prove^that every rational number has a pe!riodic decimal representa- * 

tion. (a "terminating" decimal in which each place beyond a certain 

point is zero is considered ^s"*a special case of periodic decimals.) 

If r = - represents a rational ntimber given in lowest terns, find 
* t 

the largest possible period of the infinite decimal representation 

of r in terms of the denominator t. 
From .b we conclude that a decimal which Is not periodic represents an 
irrational number, ''l.nd conversely! 

(c) Prove for every positive prime a other. than 2 and 5 that there 
exists an integer, all of whose digits are ones, for which a is a 
factor; i.e.,.^ a is a factor of some number of the form a 

. XO^ + 10^^^ + 10^"^ •+...+ 10 + 1.** . ' , 

(a) ^ Consider, a polynomial with int^eger coefficients: 

a x"" + a ^x""'^ +....+ a,a + a (a O) • 

^ n n-1 ^ J- ^ . " V 

Prove that if ^ is a rational Voot of this polynomial giv^n in ' 
lowest terms, then p is a factor of a^ and q is a factor of 
a 



(b) Show that x^ + ;x + 1 has no rati.onal root. 

(c) Prove that if ^ is r^ional then it is -integral.^ 

(d) Prove that ^3 - >^ is irrational. 
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A7-2. The Extreme Value and I^ermediate Value Theorems for Continuous 
Functiotis \ ^ ' ' • 

In Section ^S-^ ve stated two | theorems, which ve teiterate here in more 
precise terms'; 



TPORKMBlia! T^e InterMediate Value theorem ] 

Suppose f is continuous at each poinj: of the. interval a <.x < b 
ana that f:(a)^f(\b). If d lies .between f(a) and f(b) then 
there is at least ot\e'point c between a and b. such that 

f(c) = d. 



THEOREM 8-2b. Suppose f is continuous at each point of the inter- 

_ * . * * 

val a < X. < b. Then 'there ar^ points c and d^ . with a < c < b 

•and a < d < b such that ^ ' ^ • 

f(d) < f.(x) < f(c) . for' a^^'^w.? .a < x < b, ^ 



These two theorems will be proved in this section. Our proof of Theorem 
8-2a makes use of the Least Upper Bound Principle and the following s.imple * 
lemma : 

i * 

l^em^ A7-2a , If lim f(i) = L and L > 0, then there is a positive 
number 5 such that . *' . 

' ' f (x) > I > 0 

if X is in th^ domain of' f and • » ■ ' < 

0 < Ix - ^1 < 5, 



Proof, The definition of limit tells us that, for any 
giv^n € > 0, there is a 5 > 0 such that 



|f(x) L| < e 



if , X is in the domain of f and 



0 *< jX - a I < 5. 
L 



By assumption ' L > 0, so that, - is also positive. Therefore, (taking 
- ^) we can find a positive number 5 so that 



(1) 



. |f(x) - l| < I 
817 



If 4^ .is In the domain of f and 



0 < Ix - a| < 8. 



\ The inequality (l) can be rewritten as 



Adding L to both sides we have 



- I + L-< f(x) < I + L 



io that fin particular, f(x) cannot he less than h-^^^>0. This 
\<iomplsbes the proof of the lemma. 



This lemma .has been implicitly used before in the form of the assertion 
-JJ^t if f(x)% approximates a positive number as x approaches a, then the 
Values i^(x) must be positive if x is close enwgh to a. ' 



- -and 
(3) 



Proof of Theorem, 8-2a > We give the proof for the case when f(a) < ^'(h) • 
'Ijlelproof for the case f(a)^ > f(b) is analogous. Suppose that 
flA < d < f(b) . Our' guraose is to show that there is a number c 'such that« 
a t < b' and* f(c) = d."^ Such a tiumber can be found as follows: £iet A be 
thi ^ of all nLbers % An the interval [a,bl such thdt^(x) < d.. 
-'^^ \ *ffhe set A. is ced^itay not empty (since a ^ A) and bounded above \by 
b) . VWe Least H^gerXund ft'inciple implies the existenfce^of a number c 
such\ l^bat ' ' • 

(2) I 1 ^ . X < c if X ^^A 



c < a if a ^s any upper bound for A. 
ie shall show that a < c' < b and that' f(c) = d. ' First we r?ote that ^ 
a < c| (since (2) holds and a e a) and that c < h^ (since ^3) holds and h 
;s an Lper bound for A) . To show that a < c, consi^er-the function g 
defined by , ' , ' x 



g(x) ="d - f(x), a < x'< b.' 



By ^a^sulpption d>f(a), so that g(a) > 0. Furthermore, 

• Urn g(x) = Urn d - lim f(x) 
• x-»a x-»a 'x-»a 

I: = a - f(a-) 

J 

A 



o 
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since f is continuous at a. Therefore, 



lim g(x) > 0 
X a 



and cgn apply Lemma A7-2a-to conclude that if x is 'close enough to a 
and X > a then I % ^ 



5 / 

In particular, th^rJ is an x in [a,bL.such that x > a and gC-x) > 0, 



, g(x),> 0. 

that is^^ / if 

0 

V. * * f(x) < d. . " * ' ' 

Such a\ X must belong to A (from the deFinitioh- of ^A) so^'that (2) implies 
^ ^ ^V^f • A' similar al-gument (applied to h(x) = f(x) d/instead of g) • 
shows ttjat c < b. This completes the proof that a < c <'b. ' 

Now we show that f(c)'= d. Suppose this is false, so that 
f(c) ^d or^ ^(c).^ ^' Consider the case f(c) < d, and again let 

g(x), = d - f(x>, 

Since t is continuous at c,/ we hs 

lim f(x) 
X ~> c 

= d 

""Again apply Lemma A7-2a to conclude that. 

, g(x) > 0 . 

if x' is sufficiently close 'to c, and g(x) is defined/ SincQ g(x) ^is 
defined for c < x <^ and b >c, there rawst be a^'point x," such that 
c < x:'< b and g(x)^^> 0, that, is ' f(x) < d. Such an x \ust belong to'* A *^ 
so that X 5 c (from (2)). This contradicts the fact that \< x < b. 

The assumption that * f('c) < d has led us to a contradictiorK " A similar^, 
argument (applied to h(x) = f(x) - d, instead of g) shows that^-bi^ assurap- 
* tion ff(jc) > d must also lead to a dcSntrddiction. We are forced to cpnclude 
that indeed f(c') d. This completes the proof of Theorem ^8-2a / , ^ 

• Our p^(?of of Theorem 8-2b will make use of the following lemma whose proof 
,is a simple Consequence', of Ihe definition of limit. 
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Ifi^- ^;* . Lemma kl-Z\^ It lim f(x) f(a), then there y% 
'44>'^~ . such^that 

■ ^ for 'all x in the domain of f such that . * 



a. number 5 > 0 



< Pfoog . Sl^ce ^ lim f(x) = f(a), the definition of limit tells us that 

' • . x^a • ->.^-^^ ^ ^ 

f or^artx gl'vien € > 0 we can find a^ ^ > 0 .-siich that 

ll f r • |f(x):-f(a)|:<e 

fy, ' ti 'x is in the domain of f and \ • 

«(»yv * ■ 



. ' ' 0 < |x - a| < 



it:' 



In jperticular, wevcan f ind a positive number 8 such that 



if X is in the domain of f and 

. (6) . < |x - ai'=< 

f^C]? The inequality (5) certainly holdsTlf x.= a/ (for 'then 

■i^ Jf(xy - f(a)| = |f(a) - fCaU^O) so (6) can he replaced by 

K ' (7) . ' ^ ^ 0 < |x - 4'<5. 

If X i^ in the domain of f then 

|> ' ' .. f (x) = f(x) - f(a) + f(a) 



- so that the triangle inequality gives 
. ^ ^ |f(x)| < |f(x} - fCa)| + |f(a)|: 

IC ' Thus, if X also sati-sfies (?) ^e*<Jan apply (5)"^ conclude that 



g^^ ' ^ ' |f(x)| <1 V^|f(a)|. 



This is our desired result for (?) and can he rewr^ten 6s 

*a-6<x<a + 5. 



^^^^ 

my ■ K ■ ■ ■ : 



- > 
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Proof of Theorem 8'2b . Suppose f continuous at each poinl; of the . 
interval a *< x < b." We first show that f is bounded on the interval, 
^ that is, ^ 

'_„^gj ^ • • there is. a number M such jbhat 

. * |f(x) I < M for a < X. < b. 

Let A be the set of numbers t, such that 

a <-t < b and f is bounded on the 
, * ' interval a < x < t. ^ * 

Certainly A is r^t empty (for a 6 A) and bounded above by b, so it has a 
le,ast upper bound, say a. We shall show that a e ^ and that a = b. This 
will establish that b e A and hence that (8) holds. 

The number-' a, being the least upper bound of" A, satisfies- the two 
conditions - - " 

(lOV t < a if t c A (a ^ is an upper bouhd for A) 

and ' ' , » ^ 

if < P ^ f or all t c A then a < p, (a is not 
larger than any other upper bound p) . 

Since a^ A, it follows from (lo) that a < a. Also since b is an 
upper bpund for A, it follows from (U) that a < b. Therefore, f must 
be continuous *at QC, so thai - ' ' * 

lim f (x) = f (a) . 
X ->a . . 

Apply A7-2b -^o conclude, that there is a pcjsitive number 6 such that 

(12) ^ ' |f(x)| '< I + tf(a)| • . 

if ,x is in the domain of f ^^and 

' (13) . a-6<x<at6. ^ ^ 

*^This will be used t^.ahow that a e A and that **a = b. 

To show that a e A, we first obsea?ve that a - 5 < a so that vO, -,5' 
cannot be ah upper bound for A (from (ll)). Therefore, there is at least 
one t e A » such th^it t >a - 5. Such a number t "cannot exceed , a (from 
(lO)). Furthermore, the values of f must be bounded in the interval \ 
® £ ^ £ ^(f^om*(9)), so there is/a number such that 

' (.Ihy |f(i)| < M^, a < X <.t. 

• • • • . 
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* Not ipg 'that if. t < x <a,- then 

a-6<x<a|^& 
. (since d - b < t < x <Cf^< a + ?>) we conclu^ae from (l2) that 
(15) !f(xH <i ^'\f{a)\, If' t:<x <a, 

Let 

' that 

J- 

.. (16). 



M^^e the larger of and lk"\f{x)\ then"(lM and 1 15) tell us 



|f(x)| < Mg, a/< X < a, 
so that" f is bounded on the interval [La] and hence a must bl^. in^T, 



\: ^ To show that a =. b, w fiirst recall that a <-b f^rpm (ll)")"/ If it 
^ere tru^ that a < b, thea since a <h + we can find a number t^ in 
the interval [a,b] such that 



(17) 



a < t^ 5 qC+ &. 



Therefore, if « < x < t^ then (12) gives ^ * 

^•(18) * |f(.x)| < 1 + |f(WU if a<x<t^ 

(since a - 8 < a < x < t^ < a + 6, Tso that (13) holcls) T Get bejfchQ. 

•larger'of M (of 0-6)) and \ + |na)|. Combining (16) and (18) ve ha-ve ^ 

/ ' 
|f(xV| < If. a < X ^"t^' » 

/ ^ ' / \ 

so that t^ must belong to A, eind, hence, t^ < a. ^ Thl^ contradicts (l?) 

and we are forced. to conclude that a cannot bf^ less than b. This completes 
the proof of (8) 

We now complete the j^roof 6f Thedrem 8-2b^. Let^ B be the image of the 
interval [a,t]. under f, th^t is, 

-The set 3 is non-empty, (sinbe f(a) € b) and bounded above (frOm- (8)) so it 
has a least upper bound, whi^h we denote by *a. Thus " \' 

^ (20) ^f (x) < a if a < X < b ^ is an upper bound for b) 

-and ' ' f 

{2\\ . if f (x) < p for a<x<b then axp' 

(a is not larger than any other upper bojand^f^r b) . 



B is the" set of all numbers f(x), a < x < b. 



It will be shown that there is a number c in. [aib] such that 
f(c) = a. ,From (2o)' we will then have 

- f(x) < f(c) f or a < X < b * 

so that f(c) is our desired maximum value of f on the interval [a,b]. 

Suppose there is no ^ fn Ca,b] such that f(c) = or. Since, 
f(x) < a, • a < X < b, ^'e must, therefore, have f(x) < a, a < x < b, so that 
the function g defined, by 

^ . g(x) 



a - f(x) 



is defined for each x in [a,b] (for the denominator is not zero in the 
interval). Furthe/^more, for each t in, Ca^b]^ we then have - 

\ ^^""^ ^ lim f(x)) = a- lii f(x) , 



SO that g -is ^Continuous at each point of [a,b]. Apply (8) to '"g to conclude, 
that there is an M such that 

' rg(x) I < M, a <-x < b. ' 

For each x in [a,b], we have: s ^ ^ 



so ty^t 



Taking reciprocals we have 



that is; 

^ ' , f(x) < a - ^ for a < X < b. ' " 

— ' M — — 

* * X * 

Hence, ^ ^ is an upper bound for B- This contradicts^ (21) since 

1 ' . . ' ' 

a > a - . This contradiction was a conseguence of the assumption that there 

is no c in [a,!^] such that f(c) = a* Hence, there must be such a c, 

that is, there ^ is.' a number c in [a,b] such that ' 

V ' ' • • 

f(x) < f(c), < X < b. 

^ ' ' ■ 823 . 
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The proof that there is a d in [a,b] such tliat f(d) < f(x), 
a < X < b is analogous. Of course, .-now that ^e know that ^continuous functions 
on ta,bl have maximums, we can apply this to the function -ff A maximum fo_r 
-f will be a miniiuum for f so that continuous functions on closed intervals 
must haye both maximum and minimum points. 




i Exerci ses A7-2 

'1. Let I » ' ' ■ • ^ " 

. > / (sin - , X >'0 

; •■ . /(X) = 

Show that f satisfies the conclusion of Theorem 8-2a on ^nj* interval 
^ut f is not continuous at x = 0. 

2. ProS^^j^lpjfH^^ is continuous and ha^ an invei'se on [a,b] and 
* < f(b) .then f is s.trictiy increasing. 

3. Prove that if f is continuous on [a,b] then , the image of [a,b] 
is a closed -interval. (Hint: Use Theorems 8-2a and b)*: 

h. Prove that if f is continu|||| io [a,bl: and all values of f are in 
[a,bl tljen there is an x in [a,bl 'for which" f(x) = x. 

5« Suppose ,t ■ ' 



f(x) = 



0 , X = 0 



, Does 'f' satisfy the hypothesis of Theorem 8-2b on the interval ' [0,l]?'* 
fioes (8) hold for f x>n [0,1]? on [lO"3-°°^l]? 

6. Is %he continuity of f essential to the hypothesis of (8)? 

7. Cah a discontinuous function whose domain is a closed interval be bounderff 4 ^ 

8. Do 'Numbers 6 and 7 amount to the same question? - ^'^f 

9. Ca n a rionco'hstant funct^,on whose doijiain is the set of r^al numbers bef 
. bounded? ^ m • ' , ' ' * * , 

is increasing in a neighborhood at e^ch ' 
point'of an interval [a,bl ijs .an increasing function in' [a,b]. 
* (Hint: Let be the set of ^11 ^t, in [a,b] "such that f is 
^ increasing in [a,tT. Show that if a « lub A. then a c A and a = b) . ' ^ 

ii* fupctioii has the ifroperty that forveaeh poirit of an interval where it ' 
is defined, there is a rieighbo:^hood in which'^e fu'hcibiori is bounded. ^ 
,Show that rth^ function ijs boun(3:*ed over the whole int'erval. (This is an 
* f example as is Number '1,0 where "aj local piroperty implies a global one. It 
iq^-iclear that the global property here implies the :local one.) 



A7-3- 



^1"^' The Mean Value theorem - ' 

In Section g-3 ve discussed the Mean Value Theorem,, - We amplify that 
discussion here, . ^ , -^"X 



The Mean Value Theore&. 

Suppose f is continuous at each point of the interval -a < x^< b 
'and'differentiable at ^ch point of a < x < 1^. Then there is at 
' least one number Cy such that a < c < b and ^ 



f(b) f(a)V^t(e). 
b . - a 



In this section we give a proof of this result, and show how it can be ^ 
used to obtain error estimates iH approximation formulas. Further applica- 
tions will ie discussed in the next ^section. 

In geometrical terms, the Mean Value Theorem states that on the arc 
' between any two points of the graph of a diff erentiable function there exists 
a point where the curve has the same slope as the chord. Thus, let (p,f(p)) 
and (q,f (q)) be any two points on the gra^lji of a dif ferentiable function f 
with p < q, say (see Figure AT-3a) . . 



y = f(x)^ (q,f(q)) 



(u,f(u)-) 




(j^p))^J 



Figure >^-3a 



*The word "mean" here signifies "average" . The slope pf the chord is 
interpreted as average rise in function value per rise in value of x. The 
Mean V^lue Theorem states that this average is equal to a value of the 
derivative at some point of the interval.. . 



AccSlrding to the -Mean Value Theorem there exists a point u between p and 
q , where ^ * * , 

\' We can make the Mean Value Theorem plausible by an argument^ simUar to 
that by which we found that the slope of a graph at an interior extremum is 
«> z€xo. Take a parallel to the chord at a point (u,f(u))^ which 

lies on the arc at maximum distance from the chord, ^ince no point of the 
arc' lies at a greater distance from the chord, the arc cannot cross the 
parallel. The arc cannot meet the parallel at an angle for then it. would 
cross; therefore the two must have the same direction at (u,f(u)). (See 
Figure A7-3b.) 



■ .(u,f(u)) 



, /^.---^(q ,f(q)) 




i 



Figure A7-3b 



In order to ,derive the Mean Value Theorem we fir«t prove it for the 
special c^se in whi^ch the chord is horizontal. 
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Lemma {Rollers Theorem) . If f is continuous in**the closed 

interval ta,b], differentiable irj-the open interval (a,b) and. • 
fCa) = f(b) then there is, at least one c in (a,b) such that f (c) = 0. 

<' . " ' 

Proof , If f is constant then thie is certainly true for any c , in 
(a^b). If- f is not constant, then there is a point a in (a,b) such^ 
that f(a) ^ f(a)* Let us suppose f(a) > f(a) (otl;erwise we can apply the 
same arguments to -f ) , so that if c is a. maximum p(^nt for f (which 
exists- by Theorem 8-2b)' then f(c) > f (a) . Certainly c must be in (a,b) 
(for f(a) = f(b^) and, hence. Theorem 8-2c implies that f*(c) = 0. 

( / 

Before proving the Mean Value Theorem iNs^ us examine some of the other 
consequences of Rollers Theorem (Lemma A7-3) • ^ 



Corollary 1. Let f be different iable on an interval. Any zert)s of f 
'within the interval are separated by zeros of the derivative. ♦ ' 

ProQf . If x^ < Xg and f (x^) = f (x^) 0, the conditions of Lemma A^-3 
are satisfied and there exllts a value u such that x^ < u < x^ and ^ 
ti(u) =0. ^ . . 

As a ctonsequence of this result we observe further, that^ . In a "given inter- 
val, a function may have at most one more zero than its derivative. From this 
fact there follows a familiar, result; . ^ ' - ^ - 

Corollary 2. A polynomial of degree n can have no more thy/^n 
distinct real/ zeros. - 

'The proof is left as an exercise jC^^ercises A7-3> No. l) . 
Example A7-3 ' 

fi) Let us apply Corollary 1 to the zeros 'of* f(x) = x^ - 3x + 1/' We 
know^th^t f*(x) = 3x - 3 has zeros at x = 1 and "x -1. It 
follows that f may have as many as three zeros j. We observ^ that ^ 
^* f(-l) = 3 and f(l) = -1. By the Intermediate "Value Theorem we 

conclude that there is a zero of f between -1 and 1. Clearly 
we canlnake f(x) negative for sufficiently large^ negative values ^ 
and positive for sufficiently large positive values. It follows that 
f has a zero for x < -1 and another for x > Ir Specifically, we 
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have f(-2) - -1 and ^ f(2) =5, so ^that there is one zero between 
-2 and ~1 and another between 1 and 2. 

(ii) The function f(x) = + 3x + i has the derivative f»(x) = 3x^ + '3 
which is always positive. .Sitioe the derivative, is always positive f 
can have at most one zero,^ Observing that f(-l) = -3 and f(o) = 1 
we see that a zero exists and lies between x = -1 and x = 0. 

Proof of Theorem B-gg . The equation of -the straight line joining the 
points (a,f(p)) and (b,f(b)) is • 

(2) ' y = §Ix) = f(a) . (x 1 a) ^^^j " ^^^^ . 

it follows for any point x in (a,b) that the height h(x) of (x,f(x)) 
above the chord is given by 

(3) h(x) = f(x) - g(x) = f(x) ->(a) - (x - a) ^^^j ' ^^^^ . 
• ^ . , b - a 

From this equation it follows straightforwardly that h(x) satisfies the 
conditions of Rolle's Theorem (Lemma A7-3) on [a,b]. First ^ as you may 
verify directly, h(a) = h(b)' - 0. Nex| observe that h(x) = f (x) g(x) is 
the sum of f(x) and a linear foinction; since both terms of this sura are 
diff erentiable^ on the open interval (a,b) and continuous on the closed 
interval * [a,b] it follows that h also is . differentiable on the open inter-'' 
val and continuous on the closed interval. From Solle's Theorem^ we conclude 
that for some value in (a,b) > 

^ h'(c) = f^U) - g»(c) = 0, 

or, from Equation (3) for h(x) above,^ 

^ D - a • 

Linear Interpolation ."^ ' • ' ^ m , 

A.* 

Line-ar'interipQlatlon is a useful method of approximation to the values o|iSf 
a function in an interval when the ^ndpoint values are known. If bounds on the 
range of *the derival^ive can "be obtained, the Mean Value^Theorem gives a way of 
estimating, the ^ error of approximation. ; 
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Geometrically,' linear .interpolatioh consists of replacing the arc of ^the_ ^ 
^i^'^^aphof f^"' on (ajb)* by the chord Joining the endpoints. Thus, on (a,b) 
T ~ve approximate f(x) Jjy the linear function g(x) given in E<juation (2) . The 
error of the' approximatidn^ g(xKc = -M Siven Vy Equation (3). For 

(to- purposes 'it is convenient to recast Equation (3) in the form 

,\ , s, f(a) - f(b) - f{x) - f(a) x 

.g(x) - f(x) ,= (x - a)( ^ ^ . ^ j-:ri 

Nov, by the. Mean Value Theorem 
' (k) • ' V g(x) - f(x) = (x - a)[f'(u2) - f'(u3^)l 

vhere a < < x < b, a < < b. If the derivative is bounded in (a,b), 
say .|f'(z)|< M;j^ for z in Ca,b), then from Equation (i^) 
' ^ \^\g{x) - f(x)| < |x - a|(|f^(u2)| + |f'(u^)|) ' 

whence * 
" (5) • • ' |g(x) - f(x)| <2M^|x - a|. 

/ 

Exemple A7-3b . Let us estimate M by linear, interpolation for the 
function f : x ^ v^. Since 3 '< VIo < 1* we 't^e a = 9 and b = I6 ,in 
Equation (2) and obtain, g(lO) = ^ as our estimate for i/lo. On the interval 
(9,16) ,,we have , ' 

111 
f'(x) =-^<^<^ • 
. ' 2^ 2V9 ^ 



Entering this bound in (5) we obtain 

^We observe, however,- that / 

"•■(-)= Tig = 10 - II9 
and we suspect that^our es.timat.e of error rather crude. 



« 
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If on the Interval (a,b) ,f* has a derivative f", the second dpiva- 
tive of f , may apply the Mfean Value Theorem again to .the difference 
f«(u^) f*(u ) in Equation (k) to obtain ' ' ' / 

g(x) - f(x) ='(x - a)(u2 - u^)f'Xv) . 

where v is somewhere between u^ and u^» Since u^ , and are both 

points Qf (a,b) we know th^t the distance between the two points is less 
thdn the length of the interval: , ' 



u^l < b - a'. 



Suppose, in addition, that. we have- a bound on tiie second derivatiAjg, • 
|f"(x)| < on (a,b). Then we ol>tain an upper estimate for the error in 
terms of th^ second derivative: * <4 



(6) 



|g(x) - fix) I < (x - a)(b - a)M . ^ 



Example AT -3c . Now let us use Formula (6) to obtain an estimate^ for the 
error of approximation to TlO by the linear interpolation scheme of Example 



A7-3b.y We' have 



|f"(x)! 















•« 1 














< 











'for 3C 'in (9^16). Consequently, from (6), 

,22 



It follows that 



3.0Y < >/ro < 3-21. 



We have obtained sharper estimates for TlO and now we can repeat .tTfe 
process to obtain still sharper estimat^ using a = (3«07)^ and b = (3<2l) 



1. 

I 3. 



Prove 



Exercises A? 
Corollary 2 to Lenuna A7-3» 



'Sketch the graphs of the functionSgf.in Example A'7-3a« 



Is the following converse of Rollers Theorem true? If f . is continuous 
on tl|e closed interval [p,q] and dif ferentiable on the open interval 
(p>q)> sJ^^ if^the^re is at least one point u in the open interval where 
f*(u) = 0, then tliere are two points .m and n where \p<m<u<n<q 
such' that f(m) = f(n). p * . 



h. Does Rollers Theorem justify the conclusion that 
of Ix in the interval -1 <: x < 3r for (y + l)- 



dx 



0 for some value 



Given: f(x) = x(x - l)(x - 2)(x - 3)(x - \) , Determine how many solu- 
tions f*(x) = 0 has and find intervals including each of these with- 
outi calculating f'(x). 

Verify that Rolle's Theorem (Lemma A7-3} holds for the given function in 
the given interval or give a reason why.it do&6 not. 



(a) f : X -» x-' + !vx - 7x 

2 - x^ ' 

(b) f : X , 



10, 



[-1,21 
L-1,1] 



Prove that the equation 

• - f(x) 



+ px + q 



cannot have more than two real solutions for an ,even integer n nor 
more than three real solutions tor an odd Usei^olle*s Theorem. 

\ . ^ « 

A function g hds a continuous second derivative xjn 'Che closed interval 
[a,bl. The equation g(x) = 0 has three different solutions in, the 
open interval (a,b)'. Show that tSe equation g"(x) = 0 has at leetst 
one solution in the open interval * (a,b). 



Show that t^e conclusion of the Mean Value Theorem does not follow for^ 
fJ!x) = tan x'" ifi the ^terval 1.5 < x < 1.6. 



10. For each of the following functions show that, the Mean Value Theorem fails 
*to hold on the interval [-a, a] if >a > 0. Explain why the theorem fails*. 

(a) f : X |x| / \ ^* , . 

1 ' ' ' ' 

(b) f : X ~ ^ A. 

- ll. Show that the equation x +x -x-2=0 has exactly one solution in 
, the open interval (1,2). f 

2 * - ' 

12. Show 'that x = x sin x + cos x, for exactly two real- values of x-. 

13. Find a number that can be chqsen as the number C in the Mean Value 
Theorem for the given function and interval, 

(a) f : X ^ cos x, 0 < x >< |- 

? ' ' 

(b) f : X -> x-^, -1 < X < 1 

(c) f : X -> x"^ - 2x^ +1., -1 < X < 0 . ; ' « 

(d) f : X cos X + sin x, 0 < x < 2jr 

lh\ Derive each 'of the follo</ing* inequalities by applying the Mean Value "jp 
Theorem. , ^ ^ o ^ 

(a) |sin X - sin y|^< |x - y| 

(b) g < arctan x < x if x > Oi . ' 
1 X % 

15. ^U§e the Mean Value Theorem to approximate -vl.OOB. 

16. Use the Mean Value Theorem to approximate cos 61 • * , 

f 17. •Shdw that ' a(l +' ^ ) < ^v^" + e < a (l + —) 

n(a + €) . na ^ , • 

jj^or € > 0, a > 1, n > 1 (n rational) . ' 

« 

18. -Using llumber 17, obtain the following approximations, 
(a) 3 < < 3 + I ' . 

(c) Show that the approximation . ' 
i'^^ . |(3-5^^3^1ji5) _to 

is correct to at least 5' decimal* places . 



19. (a) %tioy that a straight line can Intersect tbe graph of a polynomial 

of n-th deg^ at most n times, 

(b) Obtain the corresponding result for rational* functions. 

(c) Could sin x or cos x be rational functions? Justify youf answer 

20. Prove the intermediate value property for derivatives; namely, if f is 
differentiable on the closed interval [p,q] then f'(x) takes on every 
value between f*(p) and f*(q) in the open interval '(p^q^« 

V 

21. Estimate^for Newton*s Method. (See Section 2- .) Suppose f» and f" 
are positive, on [a,b] ^ and that fd*) =« 0, where r t [a,b]. Let 

' x^ € [a,bl and put 

' . ^(\) ■ 

^2 " ^1 " f'(x^) ' ' " 

Suppose " 

[fix) I < M and |f»(x) !'> m > 0, a < x < b. 
(a) Show that 

• f(x^) - f(r) r X 
(ijint: x^ r = x^ - ^ — Find | between ^x^ and 



r such that 



X - r = x*^r - - r^ 

^2 ^ ^1 ^ f»(xj ^^1 - 

f(x-) .- i'ii) / " ^ 



9 * f 

/ 



Then i'ind 1, between x- |« , 



(b) If b -^,a < ^ k, 0 < k < Ifi show .t'hat Ix^ ^ ' 



(c) Prove fo)^-b^Seetion 2- . . ' ' 1 



A7-^'; Applications of- The_ M§an Value Theorem 

This is an extension of some of the ideas of Section 8-^4-. 



THEOREM A7-^ a . ^ If' > 0 for a < x < b; then f is in- 

creasing on ^^(a,b); i^f .f'(x) < 0 then f is) decreasing. 



Proof. Only the increasing case f'(x) > 0 will be considered here, , 
the case' f'(x) £ 0 is similar (or can be obtained by considering -f ) . 

Suppose f'(x) > 0 on (a/b). For any two numbers x^ and x^ in th^ 
interval with x^ < x^, the Mean, Value Theorem tells us that 

f(x2) - f(x^) = f(c)(x2 - x^) 

for some c in^Cx^^x^). Since f'(c) > O^we must have 

'fCx^) - f(x^) > 0, that is f(x^) <f(x2). 

This proves the theorem. -\ 

If we replace the welik inequalities (>, and <,) by the stronger 
' inequalities (>, and <, respectively) the same proof yields 



THEOREM A7"^b r If f'(x) > 0 for a' < x < b then f is strictly 
increasing "in (a,b); if f'(x)<0 thfen f is strictly decre&sing. 



Theorem 7-3b "is a simple corollary to Theorem AT-^b, for if 

F»(x) = G'(X) for' a < X < b ^ ' 

then Cf G)' = 0 on 'a < x < b so that F - G is both increasing apd * 
decreasing and, hence/ must be coTistant on (a,b*), that is- - 

F(.x) = G(x) + c , a < X < b, ^ 

' r 

Where c il^a constant. This also holds at the endpoints a and_b, since 
F and G must also be continuous at a and* b. ' 



erJc 



835 



^ 435 



mO^\A7-l+c. If f"(x) > 0, for a<x<b, then f is convey 
on (a,b)j if f"(x) < 0 then f is concave. 



Proof. We discuss only the case f"(x) > 0. We wish to show that if x^ 
Vncl -Xg are .in (a,^)^ and x^ < Xg, then ^ 

}l) ■ - f(x2) > f(x^) t f(xj^)(x2 - x£) 

(See (3). of Section 8-2).' To prove this, we apply the Mean Value Theorem to 
find a c . in ' such that , > . . 

f(x2) - f(x^) = f(c)(x2 - x^). ; 

Then I . . "~ ... ' \ 

. ^(xg) - f(x^) - f(x )(X2 - x^) = f<c)(x2^-""x^) - f'(x^)(x2 - x^) 

. ' ' ~\ 1 (f'(c) - f(x^))(x2 - x^). 

Apply the Mean Value Theorem to f» (c) - f»(x^)/*This gives a number, in 
(x^,c)^ such.that ' * 



Hence 



y t{yt^ - f(i^> - f (x^)(x2 - x^X^= f"(c^)(c - X^)(X2 ^ x^) 
which is non-^hegative^^nce f"(c^) > 0 and c > x^, y:^'^ x^. Therefore,^ 

f(3?^- f(x^) - f (x^)Cx2 - x^|^> 0 
which is the same as (l)s A similar argument shows that (l) holds if . 
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" ^Exercises A7-^ ' ' ' * 

Let be- dif ferentiable on a neighborhood of a point a for which 
f«(a) = 0. If f«(x)<0 when x <'a and f'(x)>0 when x > a, 
then f(a) is a minimum. If f »(x) > 0 when x < a and f»(x) < 0 
when X > a then f(a) is a maximum. Give a proof. 

Let f be continuous on the closed interval [a,b] and differentiable . 
on the open interval (a,b). Suppose u is the one point in (a;b) ^ * 
where f*(u) = 0. Prove that if f*(x) reverses sign in a neighborhood 
of u then f(u^ is the^ global extremum of f on [a,bj- approp'riate 
to*" the sense of reversal. * , ' - 

Given a function f such that f(l) = f(2) = h, and^such that f^'(x)^ 
exfsts and is positive thro'ughtout th^ interval *1 < x < 3. 

Ca) What can you conclude about f'(2.5)? * \ * 

(b) Prove your statement, stating whatever, theorems you use in your - 
proof. 

'' ' , . 

Let ^f be a 'differentiable function on. (a,\)). Prove that the require- 
ment that f -be increasing is equivalent to the condition that f'(x) >0 
everywhere but ^hat every interval contains poifits where f*(x) > 0.' 

A function g is siich that g" is continuous and positive in the 
interval (p,,q). What is the maximum number of roots of each of the 
equations g(x) =0 and g*(x)^0 in (p^q)? 
Prove your result and give sdjje ij.lustrative examples* — 1- 

Suppose that f^^^a) = f^?^*(a') = ... = f^^ " ^^(a) = 0 but that 
(n) 

f (a) ^ 0. Determine whether f(a) is a local extremum, a^d if it 
is, which kind. (Hint:' Consider' separately the cases n'-even and n 
odd . ) ' , < I 

Prove that a necessary and suff^ient condition that the graph of a 
.differentiable function f be concave on an interval I is that for ♦ 

each point, a in I, the slope of the chord joining .a_4ioint (x^fCx)') 
*to the fixed {foint (a,f(a)) is a'd^cre^sing function of x on I. 



4 ^ ^ 

8. (a) tet f be diff erentiable and its ^aph is concave on an interval I. 
Prove that the function 

fix) - f(a) 



?S(x) = 



X - a 

4 



9. 



f »(a) , X = a 

is decreasing, where the fixed point a is any interior point of I. 

(b) Prom th'fe result of (a), .prove that a necessary and sufficient condi- 
tion that the graph of f be concave on I is that f be . 
decreasing. ^ 

(a) Let X 'and y be two points on an interval I in the domain of a 
> 'function f . Shov that a point is on the chord joining the points . 

' (x,f(x)) and (y,f(y)) on th^ graph of f if , and olJ^^ if its 
ccSordinates are 

(0x + (1 - O)y,0f(xr+'(1 - e)X^y)) ' 
.^^'some e such that 0 < 9 < 1,^ 

(b) Show thfit a'^differentiable function^ f is convex, on I if, and 
only ff, ^or all x and y in I and all 0 such that ' 0^< 0 < 1, 

f(0x + (1 - e)y) < ef(x) + (1 - 0)f(y)- 

(c) Use (b) to show that the graphs of the following functions ^re 
convex. - 

(i) ' f . : X ^ ax + b , ^ , -v, 

' (ii) 

(iii) f 



• 2 

f : X -♦ X 



X ^ 



10. (a) Derive the following .property of diff erentiable functions. * If the^_ 
graph of "f ] is concave on an interval I, then for all points a, 
b in I and any positive numbers p, q , 



^ f( 



pa + .qb ^ ^ pf(a) + qf(b) 



q- - 



p + q 



In words, the function value of a we^igljted average is nOt'^ less than 
the, weighted average of the function values. 

(b) Prove that this pjroperty is sufficient for concavity. 
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^i.^. 'ir. ^ Prove that if f is diff erentiable then^a, nec4fsary and sufficient 
♦ condition for its graph to be^ conQave. is that 

12. The 'graph of a diff erentiable function f is concav^e and^ls positive 
for all" X. *Show that, f' is a constant function. 

V. 1'3. Under vhat circumstances will the graph of a function f and its inverse 

both be concave? one concave and the other convex? ^ 

*2 '21 ' ' » 

li*. If either of D xF(x) c>r D F(-:) is of' one sign for x ;> 0, %how that 
^ ^ X • » 

the other one has the same sign. Interpret geometrically and illustrate 
by-*several examples. w^-^ 

15. If F(x) 'is concave and F(a) = F(b) = F(c) ;5here a < b < c^' show 
that F(x) is constant in '(a,c). "* 

\ , 
la# (a) Let a, b, and c be points in I such that a < b < c, and 

suppose that the graph of f is- convex i-n I. Show that .-^^ 

* . ' *' . 

f(b) < f(a) ,+ LjlJ. f(c). 

— c-*a c-a 



9 ^ 
(Hint: Use*the result of Uumoer 13*); hence, 



f(a) >f^ftb)- -5-^f(c), 



(b) If the graph of F is convex in a closed interval, show that F 
is bounded in the interval. 

(c) Show by'a counter-example that the result in (b) is not valfd for 
an open, interval . 4 
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Appendix 8 
MORE ABO^T INTEGRALS 

A8-1 . ' Existence of the Integral,, 

The purpose of this sectioq,i4 to establish necessary and sufficient* 
conditions for the existence of "^^g^ 'integral of a function f over [a,b].' 
Recall that the integral is defil:^'^as the unique separation number between 
ihe upper and lower sums. We ne^ first to establish that the upper and , 
lower $ums are in fact separated :'^^that every lower oum is Itoy thun or equal 
to every upper sum. If it is pos§4ble to find an upper 3um and a lover sum 
closer 'together than any given fixed tolerance i tlian by Lemma Al-5 there 
, exists a unique separation' nujuber, a number I^hich is the integral of f 
.oyer ,[a,b]. 

Lemma A8-la , Let f ^ be a function defined and bounded on [a,b]. ^o:c,^ 
^ny fixQd partition a of ['a,b], each uppe^ sum U ' ov^ a is greater 
than or equal to each lower sum L pver cf. * • 

Proof. We recaU. that the partition a is simply a set of points of ^ 
[a,b] which includes the endpoints ^^e and b. To constinct upper and 
lower sums, the' points of .d are arranged in increasing order; ije.^, 

a = X-, < x, < x^ < . . . < X =*b. 
• 0-l-2--n 

7- ■'^ 

An upper sum U is defined as • . »■ 

n , , ^ • ' • 

. " = E\K-vi^ 

k=l - ' ' 

where f(x) < Mj^ on a lowQr svun as^^ ^ , 

n 

k=l ' : .• , ■ 

Where f (x) > m^^ on [x^^^^^x^]. Thus \ < Mj^ and terra-for-term 

from vhich this lemma follows. 



8Ul 



It is necessary to find a meaps of comparing upper and lower sums for 
any two partitions and. a^. For this purpose we introduce the joint 

partition ^ = U ^2 ^^^^^ consists of all 'points of the two partitions 
taken together 



Let be any upper sum over 



and any lower sum 



over a^. We shall show that is an upper sum for .the Joint subdiVi^sion 

a and that L^, similarly,^ is a lower sum for * a. The ^^sij^ we seek will 
then follow from the preceding lemma. ' 

Lemma A8-lb , For any partitions a and a of '[a,b] and any upper 

Id. ^ 

Qnd lower sums U^> L^f over' the respective subdivisions, 

'r ■ ■ ^i^h- 



from , 



Proof » Let x^^^. ? 
(k = 1, -2, 



X, be a pair of consecutive points of s.^bdivision 
. . , , ji) . There may be points of the subdivision 



in 



ttie open inteiVal ^^^^ 



ni <i/ith * ^ 
p-1 



< < u^ < 
'u. 



\-l - -1 - -2 

..that the set 
> 



see 



i = 0, ...> P^ is ^a partition <^ l^^-l'^^ ' Fu^thfer 
ji^^^sdnce and m^^ are upper and lower bounds for f(x) 'ih all of ^ * 

'V ^^^^ bounds for f(x) in eachiOf.the subintervals [^^^I'^i''^ 

' ±^rz 0, .1; 2 ^ . . . , p ? (see Figure A8-1) / ^ If Ve form thenipj^er' sum 

Uj^ over .the paptitiqn of* [^^.j^j^]^ using tljfe upper bound Mj^_ we have 

L 
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r\y = f(x) 
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1 > J 9 ^\ 

I » f ' 
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i=l "1=1. ^ ; - 

n * • . . 

~ partition a^^ is also an upper^svim for a. Similarly 

is a lower sum for both and a. It follows from Lemitia A8-la that - 

C02»aary . If for any part ft ions and of ^ [a,b] there exist 

an upper sum U, over a. and a iower sum over satisfyinc 
.Li. 2 2 ^ 

• ^ . then there exists a pfertl;tion ^ a which h^s upper and lower sums U and L ^ 



satisfying 



U - L < 



?S22L^ Take 7 U a^. Since U. and^ L are uppfer and lower 



T/1 - -2- — -1 — -2. 
sums for the joint partition, the result is immediate. 



THEOREM ' 6-3a * Let f be a bounded function on [a,b]. If for every 
positive e there exists, a^'partition a of [a,b^'-f^d lower and 
upper sum^ -L and U ovei: a which differ byXess than e, then 
■Chere. exists a lapmber I^ which is the integral of f oyer fa^b] • 
^Convers^ly, if f ip integrable over ta,b],^ then tlfere exist a 
partition ■ a * and lower and'Sipper sufi^ L and U 'over a such 
that U - L < € . ' . ' 



£22£' ^^^^ Lemma 'A8-2b every lower sum is lesfe than or equal to each 
upper sum. If for eveiy e >^0 there exist lower and upper sums and U 
satisfying U - L < e , then Lemma A^-l^he nudiber ^epardting ti;e set of 
• "lover sums fron^ the set of upper sumfe is u^l^ue. By .definition this 
' separation number is the integral of f cy^^r [a,bj. ^ * ' ^ 

Conversely, if f _is integr^ibl^^t Is, if .the integrai^f f over 
'[a,b] exists, then by definition the s^eparation -numbrf between ^ow^r and . 
' ^Ippe;^ spu^ ,in unique. It follbws 'from tli'e converge stajbement in Lemma A7-1 



\ 



( 



ERIC 



81+3 

■-. 442 



^Ihat there exist lower and upper sums, not necessaril^^ over the same partition, 
say over and/U^ o^ev for which - < Prom the 

corollary Lemma A8-lb, we conclude that there exists a single partition a 
ha-^ing upper and lower sums U and L for which U - L < 6. 

Next we prove a useful corollary to Theorem 6-2a. ^ 

Lemma A8-2c > 'If f is integrable over* [a,B] then f is integrable 
pver any subinterval [a,p]> 



■( 



Proof. There exists a partition a of la,b] for which U - L < 
wherg U " an(^ L denotd upper and lower siims over a. We may assume a 
and & are points of a, for if they were not so originally they could be 
introduced without affecting the values of U and L (see the proof of 
Lemma A8 -2b) With ' a and P included in a, it follows that a contains 
a'partition a» of [a,p]. Now in the sum ~ "^"^ - 

U-L = Vl) 

all terms are nonnegative. If we let U' and L'- denote those parts of 
the sums U and L which are taken over- } it follows that* 

U* - L» < U - L < €. 

Accoraing to Theorem 6-3a, the function f is integrable over [a,gj. 



r 



1 



erJc^ ^ . ' \ 



Exercises A8i»l 

1. ^Let f be a function whic^ takes oh a maximum andf minimum every 

closed interval (e,g,, f could 'be a continuous function, or monotone). 
• Let U ( a) and L ( a) be the upper and lower sums obtained by 

using the maximum and 'mlnirauA values of f ^x) as the appropriate bounds 
in each interval of the subdivision* ' 

Let Oj^ and o^^ be any partitions of [a,b]. Prove fpr the 
joint subdivision cj = U ^2 

, • U*(a.) >U*(a) >j;{c) >L*(aJ , ' ' 

In other terms, by adding new points to a subdivision we may reduce 
the' difference between the upper and lo^er sums, and we cannot 
increase it*" ' ^ , 

2. Consider the function f defined on [0,l] by 

0 , ^ irrational 

1 , X I'atiional 

Prove that the integral of f does not exist. ^ ' i 

3' Consider the function f defined on ^ [ 0,1] by' . * 

0 , X irrational ' • , 



^ f(x) = 



f(x) = 



1 s 

r , x^ rational: x = — %n lowest terms. 



Prove that t^e integral ot f^ over [0,l] exists and find its value. 

4. Give an example of a nonintegrable function fg where f and g are 
each integrable. - ' - -/ ' 
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A8-2* The Integral ^ a Continuous Function ' 

In this section it will be §.hown that , if -/fis continuous On the inter- 
val [a,bl then the integral or^ f exists, that is, there is a unique separa 
tion number between, the upper 'and lower sums. 

Suppose f is continuous on . [a,b] and that x is*a point of [a^b], 
if and are any two partitions of [a,xl with corresponding upper 

sums -U^; Up and lower sums L^, then we know that 

(1) 1-2 ^ • . " 

In particular, if A denotes the set of aU possible upper sums for all" " 
possible partitions of [a,xl and B denotes "the set of all possible lower . 
sums for all possible, partitions^of [a,x] then (l) tells^s that each 
number in B is a lower bound for A and each, number in A is an upper 
bound for B* The symbol 



'f (read "the upper integral of f from a to x") 
will denote the greatest lower bound of A* The symbol 

f (read "the* lower integral of f ' from ,a to x")' 



\ will de^te the least upper bound of Since each "^U^ in, A^ is an upper- 

bound f or"^' .-wa must >have 



^ f < 



so that 1^ f is a lower boui^ for A and tence cannot exceed the greatest 



• A 



lower bound ibr A, that is v 



f < I f * 

a- , J a 



Our purpose * is to ehow mt 

(3) 



X 

f 

a 



,.,that Is, T:l?ere is a anique separatl6n number for the upper and iowey^ sums on 
- ea^h subinterval [a,x]. The method of proof is as follows: 'Let F and'j: 



^ '"^'^ ^be the funct ions' defined by these upper and lower integrals, that is 

F(x) = J/f, 
F(x) = J"" f. 



6 < X < b 



a < X < b. 



We shall show that F and F have the same' dferivatives (namely f) and hence 
their difference is constant (Theorem 7-3b) . Since their values at a are 
the same (namely O) they must_4ie^the same functions, which is statement (3). 

Certainly FCa) ■= F(a) = 0. (See Exerclsps A^-k, "No. S) , so it is enough 
to shot? that F» = f = F». W^\shall establish the fact that F» = f, the 
proof of F» = f being quite similar. In summary, we shall prove 



THECREri A8-2 , ' If f is continuous on [a,b] and 

F(x) =1 f , a < X <^'b, 'then 
J a * i 

= f(x), a < X < b. 



, The proof of this theorem is quite analogous to the proof of the Area 
Theorem (Theorem A7-3a), with some complications due the fact that f ^is , 
not assumed to be increasing. We first establish three lemmas. 



nSous 



Lemma A8-5a. If f is continSous on [a^b] and a <'c < b^ then 

•b rc rb 

f. ^ 
c • 



Proof, ^et be a partition of -[a^c] and a partition of 

[c,b]. ,The union 0^ ^ ^2 ^ partitiotTof ta^bl. If and 
devote upper sums for and then + is certainly any upper ^ 

svun for [a,b]» The number * ^ . 

- ' ' ' j^t ' ' : 

J a 

A 

.is the greatest lower bound of the upper sums of partitions of [a,b] so we ^ 
must have • 



J a 
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that is 



i; 



In other words 



doesn't exceed % upper. sum ^U^ for any partition of [a,c] and hence 

cannot exceed tlie greatest lower bound of all such upper sums for all such 
partitions of [a,cl, that is . ^ ' ^ 



This can be written as 



rb ' 
f 

a 



rb 



r c 



U2< 



r c 



f < 



rb 



which iJells us^ that 



f dQesn't exceed any upper sum ^r,-^ny 



partition a. - of [c,b] and hence cannot exceed the greatest lower bound of^ 



such sums, that. is 



r b 



f < 



.We We, tl^erefore, established the inequality 



rb 



f + 



f . 



To complete the proof c5f Lemma A8.2a we need to establish the reverse 
inequality 



(5) 



. / 



To,do this, suppose c is a partition of [a,b] with a corresiJ^nding upper 
sum' U. It may be assumed that • c « c, for if not we can add* c to c with- 
out disturbing the sum U. (See the .pro^f of Lemma A8-lb). Let. c^^ • b| the 
•points of c contained in [a,c] and) ^ the points of c contained in 
[c,bl. Let U and denote the%per sums obtained from U by including . 



\ 
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"^tfly^e 'teJmff.of U which correspond to points of and.. Og,' 'respectively. 



^ Then. • 



r Since U, is an upper sum corresponding to a partition of [a.c] and 

I f is the greatest lower bound of all upper sums of all partitions of . » 



\ 



I a 

[a,c] we must have 



Similarly, we have 



i 



f < U^, 

a 



f 

a 



so tliat (6) gives 



f f + [; f'< U. 
J a J 'c > 



In other words 



b 

f 

c 



1^ doesn't exceed'^ny upper sun^ U 'for any partition o of [a,b], so«it 

cannot exce.ed the greatest lowfer bound of -such sums, that is ' . 

- , • * , #1 

-b rb 



rc rb rb 

f + ^' < f * 
J a J c . J a 



V 

This is the desired inequality (5), which combined with {h) completes the 
proddSlDf Lemm& A8-2a. 

I 

Lemma A8-2b > If f is" continuous on [a^bj and if m. and M are 
numbers such that . t . . 

' m < f (t) < M, f or a < t < b 

then * ♦/ . ' . " ^ ' • 

-b 



m(b a) < r f <M(b - a) . ^ 
J a » 



' ^ Pyoof « Consider the partition of [a,b] 
aVid the corresponding upper and lower sums 

♦ 

* ^ - = M(b - a); = m(b - a). 

The number L f is the greatest lower bound of all upper sums of all 
partitions a of [a,b] so, since is one such partition, we must have 



J a 
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M(b - a) 

> a 

> The same argument also gives:'" 

r b 

^ f > m(b - a) . 

J a : 

; Recall that, (see (E)}: , , 

rb rb 

so that . ** , / 

. rb rb ^ 

m(b -a) < -f < I f <M(b - a) 

vhich gives the desired result. ' r . 

The .observant st,udent will note that the» continuity of f played no^ 

j particular role in these lemmas, except to insure that f is bounded so ^ 
'that the upper and^lower sums can be defined. Hence, both lemmas hold for 
an a^trary bo^mded functibn f . In our third lemma, the continuity of f ^ 

" is essential. 

y Lemma A8>2c . Suppose f is cohtinnous on '[a,b];'and that x ^is a 
point of [a,b1** If € is a.^given positive number th^n there is" a positive 
^ ntfeer ,5 such that ^ , ^ » ^^^ f"'- 

a% p ^€ • . ^ ^ 

vhere' a and p are l^he respective maximum and minimum values "qF^^^^n the 
. clpsed interval " ,^ . 

. ^ , [a,b] n [x - 6,x + 6]* ' , ^ 



1il£22£' [a^b] n [x - 5,x + 6] is a closed interval of 

fi positive^ leijgth is easy to establish, (See Exercises A8-2, No. 1.) The lemma 
' t * asserts that the 'difference between the maximum and minimum values of f on 



v,4 -www* «w wMuw v*»« V4xxj.cxu*iv:c ucuwccii uae mtiAiiflura anu minimum values or r c 

' "t^® interval -[x - '6,x + 8] n [a,b]- can be made as small as ve please, ^ 
' ' choosing ^j^<^mall enougb^ — Its prqof makes use of 'the definition of limit and 
Theorem 8-2trv^ Since f is continuous at x, we*know that: c * 

' ^ ' • ^ 

' ^ lim 'f(t) f(x). . 



t X 



4^— - 
< 



Therefore,^ if €^ is any given positive number, ve can find a positive number 
such that ^ 

(7) v- - fWI < ^1 

if i is in the domain of f and • * 

(8) ^ ' 0 < |t -'x| < 8^. 

The inequality (7) also holds if x = t, so*(8) can be replaced by* ' 
0 < |t - x| < 8. . - ' * 

If, € is a given positive number, let \ ' Choose 6^, > 0 so that 

(9) - lf(t) - f(x)| <6. . 

if' t " ig in the domain of f " and . • • - 

N ^ 0 < h - x| < 8- . • 

,Let 5 be a positive number smaller Jiha^ 8^. " Thtjs, if a < t < b and 
x-8<t<x + 8 then t is in tlTe domain of * f and 



/) < |t - x| <8 < 81^ 

sQ that (9^oldsr Let a and p be the maximum and minimum values' of f/* ' 
on the iriterval [a,b] [x ^ 8,x + 8} and choose points c and d in this 
^^<-f^-^ .Interval such that ~< ^ ^ - ' , ^ \ 

1^'^ . a = f(c); p = f(d). 

■p ' existence of cj d, a and ft, is guaranteed by Theorem 8-2b). Therefore, 

l^-."'^ .. • * ■ - |f(c) - fW| < 6j^%nd |f(d) - f(x)| < 6^ .. 



. . so that 



I - ' . * . 85a. 



a - p = f(c) - f(d) 

= f(ci - f(x) - (f(d) - f(x)). 
Th^'triangle inequality ((2) of Section A 6-1) gives 

a - p''< |f(c) - f(ic)| + |f(d)^. f(x)| 

This proves Lemma a8-2c, ^ . , 

^Proof of Theorem A8-2 , The function F is .defined by 

• f for X in [a,hj, ^ 



1 



Our purpose is to show that F'/x) = f(x), -that is, , ^ 

nm I(4j-^|i20=f(x); for x in [a,bl. ' 

If is a given positive number, use Lemma A8-2c to find 8 >^0 so that 

(11) " ' a-&<e 

where a and p are the respective maximum and minimum values of f on the 
interval .'^^ ' ^4 • 

(12) * * " *. Ca,t>l n [x ^ 8,x + 8l. . (p 
Suppose x» is in the domain of F and , / 

* (13) . - 0 < |x« - xl <5 , . ^ ' ^ 

so that . xV 1^ in. Ja,i)] CsJnce' f is only derfned on [a'^]) and hen^e x' 
Is a point of (12)\ In particulars if x« > x, then [x^x^ is a 'suMnter- 
val of^(12) (see .Exercises A8-2, No. 2) and so. 

X ' p<f(t)<a if' t^« [x,x«l. '''"^<b 

Lemma A8-2t), then^give^s ^^^-^ - — , 

* ' ' Vx' 
ilk) ' \ P(xV- x) < ° ■ f <a('x' - x) 

./ . . • 

In this case Lemma A8-2a gives 



X 



rx* fx rx« 



. - ' J a J a J X ^ * . * 



852^, 
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F(xO *- F{x) = r f - ' f = f ^ 
^ i a J 'a * J X • 

and hence (lU) gives 

<p'(x« - x) <F(xO - F(x) <a(x» - x) ' : 

that is (since we .are here assuming that x* > x) ' ' . . * 

— x; ^ X — * ^ 

Subtract f(x) throughout to obtain ** 

P ^W'< I(4^f^'-''f(x) < a - f(x) 

\ and now use the fact that * " * * % 

\ ^ ' -f(x) < -a and -f(x)/> -p 

(sitfce X is in (l2)) to obtain ' ' • 

p - a< ^^^;i ^^^^) -^(x) <a -p, ^ 

Using (ll) we conclude that if x* is in the domain of F and (13) holds and 
if oc* > X then ^ 



x' - X ' 



A similar result holds if x* < x • and we conclude that indeed (lO) is tiiie, 
Thife completes the proof of Theorem A8- 2 and establishes that^he Integral of 

continuous function on a"^ closed interval exists^ The ^integral f .^is-then 

J a 

defined to be the common value of \ ^ and 'f. 

J a J a ,' ^ ' . 



- / 
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'^Exercises a8-'2 ' ' ' 

' M ■ ^ ~ ^ 

BHov 4hat If ^ X S,[a,b] ^nO^ ^ > Otjjen [a,b] n [x n 5,x + 5J is. a 
closes interv«l> (Eintii Let a/ b/ the larger of a ;^ and x<- 5, b., 
the-small^ of' b,-and' x + S and smov that i 
tapV^l = [a,b] n [x - S,x'+ 5]).- \ ' . . 

Show that if x« > x and 'x« E [a,b]/» x i [a,b] then [x,x»] is a 

* ^ » 

subinte'rval of [a,b]. . * 

Shov That , ' . \ 



(-f). 

a 



'Deduce from Number 3 and Theorem A8-2 that F» = f if f is continuous 
on [a,b]. ^' . 

Show that if "^^^ continuous on ^a,b4, ^ then there is a number c. in 
[a;b]* such that ^ 

. • ■ V • 1" ^= (b - a)f(c).^ ^ 

J a . * 

(Hint: Choose c^ and ^ d^ io [a,b/ ^^h that f (c^) "Snd f(d^) 
are the respective^ maximum "and mininfum of f pn la,b]^ Show that 

"and'apply the Intermediate Value Theorem) . ^ . - 

*Use the Mean Value Theorem t^^ov that Number 5 is ttue. Can you then- 
choose c so that a < c < b? . . 

Show that if f is continuous and npnnegative on [a,b] with' a < b 

' , ^ • rb , . 

and if f(x) > 0 . f or some x in [a,b] th^n f > 0. r 

, . j> * . J a ^ 

'*fHint: Show that there $s. a 0. and m > 0 such that f(x) ^ 

on [a,b] %[x - 6,x + 6]., , , ' ■ ' / - 

, Deduce from Numbef' 7 that if f »(x) ^> 0 for a* <" x < b and" f ♦ is 
^continuous on' [a,t] then f is strictly increasing on [a,b]. 



Suppose ^ - • , . ^ 



f(x) . I 



l,0<ic<lS _ ^ 

2 , 1 < X < 2 ) 

(a) Show directly from the def jlijition and properties of upper integrals 
%hat; ' / 

F(x) ^ \ : \ 

J.O " (2x - 1 1 <,x < 2-) 

(b) - Does F have a derivative at x =: 1? Why doesn't this concbradict 
^ Theorem A8-2? ' » . » ^ 

• Suppose f is bounded on [a,bl and' F(x) = r f.' Show that P 

J a 

is continuous on ^ [a,b]. (Hint: Make use. of Lemmas A8-2a, b, which hold 
fol: bounded functions. ^ <^ 
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' • Appendix 9^_^ , ^ . ^. *^ 

^ ^ LOGARITHM AND EXPONENTIAL FUNCTICNS^ASji^UTIQNS TO -DIEFERiaJTIAL EQUATIONS 

. A9-1. The, Logarithm as Integral . v ' 

The Itogarithm function log is the unique solution to the problem 



X 

and can be expressed in the integral form 



(2) f(x) = iV X = 1 dt, X > 0. 



Our ptarpose in this section is to show hov the properties of the ^^garithm ' 
function can t>e obtained by using the fact that it is the unique solution to 
'"h^ *->,(l) and that it is the area from 1 to x under the graph of t . 

In order not ♦to be prejudiced by the known properties^ of the logarithm 
let us u$e the letter L to denote the function defined by 



(3V . L(x) := I dt, X > 0. . 



It will be shown that ,L has all the properties of the logarithm and, that it 
is reasonable to write L(x) iog xt 

Certain elementary properties of L are easy to obtain from (3). First, 

note that ( * / 

► • 

, • ' L(l) =: 0, , • ■ • 

fitlnce L(l) = U dt =* 0. Secon*d, the Area Theorem (Section 7-2) gives 

(5) • =^ . L'(x) = i, X > 0. • 

From (5) and the fact that ~ > P x c> 0^. we conclude that L'(x) > Ojjiand 

(6) - L is a strictly increasing function, ^ 

In particular, eli^oe L(l) = 0, the values L(x) for 0 < x < 1 must be 

less than 0, while «the values L(x^ for x >! must be greater than 0. 
J • • • 

OSiat is, 

(7) L(x) < 0/ if 0 < X < 1 
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and 
(8) 



(9) 



L(x)^> 6, if X > L. • , 
seco^ derivative of h is the derivative of ' x i so that 

./I ' L"(x) = - ^ , X > a ^ 



The '.expression iP^-^ <Ls negative, if x ^ 0, so that L is a concave func- 

tifen. Already ve have enough information to know^that the graph of ^ 'looks 
something like that shovn in Figure A9-la/ ' 
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' Figure A9-la» 







. The graph of a strictly increasing, concave 
function, defined for x > 0, and pas^sing ^ 
through (l>0) . ' ' . 

Utie basic logarithm property ^ ^ ( 

(10) .L(ab) = L(a) + L(1p), a >\ b > 0 

can be obtained by using the 'fact that' L = Y the unique soluti^on to the 
problem 



(11) 



f>(x) = i, f(l) ='0. 



For suppose a > 0 -and g-. is +be function defined by 

• : g(x) = L(ax) - L(a). 

V, 

Certainly g(l) = 0. Furthermore, since L(a) is a constant 
* , , Dg(x) = D(L(ax))-, ■ 



?7 



0 



^Pie chain rule (vith u = ax, u' = a), then .'gives 

DL(ax)=i. a=i. J ' ^ 

In other vords, g is also a solution to problem (11). Since L is the only 
solution to this ve must have L = that is 

V- . L{x) = L(ax) - L(a), 

Mding L(a) to botji sides and replacing x by b then gives the result 
(10). ' • • 

The formula ^LCab) = L(a) + L(b) tells us that the area under t ^i- 
from 1 to ab is the ^ of the area from 1 to a and 'the area .from 1 
to b. (See Tlgui'e A9-lbJ ^ 




Figure A9-lb " ^' 

The area of the shaded region is the area 
frcM 1 to a J plus the area from 1 to b. 



Frocf (10) ve have 



^ L(a^) = L(aa) = L(a).,+ L(aJ = 2L(a) 
sn^ In general 



L(a3) = L(a^a) = L(a^) + L(a) = 2L(a) + L(a) = 3L(a) 



L(a^) = nL(a) if n is any positive integer. 



r^' 'Furthermore, if n is a ^l^ositive./integer and 
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■ i ■ . ■ ^ 

then "b «^a, so that i . . ^ 

••1; \ ' L(l|=L(t'^) =nLrb) =nL(a^/'^) 

tKat is : ■ 1 

'^ . - L(a^") = ^ L(a) - if n is a positive integer. ' . ^ ^. 

Suppose r /is a positive rational ?i4ber so that ; r = J where^ m and ^ 
n a#e polpitive integers.. Then \ ^ 

L(a^) = LCa'^/") = L((a^/T) . . ' 

^ = ^ L(a) 
• n 

that is > . . « 

< L(a^) = rL(a) if r a*' positive rational number* , 

This fesul* will, in fact,, be true for ^ rational ^ number r* If r- = 0, 
then . ' . " ' 

L(a^) = L(a°) = L(1) = 0 p OL(a) = rL(a). 
If r < 0, then p =• -r is positive and 
' ' ' . ' . = 1, • ;v 



so that 



0 = L(l) = L(aV) ■ ' 

= L(a'') + L(aP) = L(a'') + pLCa); 



that is, 



' L(a^) = -pL(a) = rL(a) . 

• • 

In smnmary: 

(12) L(a^) = r L(a), if a > 0 and r is rational. 



r 



• It will now be shown that the range of L consists pf all real nunibers, 
and that L hasf an inverse Action* In other words: ' ^ 



(IS) 



"if c is <any rea^/humber, there is a' unique* 
positive real number d such .that "^d) = c. 



/860 /V 



A9-1 



. To "prove this we first show that for a given c there are positive 



numbers and d^ such theft 



To do this, ribte that L(2) >0 (from (8)). Hence, there is a negative 
integer n^ and a positive integer 'n^ such that 



We c£tn then choose 



rt follows that 



L(2) < c < ng E(2) 



d^ 2 ^ and = 2 



Ud^) ='L(2 n = n^^ L(2) < 




and, 



Ltdg) = L(2 n.= ng L(2) > ,c " 

f • ■ 

SO that d^ ^-aiJ^ dg are positive numbers which satisfy (ih) . The function 
-L^ is diff erentlable for each x > 0; the^^ore, it is continuous for each 
*x > 0 (Section 8-1).-, The Intermediate Value Theorem (Section. 8-2) 
implies that there is a positive real* number^ d between d^^ .dnd d^ such 
that , V . , ' , / . 

^ L(d) = c. * ' / ' ' /. 

Piirthermore . d must be \inique since L is strictly increasing. This com- 
pletes the proof of (13). ; , <^ • ' ' '* vV' / . ' 
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!• Use upper and lower sum? to show that 

2. (a) Show that for each integer n > 1 
< y i+L(n) <1 ... +f^l +L(n), 



^ (b) Estimate n ' - " 



(Hint: Use upper and lower sums to estimate^ 



I ' • ' n=l 

3! (a) Show ^that if a > 1 

! ' . . 

(b) Show that if a > 1 - 

L(2a) > L(a) + | . 

(c) Show that if a > 1 l^hen 

L(a) < 2^,4^:' 

(Hint: L(a) = 2L(^.) V 

V \': It.. ^ Show that >' lim = or^int: *Ufee No. 3(c).) 

- • s 

5. Find f*(x) for each of the followir^g 
(a> f(x) = i/^) 



(b)N ^f(x) = L(x>T^^ ./ 

^ ' '^%*\f(xy =L(L(x)) ' , , 

, 6. Sketch the graph of x l(x)., using its deriya-five 
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Ip/^t 'A^^^i^ Pie^.^ Bcponentlal Functions. . " 



^ ..Denoting the inverse of E by *E> it follows that E is defined for" 



' each real number c by 



ml*-'- 



..Mf^ -^i', froa-^ihich we have 



E(c) = d if L(d) = c, 



i*' ''''' 



E(L(d)) = d .for each d > 0 
L(e(c)) = c ^Qf-each c 



. The values E(x) of the function 'E are positive (because i^ is the 
inverse of a function vhose domain consists of positive numbers). Further- 
more^ E is sirictly increasing ai\d continuous because it is the inverse of 
a strictly increasing continuous function. (See (3-)ff^ Section 8-l^. ) Fot 
the function E 'the tvo results (lO) and (12) nov take the form: 



(16) 



E(a + b) = E(a) E(^)- 
'*E(a^) = E(a)^ for any rational ntimber^r 



w 



For example, to show that E(a + b) = E(a)E(b), ve note that 

* • L(6(a + b)) = a + b {, 

and that * " ^ ' • ^ 

'L(E(a)E(b)),:= L(E(a)) + L(E{b)) 

SO that L(E(a + b)) = L(E(a)E(b)). Siflce L is strictly increasiim ve must 
have B(a + b1 = E(a)B(b) . . * C t 



^ If . r is a rational number then (I5):^tells us that 

a"" ^^lS^[h[B^))\ 
Since L(a^) = r L(a) we therefore 

(17) e. = E(r. L(a)), if r is rational and a > 0. 



l^^^^^',*^. ^ > I*^* US now define a for. a > 0 and x arbitrary by 



a"^ = E(x L(a)), 



^151- , that Is^ by ^tending (1?) tc 



to all real numbers x/ Ve shall shorw that this 
"definition agrees with the definition of a used in Chapters 5 and b. 



The laws of^xponents hold for our new definition (l8). For example, 

% - ' • • . 

Ja^'-'y = E((x +.y)L(a)) = E(xL(a) + yL(a)) 
80^t)iat {%6) gives . 

a''"^^ = £(^xL(a))E(yL(a)) = aV. 

r ' 

We prove that (a^)^ « as follows..^ From (l8) we have 

- (a^)y= E(yL(a^)). 

We replace ^ by E(xL(a)) to obtain , ' * 

(a^)y =E(yLfE(xL(a))). 
Now use the fact that \^ 

L(E(xL(a))) = X L(a) 
Jan application of the second formula of (15)) to obtain 

' • - ia'^y = E(yx L(a)) = E(xy L(a)) . 

Now use the definition of powfers (l8) again ,to write 

E(xy L(a)) = 9^. 
We conclude thfit (-a^-)^ = a^^. \ " 



Note that if a > 1, the function x -» a^ is strictly increasing. Fc 
/ }f a > 1 -and yt^ < x^, then L(a) > 0 so that 

.x^ L(a) < Xg L(a)^, \ 

Since E is strictly increasing, we must have 



X X 

a ^ := e(xj^^ Lfa))^< E{k^ L(a)) a ^ 



A similar argument shows that x a , is strictly (Jecreelsing if 0 < a < 1 



The function ',x -» a^ is continuous, for 



lim a^ =n lim *E(x L(a)) 
X b X b ' 

= E( lim X L(a)) 
^ X -> b 



(since E is continuous) • Since, ' lim' x L(e) = b L(a) and E(b I)(a))k= a. 
we indeed^' have ^ . . * 



N ...J 



* V ' ^ J X b 

lim a = a- 

• ^ ♦ X --*b 

^ * In summary, if arbitrary powers are define(J^by (l8) then the lays of 
exponents hold, the function x ^ a^ is continuous, and is strictly 
\incr§asing if a*> 1, , strictly decreasing if 0 < a < 1. It appears that, 
indeed, the definition (l8)) results in desirable properties for exponential ^ 
functions. 

The results of Section 8-11 enable us to find the derivative of- E, and 
hence, using the chain rule, the derivative of x ~» a^. Since the derivative 
of L . is the function » ~> - , x > 0 which ha's only posi,tijVe values, we 



know that 



(see S), Section 8-11). The formula L* ; x -^ i^^^then gives 



1 ^ 
X ^ 

L.(E(x)).= 5^ ^ 

SO that 



In summary, the function E is. il^s own derivative. Therefore, 
f(x) = E(x) is a solution to the problem 

(19) = = 1; . 

In our previous discussions (Chapters 5^ 6J it was shown that if 

2^^-! * -* - 

(20) . . lira — r exists and is 

h -^/O ^ / " 

* d l/k X' (l/k)x * 

and if 'e is defined to be 2^^, ana e to be 2'- ^ ' , then 

' X ^ e^ must b^§ a solution to (19)*. 

We conclude that if (20) holds, then E and the function x e^ must be the 



same function, that Is % ^ 

i * _ , 

(21) - I \ E(x) =|b^, for all x. 

In ^our setting, arbitrary powers are defined by (l8),. Let us show that indeed 
(20) and (21) are true if we use' (I8) to define pbwers. . 1^ . 

First we use the result = E and the chain rule to find the deriva- 
tive, of ^ f : X -♦a^* We have - . 

-a^ = ifU L(a))/ 
Put u(x) = X L(a), g = E, '^so that ^ 

>(x) = g.(u(x))^ 

and, hence, . . ^ * 

-t « 
f'(x) = Da''^= g»(u(x))u'(x). 

Since g« = g = E and u«(x) = L(a)' we have 

' Da"" » e(x L(a)) • L(a) ^ 

= a^ • L(a) , ' ' 

/that is 



^ 



(22) f»(x) = a^- L(a), if f:x-»a^ 

In particular, 

f«(0) = a° L(a) = L(a). 

Expressing the •derivative as the limit of a diff erence quotient, we have: 

f.(0) = lim ^ ^(0) 
h'-^O " 

0+h 0 ' 
= lim ^ -° • 
■ >• h -0 ^ . . . 

'■ ; li. - ^ 



u ^ 

h 0 



•a^ - 1 y 

We conclude that lim — r /indeed exists and, in fact 

h -♦0 " 

- ' - L(a),= lim ' ' 
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^' . lim ^ J ^ = L(2) . 'and e=2^/^.„' °. • 

h -» 0 . • / ^ ^ 

• • • ^ 

that is, since are using (15) to define poiJers, \s' * , ^ 

• e=E(iL(2)).- . " ■ 

Since L(2) = k, 'this means that^ , , ^ . ' 

^ e = E(i;>', so that^ L(e) =1* 
Thuff^' indeed we have ' 

■ . e"" = E(x L(e)) = E(x) . . . 



/ 

. Exercises A9-2 ' 

.V 

1. Use the definition (l8) to find f»(x) where 



• , (a) f(x) = (1 - x)^ 

(b) f Oc). = (L(x)y 

(c) f(x) = x^/^ 



X 

^ 2, Find the minimum value of x x . 



V- ' Shov that if ' = cy where c is a constant then there is a constant 

K such that " ; " ^ 

"^y = KE(cx)* ^ 
(Hint: ?tit z = E(-cx)y and show that - z** - OO 



»'.WJ!P.'w*->j,5iy ; — — : ; 1 f 

1 uf. Recall, that if is an initisfi. estima^s'to ^ ?ero r of f -theA 
Newtoo°»^%etho<J tSection?2-10) , undfer, suitable conditionfe gives the. 



s 



better efettmate 

t iff 

and the subsequent estimates 
f • . ' ' . f(x ) 



Vl " ""n ■ f»(xj • ^ ^ • 

^ - This can be ^sed to estimate e, the zero of f(x) = L(x) - l*>Using 

X = 2 and L(2) « 0.7 find Xp and x . - ' ^ 

1 i C J 



5' (i^ . Show that 



e = lim (1 + h)^^^ 

7^ 



(Hint: L.(l) = 1 = 11. ^ - ^^^^ 
^h ^ 0 

. = lim LMI + h)^/^) 



h ^ 0 

(b) ' Show that e = lim (l + ^)'^ 

n 

(c) Show that = lim (l + l)*^ 

n ^ « 



The Circular Functions 
? ^ 



The sine and cosipe functions can be constructed as inverses of solutions 

to 



1 *^ 



The following'^xercises outline this construction. As in our logarithm dis- 
cussion we shall..introduce new symbols for these functions, then show* that they 
^Aai'e the desired functions. We let A. be the function deftned for < 1 



'A(x) = ^ dt. 



'1 - f 



4b'6 



( 



6# Find v)\r* and Show thaV^X# is strictly increasing'and continuous, and, 
hence, has an inverse S* j 

7^ (a) What is ' S(0)V \ - ' ' ' 

" (b) Show that 

' by, using the formula for the derivative of the inverse*' 

(c) What is S»(oX2 • , ^ 

(d) Show that S" + S = 0, ' 
8*- Let C = S* and use Number ?• - • • ^ 

(a) Show that C" + C = 0, ' , [ ' ' 

• fb) siiow that C» = -S* . i, ^ ' 

\{c:) What is C(0)? C»(0^? 

— (^) Show that [C(x)]^ + fs(x)]^ = 1. \ ^ 

9. Show that if y" + y = 0, y(o) = 0 and y*(0) = 1 then y = S(x) • 

♦.(Hintt Put 2 ^ y - S[y:\ and use the fact that ' . " 

'and 2(0) = z*(0) = 0 to show that 2 = 0.) 
. 10# Use Number 9 , to show that p • * * ' . 



S(x + a)^S(x)C(a) + S(a)cCx) 



if a, and x + a. are *in the domain of S, 

• ^\ , ^ » 

■^'^^ '0' ' . • . ^ 

Remark . The above defines the functions S and C^* only for - x near 

zero (that is, for x in the range of A where A is defined on the interval 

I < * < • ^® intuitive discussion of Chapters 3 and k shpngd that 



Ai y = sin X 'is la solution to y" V y = 0, y(o) = 1 



to cotjclude tnat S(xJ = sin x for x » near zero 
functions S I and C .to all x is discussed in fippendix 8, SMSG Calculus ^ 
Volume 2\ 



y«(p)' = '0 so^we are able 
\k method for ^extending the 
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